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PREFACE

The purpose of this book is to present a new system of transfinite type
theory. The system constitutes a formal language in which one can express
certain concepts, and use certain modes of reasoning, which naturally
occur in informal discussions of the interpretations of type theories
(and, I might add, set theories). While the formation rules contain certain
novel features, the reader will see that the deductive structure of the system
is founded upon very familiar logical principles. It is my hope that the
reader who takes the trouble to become genuinely familiar with the
workings of the system will come to regard it as a rather simple and
natural system.

It may then be asked how the system should be extended to higher
transfinite types. It is clear that the basic ideas underlying this system can
be used to formulate higher transfinite type theories, but at this time it is
not clear to me that there is a single most appropriate way of extending
the system to higher types. Therefore it has seemed best to postpone this
question, and present only the basic system which one would expect to
have as a part of any transfinite type theory constructed along the present
lines.

The book should be comprehensible to students who have had a good
course in mathematical logic, and a brief introduction to type theory with
A-conversion. It is to be hoped that the rather detailed treatment of a
number of topics, such as the formalization of the semantics of type
theory, will be of educational value to students.

I would like to express my deep appreciation to the North-Holland
Publishing Company for its expert and sympathetic handling of the many
difficulties presented by the manuscript.

September, 1965 Peter B.Andrews
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INTRODUCTION

As the human quests for ever deeper and broader knowledge and under-
standing, and for increasingly abstract insights into the structure and
unity of that which is discovered, carry the intellect into realms farther
and farther removed from naive intuitive comprehension, the need for
ever more precise expression of thought will undoubtedly grow continu-
ally. We may suppose that expanding research in metamathematics, in-
creasing sophistication in the use of digital computers, and other factors
will eventually render desirable the actual formalization of certain fields
of knowledge which have attained the requisite precision. In particular
one may anticipate eventual attempts to formalize certain scientific
theories.

1t seems appropriate to ask, therefore, what sort of logistic system might
appropriately serve as an underlying logic to which the constants and
postulates of the particular theory might be added to obtain the formal-
ized theory. Presumably the theory will presuppose the existence of cer-
tain fundamental entities from which all other structures and concepts in
the theory are constructed. If particular names are assigned to certain
entities, structures, or concepts, these will be added to the logistic system
as constants, and the fundamental assumptions and definitions of the
theory will be added as postulates.

Clearly the underlying logistic system should impose no assumptions
about the cardinality of the domain of fundamental entities, except that
the domain be non-empty, since such an assumption might contradict or
restrict the theory being formalized. Moreover the logistic system should
impose no assumptions about the structure of the fundamental entities,
since this would constitute a perhaps undesirable extension of the
theory. The formalized theory should express simply and directly the
content of the intuitive theory, without artificial conventions or encum-

ix



X INTRODUCTION

brances except insofar as these are necessary to insure against fallacious
reasoning.

Thus set theories which take the axiom of extensionality in the form
Vx[xey = xez] o [y = z] are not appropriate, since this axiom assures
the existence of no more than one non-set (commonly called the empty
set), and there is no reason to suppose that the fundamental entities will
be sets. (Indeed, if they are sets, they are presumably composed of still
more fundamental entities.) Much more seriously, the great freedom of
expression permitted in set theory might lead to expressions in the for-
malized language which would be difficult to interpret in the intuitive
theory, since they would correspond to nothing in the intuitive theory.
We shall leave to others further consideration of the problem of using
some form of set theory as the underlying logic, and henceforth turn our
attention to functional calculi of appropriately high orders and simple
type theory.

Since in the development of a scientific theory one feels free at any time
to use any mathematical theory which is known or may be developed, it
seems desirable that the underlying logic should be such that any branch
of mathematics can be developed within it. This suggests that a functional
calculus of finite order might not be adequate.

As a result of the research of Whitehead and Russell culminating in
Principia Mathematica [19]%), it is clear that extensive mathematics can
be developed within type theory if an Axiom of Infinity is assumed. How-
ever, the domain of individuals of the type theory is most naturally taken
to be the domain of fundamental entities of the scientific theory, and this
may not be infinite. Of course one might postulate the existence of an-
other and infinite domain of individuals, but this would prompt ques-
tions concerning the nature of, and justification for, these individuals.

From an intuitive point of view the natural thing to do is to pass to
transfinite type theory, for the domain with the first transfinite type con-
sists of (or at least contains) the union of all domains of finite type, and is
therefore infinite. Thus the natural numbers and other mathematical con-
cepts can be defined at the transfinite level while the “real world” objects
of the scientific theory exist at the level of finite types.

1) Numbers in brackets refer to entries in the bibliography.
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Tt is not immediately clear, however, whether a satisfactory formula-
tion of transfinite type theory which meets these requirements can be
found, for each of the principal systems of transfinite type theory which
has appeared in the literature makes some assumption about the car-
dinality of the domain of individuals, (Bustamante’s system in [3], and
Kemeny’s system T, in [12], which is essentially a simplification of Bus-
tamante’s system, each have axioms asserting that the domain of lowest
type is finite?). L’Abbé’s system of transfinite type theory (see [13] or [14])
takes the domain of individuals to be the natural numbers, and thus re-
quires that the domain of individuals be infinite.) Bustamante does suc-
ceed in showing that the natural numbers can be defined at the trans-
finite level, and the Peano postulates proved. However Bustamante’s sys~
tem has axioms asserting the existence of certain entities of transfinite type
for which one would hope and expect to be able to prove existence in a
type-theoretic context. The systems of Kemeny and 1’Abbé also have
such axioms?).

The present writer has been unable to examine Bruner’s work [2], but
McKinsey’s rather critical review [15] suggests that it is not altogether
satisfactory. According to McKinsey, Bruner does remark that the intro-
duction of transfinite types allows one to demonstrate the axiom of in-
finity (for entities of transfinite type); McKinsey does not state, however,
whether Bruner assumes any special axioms concerning entities of trans-
finite type.

Of course the idea of transfinite type theory has been referred to by

2) Indeed, Kemeny requires that the domain of lowest type be empty, and his axiom9
is ~ d a9.ap = ay. Unfortunately this axiom renders his system inconsistent.

3) We refer to Bustamante’s axiom A13:
b (%) (3ya)-ya = Px,, where o is any ordinal of the second kind (one sees from Bus-
tamante’s definitions that Px, can be interpreted as the power set of x4);
to axiom 11 of Kemeny’s system T.:
(Va,) (@) . [bacs) = ¢ lea < @al, where « is of the second kind;

and to L’Abbé’s axiom A16:

(@) (CTS} a1 .(b;) (Po21(F3,a1) b2 . o2y (F1a)M2)> . (Acy) (Pozitic: &
02) (@o21(F2 @) by 0205 = M),

where M, is any wiT of type 2 containing neither a; nor ¢, as free variables.
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Xii INTRODUCTION

writers other than those just mentioned?), but none of these other writers
makes any attempt to describe a system of transfinite type theory in any
detail.

The apparent need for special axioms concerning the existence of cer-
tain entities of transfinite type in [3], [12], [13] and [14] suggests that
something may be lacking in the fundamental logical structure of these
theories. A clue as to what may be lacking is perhaps found in the fact
that L’Abbé finds it useful to assign Godel numbers to type symbols, and
his axiom A16 is intuitively meaningful only in the light of this Gédel
numbering. Evidently in a system of transfinite type theory it is useful to
be able to discuss type symbols in some way.

The reader will recall that the usual motivation for an interest in trans-
finite type theory is a desire for a formal system constructed along type-
theoretic lines in which one can formalize the semantics of finite type
theories®). Since in discussing the semantics of type theory one often
refers to type symbols, it seems only natural that within transfinite type
theories there should be some means of referring to type symbols, and
making arguments concerning them. But instead of doing this indirectly
by referring to Godel numbers, why not introduce variables ranging over
type symbols, permit quantification with these variables, and introduce
expressions for notions such as equality between type symbols?

A little reflection shows that certain difficulties attend such a program.
To discuss these difficulties informally, let us suppose that we have a
system such as L’Abbé’s X, (in which 2 is the first transfinite type symbol)
modified by the introduction of type variables ranging over finite type
symbols and augmented by the logic of first order functional calculus
(with equality) for type symbols. As one of the theorems about equality
one might expect to have (« = 8) > .(f,,%,) = (f,gx,).- However, if the
formation rules permit such formulas as (f;x,) to be well-formed, the
system may become inconsistent, and will certainly lose some of the
appeal which type theory derives from the simplicity and naturalness of
its interpretation. Even without permitting wffs of such a dubious nature,

4) See for example {11] p.1831T.; [7] p. 191 or [8] p.62, footnote 48a; [16] p.393ff. or
[17] p.2681%.; and [18] p.110.

5) See, for example, [17], especially pp.268-278.
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however, contradictions might easily arise. For example, we would ex-
pect to have (xa = ya) = (xa kA ya) as a theorem, and so to be able to
prove X, = X,. Also we would expect to have as a theorem (x = B)
=) .(xa = xa) =) (xa =2 xa). Hence by propositional calculus we would ob-
tain (x = P) © .x, = X3, and by substitution we would obtain (« = p)
D.x, Z ¥a» and then (x = a) o .x, 2 Yo, from which would follow

x, = y,. Then by substitution we would obtain first x, 2 Yo and then
Xo = ~Xo, from which follows x, = ~x,, which is a contradiction.

Nevertheless, we shall construct a system of transfinite type theory,
which we shall call Q, along the lines we have suggested, and we will
show that it is consistent. (It will be clear that our consistency proof could
be formalized in Zermelo-Fraenkel Set Theory with the Axiom of Re-
placement, and other systems of comparable power.) No assumptions
will be made about the cardinality of the domain of individuals (except
that it is not zero), but we shall prove a Theorem of Infinity®) at the first
transfinite type. Thus the system Q will satisfy the preliminary require-
ments mentioned above for an underlying logic in a formalized scientific
theory. Of course it remains to be seen whether the system may be found
unsatisfactory for this purpose for other reasons, or whether some yet
superior system will be developed.

We remark that some philosophical interest may be attached to the
fact that the Theorem of Infinity in Q follows from axioms which we feel
the reader will agree can be regarded as purely logical. In this connection
we quote the following comments by Professor Church:

“To avoid the paradoxes, Russell, and later Whitehead and Russell in
Principia Mathematica, introduced the theory of types, and this in turn
compelled the use of the axiom of infinity. The term “axiom of infinity”
is due, not to Russell, but to C.J.Keyser. And in an early paper Russell
had argued against Keyser that the axiom of infinity is not a special as-
sumption which is required above and beyond the laws of logic, because
the axiom (or supposed axiom) can be proved on logical grounds alone.
Thus when Russell later reversed himself and adopted an axiom of in-
finity, it is almost his own admission, it might be said, that he thus went

6) Theorem 1009 of Chapter TIL,
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beyond pure logic. Indeed the axiom of infinity might be described as half-
logical in character, since it can be stated in the same vocabulary that is
used to state the laws of pure logic, but is not analytic according to any
known theory of deductive reasoning that I believe can be accepted as
adequately and naturally representative of existing standard practice in
mathematical reasoning. And though it is known that elementary arith-
metic can be obtained without the axiom of infinity if based on a set-
theoretic rather than a type-theoretic approach, it does not appear that
mathematics as a whole can dispense with such an axiom if otherwise
based only on a standard and naturally acceptable formulation of pure
logic.””7)

One of the traditional tests of the adequacy of a system of transfinite
type theory is whether it can be used to formalize the semantics of finite
type theory. We shall therefore show that this can indeed be done in Q.

Since Q, like L’Abbé’s systems, is a transfinite type theory with 4-con-
version, it is natural to compare Q with L’Abbé’s systems, and we have at
certain points chosen our notation so as to facilitate this comparison. It
will become clear to the reader that many of the ideas which we use below
originated in L’Abbé’s work, and we here express our appreciation of his
pioneering contributions. L’Abbé defined?®) the set K¥ of type symbols to
be the least class of symbols containing the symbols denoting the ordinals
3 for which y = 3 and closed under the operation of forming the symbol
(«B) from the symbols « and . Thus K* is the set of finite type symbols.
To formalize the semantics of finite type theory ,, L’Abbé found it
necessary to use a system X, of transfinite type theory which takes the
set K3 for type symbols, and is thus two “transfinite jumps” above Z,.
However the system Q takes the smaller set K2, augmented appropriately
by the addition of variables ranging over K1, for type symbols, and so
should be compared with L’Abbé’s system %, , which takes K? for type
symbols. The fact that the semantics of finite type theory can be formal-
ized in Q, even in the absence of any axiom comparable to L’Abbé’s
axiom A16, but apparently cannot®) be formalized in Z£,, can be attri-

7) [6], pp. 183-184.
8) [14], p.210.
%) See {14], p.223.
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buted directly to the greater freedom of expression which one obtains in
Q with the aid of variables ranging over type symbols and quantification
with respect to these variables.

The system Q, of finite type theory with A-conversion which we have
chosen to extend to transfinite type theory is not the original system due
to Church (see [4] and [9]), but is in all essentials a recent modification of
that system by Henkin [10], with further minor modifications by the
present writer [1]. We have felt it best to develop the system Q from first
principles, but it should be understood that the proofs of many of the
early theorems of Q (especially those concerned with propositional cal-
culus) are due to Henkin. We here express our appreciation to Professor
Henkin for the opportunity to see his elegant work [10] before publi-
cation, and for his encouragement of our interest in it.

The present work was originally developed as a Ph.D. thesis at Prince-
ton University. We wish to express our deep gratitude to Professor
Church, both for the inspiration of his writings, and for his patience,
encouragement, and guidance as teacher and advisor.



CHAPTER1

THE SYSTEM Q

1.1. The system Q,

In order that the reader may more readily understand the system Q of
transfinite type theory which we shall introduce, we first set forth the
system Qg of finite type theory. In Chapter IV we shall show that the
semantics of Q, can be formalized in Q.

The type symbols of Q, are the symbols in K!, where K! is the least
class of symbols containing 0 and 1 and containing («f) whenever it con-
tains « and . We shall use the small Greek letters «, §, ¥ and 8 as syntac-
tical variables ranging over type symbols.

The primitive symbols of Q, are as follows (where « is any type symbol
in K):

Improper symbols: 4 [ ].
Constants: Qonw o)
Variables: xt x2 x3 x%...(infinitely many).

The formation rules are the following:

(1) A constant or variable standing alone is a wff of the type indicated by
its subscript.

(2) If 4, is a wif of type « and By, is a wif of type (B«), then [Bg,4,] is
a wif of type B.

(3) If 4, is a wif of type « and xg is a variable of type f then [Axg4,] is a
wif of type (xB).

(4) Nothing is a wif of any type unless its being so follows from the above
rules.



2 THE SYSTEM Q 1.1

We shall use 4, B,, C,, D,, etc., as syntactical variables ranging over
wifs of type . We shall often abbreviate wifs and type symbols by omit-
ting parentheses and brackets when this can be done without introducing
ambiguity. In restoring omitted parentheses and brackets, formulas must
be well-formed, and otherwise association is to the left. In addition a dot
in an abbreviated wif (or type symbol) shall stand for a left bracket (or
parenthesis), and its mate shall be understood to be as far to the right of
the dot as is consistent with the entire expression being an abbreviation
of a wff (or type symbol), with the pairing of left and right brackets (or
parentheses) already present being unchanged. Thus our conventions are
those of [4].

We also introduce the following definitions and abbreviations:

[Aa = u] stands fOI‘ [[QOouan] Bc:]'

To stands for [Ax}x}] = [Axixd).

F, stands for [Axxg] = [Ax5T,].

[Vx. 4o) stands for [AxiA4,) = [Ax.T,] (wherei =1,2,3,...).

A 000 stands for [Axg .4x5 . [Ax300 - Xo0oX0X2] = [AX300 - X600 0T o]l
[Ao A By] stands for [[ A go040] Bol.

S 000 stands for [Axg .4x3 .[x5 A x3] = x3].

[Ao o Bo] Stands for [[Doovo] BO]'

An occurrence of a variable x! in a wif Apg is said to be free if the oc-
currence is contained in no wf part of 4; of the form [Zx;CY]. Otherwise
the occurrence is said to be bound.

The system Qq has a single rule of inference, which is the following:
RuLe R: From C, and [4, = B,] to infer Dy, where D, is the result of
replacing one occurrence of 4, in C, by an occurrence of B,, and the oc-
currence of 4, in C, is not an occurrence of a variable immediately pre-
ceded by 4.

The axioms and axiom schemata for Q, are the following:

1 i 1 i 1
l [xOoTo A xooFo] = on .xoox0¢
1 _ 2 1 .1 __ 1 2
2 [x, = x;] D . Xou X, = XpeXs.

2
3 [xp = x3)] = Vxplxlaxg = x3x5].
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4, [[Ax,BglA,] = Bg, provided the variable x, has no free occurrence in B,.
4, [[Axx,]4,) = 4,

45 (4, - By Gyl = [1AxeBg 1A, ] [, C,14,].

44 [[Ax . 2xyB,14,] = [Ax} .[Ax,B,]4,), provided the variables x} and x;
are distinct, and x}, is not free in 4,,.

5 [‘1(01)~Qouxi] = xi-

In the above schemata, i and j stand for arbitrary positive integers.

In the intended interpretations of Q,, variables of type 0 range over the
domain D, which contains the truth values “truth” and “falsehocd”, and
nothing else, variables of type 1 range over some non-empty domain 9,
of individuals, and variables of type («8) range over the domain 9®,; con-
sisting of all functions from D, to D,. 4 serves as the abstraction operator,
Qoo denotes the equality relation between members of D,, and iy,
denotes a selection operator. It may be seen that in these interpretations,
T, denotes “truth”, F, denotes “falsechood”, A oq denotes conjunction,
and D00 denotes implication. For more details see [10].

We shall not develop the system Qq, but when we develop the system
Q in Chapter II the reader will see that many of the theorems, meta-
theorems, and derived rules of inference stated for Q may be modified
and simplified so as to apply to Q,. Alternatively, the reader may refer
to [10] and [1] and note that most of the results there apply to Q, with
little or no change. In either case it will become apparent that all the
ordinary laws of type-theoretic logic can be derived in Q,, and hence that
the completeness of Q, in the sense of [9] can be established.

1.2. The primitive basis of Q

The primitive symbols of Q are the following:
Improper symbols: 4 [] () V.
Constants: Q:012,
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Primitive variables: fghijkmnpgrstuvwxyz
111 1

fgh ees z
222
f g h - et cetera (infinitely many).
1111122 33
Type variables: abcdeabcecdeab---ab .- etcetera

(infinitely many).

For typographical convenience we shall sometimes write X for :lc, X for
x, etc.

From the primitive symbols of Q we construct two sets of type symbols,
called K and K2, which are defined as follows: K} is the least class of
symbols containing 0 and 1 and all type variables and containing (x8)
whenever it contains « and B ; K2 is the least class of symbols containing 2
and all members of K} and containing («8) whenever it contains o and B.

As in the case of Q,, we shall use small Greek letters as syntactical
variables ranging over type symbols. (But here of course they range over
K2.) We shall use f; g, - x,», 2z, etc., to denote arbitrary primitive
variables, and a, b, ¢, d, e, etc., to denote arbitrary type variables.

We define the relation > to be the smallest relation between type sym-
bols (of K2) satisfying the following conditions:

() Ifaisin K%, then 2 > a.
(2) If « > B, then (ery) > (By).

It would seem natural to require also that > be transitive. However, as
we shall show later (in Lemma 9 of 1.5), there are no type symbols «,
and y such that « > f and § > v. Thus > is transitive in a trivial sense.

It is clear that there is an effective procedure for determining of arbi-
trary type symbols x and 8 whether or not they stand in the relation « > .
It should be noted that 2 > « if and only if « is in K.

We shall write « > B to indicate that « > 8 or « = 8. The formation
rules of Q are the following:

(1) If x is any primitive variable and « is any type symbol, x, is a wff
of type « and a wff~variable of type «. x is called the primitive variable
of x,.
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1.2] THE PRIMITIVE BASIS OF Q 5

(2) Q0w is a WiT of type ((0)x).
(3) tacoa is @ WIT of type (x(0x)).
(4) If « and B are type symbols in K}, then [Qup] is a wif of type 0.

(5) If A, is a wif of type y and By, is a Wif of type (B«) and « = v, then
[Beaw4,] is a wif of type B.

(6) If A, is a wif of type « and x, is a wfl-variable of type B, then [4x34,]
is a wif of type («p), provided that for every occurrence of every wif-
variable y, in A4, which is contained in no wf part of 4, of the form
[2y,Bs], y, is either the same as x; (so y is x and v is §) or the primitive
variable y of y, is distinct from the primitive variable x of x;.

(7) If A, is a Wi of type 0 and a is any type variable, then [Vad,] is a
wif of type 0, provided that every occurrence in A, of every wil-
variable x;, where a occurs in §, is in a wf part of A, of the form
[Ax,B;].

We shall use 4,, B,, C,, D,, E,, G,, H,, J,, L,, M, and P, to denote
arbitrary wffs of type «. .

We shall refer to both type variables and wff-variables simply as
variables. However primitive variables will always be referred to as pri-
mitive variables. Thus by “the variables occurring in a wff” we shall mean
“the type variables and the wff-variables occurring in a wif”. If x is any
wi-variable with primitive variable x, then x, shall be called an x-variable.

. 2 . . .
Thus z.,;, and z, are z-variables, but z, is not a z-variable. It is, however,

a z-variable. For uniformity of terminology, we shall also call a type
variable & an a-variable.

An occurrence of a wif or a variable in a wif 4 is said to be free for
the type variable a in the wff 4, if that occurrence is contained in no wf
part of 4, of the form [VaB,]. An occurrence of a wff or a variable in a
wif A, is said to be free for the wif-variable x, in the wff 4, if that occur-
rence is contained in no wf part of 4, of the form [ix B;] and in no wf
part of A, of the form [VbC,] such that the type variable b occurs in .
An occurrence of a variable in a wif is free in that wiT if it is free for itself;
otherwise it is bound. By examining the formation rules one sees that a
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wif-variable x; is bound at an occurrence in a wff 4, if and only if that
occurrence is in a wf part of 4, of the form [1x,B;].

Using this terminology we can restate formation rules (6) and (7) as
follows:

(6) If A, is a wif of type « and x; is a wif-variable of type B, then [Axp4,]
is a wif of type (@), provided that no x-variable distinct from x, oc-
curs free in A4,.

(7) If 4, is a wif of type O and « is any type variable, then [Vad,] is a
wif of type 0, provided that no wif-variable x5, where a occurs in f,
has a free occurrence in A,.

If 4, is any wff, X is any type variable (or wff-variable), and W is any
type symbol (or wif), then the notation [S’,‘VA{,] shall stand for the result of
substituting W for X at all free occurrences of X in A4, (including free oc-
currences of X in subscripts, if X is a type variable). Similarly [S4 3. 4,],
where the variables X, ---, X, are distinct, shall stand for the result of
simultaneously substituting W, for X, ---, W, for X, at all free occur-
rences of X, -+, X, in 4,.

As in Qq, we shall abbreviate wifs and type symbols by omitting pa-
rentheses and brackets, and our conventions for restoring omitted paren-
theses and brackets are the same as in the case of Q, (see page 2). We
also introduce the following definitions and abbreviations:

(4, < Bg] stands for [[Qoy,4,]B;] provided y = a and v = .

[4, = B,] stands for [4, = B,].
[« =B] stands for [QuB] provided « and B are in K.

T, stands for [Ax,x,] = [AxX,].
F, stands for [Axgx,] = [Ax,T5]-
~00 stands for [1x, .x, = Fol.

[Vxsdo]  stands for [Axpd,] = [Ax,T,].

[3x,4,]  stands for ~4oVxg ~o04o.

[Fado] stands for ~goVa ~godo.

A ooo stands for [Ax, . 4y, - [A8000 -&o00¥0Yo] = [Ag000 -&o0oToTo]]-
[4o A Bo] stands for [[ A gg040l1Bo].

5000 stands for [Ax, .4yo . [Xo A Yol = Xol-
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[4o = Bo] stands for [[240040)Bo].
V000 stands for [Axo .4yo . ~00 - [~00Xo] A [~o0Yoll-
[4p v Bo] stands for [[V o0040]Bo].
[IXQA()] Stands fOI‘ [’-B(OB)[ZxﬂA()].

We shall from time to time make additions to this list of definitions and
abbreviations. We shall also feel free to leave the subscripts off abbrevia-
tions of particular wifs. Thus we may write T in place of Ty, F in place of
F,, ~A, in place of ~g044, etc. We supplement our conventions for
restoring brackets in abbreviations of wffs as follows: The brackets en-
closing parts of the forms [~A4,), [Vad,], [Vx4,], [3ad,), [Ax4,] and
[txg4,] are to be restored first, in such a way that they have the smallest
possible scope (consistent with the entire formula being well-formed, of
course). Then the brackets enclosing parts of the form [4, A B,] are to
be restored in such a way that they have the smallest possible scope, the
law of association to the left governing the relationship of brackets be-
tween several such parts. Then brackets enclosing parts of the form
[Ao v Bo] are to be similarly restored. Finally brackets enclosing parts of
the forms [4, © B,)] and [Ao 2 Bo] are to be restored, using the con-
vention of association to the left. (Thus our conventions for restoring
omitted brackets are essentially those found on pages 79 and 171 of [5].)

The system Q has a single rule of inference, which is the following:

RULER: From Cyand 4, < Bg to infer Dy, wherey = o, Yy = 8, Do is a
wif of type 0 which is the result of replacing one occurrence of 4, in C,
by an occurrence of By, and the occurrence of 4, in C, is not an occur-
rence of a variable immediately preceded by 4.1°)

The axioms and axiom schemata of Q are the following:

1 [gooTo A gooFol = VX, -8o0Xo-
2 [x, £ Vo] © choeXy = ho,y, provided § = a.

8
3 [fuB = gaB] = an[faaxa = gaﬂxﬁ]'

10) Of course if any of these conditions is not satisfied, Rule R may not be applied.
Note in particular that the result of replacing 4. by Bg in Cp may not be a wif.
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4, [[Ax,By]4,] 2 B, provided y = « and no x-variable occurs free in By.
4, [[Axx,]4,] L 4, provided y > .

45 [[1x,[BysC.114,] £ [[Ax,Bg;)4,] [[2x,C,14,] provided y > « and
3 > e and this is a wff.

4, [[Ax, . 2ysBald,) i [Ays .[1x,Byl4,] provided x is not y and ygis not
free in A, and this is a wif. ‘

45 [[Ax, .VeBo)A,] 2 [Ve .[Ax,B,]4,] provided ¢ does not occur free in
A, or v and this is a wif.

5 [Lu(Oa)‘QOaayu] é Ya-
6 vaTo.

7 [Vad,] = [S34,] provided 2 > y and all free occurrences of a in 4,
are free for all variables in y and this is a wif.

8 [x =Pl = .[Si4o] = [Sid,] provided 2 > « and 2 > B and all free
occurrences of ¢ in A4, are free for all variables in « and B.

9 [(@b) =(cd)] ~la=cAb=d.
10 [x, = »] = [a = b].

1.3. The interpretation and consistency of Q

In this section we shall define a model I for Q, interpret Q in this model,
and then show that this interpretation is sound. As a consequence we will
see that Q is consistent.

In the model M the domain D, of individuals will contain exactly one
individual. We have chosen to discuss this particular model in order that
our consistency proof for Q may be as explicit as possible. But of course
other models for Q may be obtained by starting from different non-empty
domains of individuals, and otherwise proceeding as in the case of M.
Our description of the interpretation of Q in M and our proof of the
soundness of this interpretation will also apply to these other models
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with virtually no changes. We shall call all these interpretations of Q
principal interpretations. It is clear that there are many sound non-prin-
cipal interpretations of Q, and much work remains to be done investigat-
ing them.

Since classical mathematics (without the Axiom of Choice) can be
formalized in Q, there may be some interest in carefully examining upon
what assumptions our consistency proof for Q rests. To facilitate such an
examination we shall carry out the consistency proof in rather tedious
detail. Our meta-language will not be formalized, but it will be clear that
our proof could be carried out in Zermelo-Fraenkel Set Theory with the
Axiom of Replacement, and other systems of comparable power. Of
course such systems are much stronger than Q.

The set K2 is the set of all type symbols in K2 in which no type variables
occur. The model M consists of K? and a domain D, for each « in K2,
These domains are defined as follows. We first choose three distinct ob-
jects t, § and tr which are not functions. (One may appropriately take
“truth” for t and “falsehood” for §.) ®, contains t and | and nothing else.
9, contains r and nothing else. If (x8) is a type symbol in K*, D,5 consists
of all functions from ®j to D,. D, consists of the union of the domains
D, for which « is in K*. If (x8) is in K2 but not in K!, D, consists of all
functions from 9, to D,.

Since if D, 2 D; any function in Dy, must also be in D,,, we easily see
that if @ and B are any type symbols in K2, « > § if and only if D, 2 Dj.

DEerINITION: The length of a wiT or type symbol of Q is the total number
of occurrences of primitive symbols in it.

We next interpret our language Q in the model M which we have just
defined.

DErFINITION: An assignment of values in It to the primitive and type
variables of Q is a function = such that:
(1) If a is any type variable, then =a is in K*.

(2) If x is any primitive variable, then mx is some function with domain
K2 and with values in 2 such that for each type symbol « in K2, (rx)«
isin D,.
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For each assignment = we define a mapping W, of wffs and type symbols
of Q into M. The definition is by induction with respect to the lengths of
the wils and type symbols of Q. The reader will note that if « is any type
symbol of Q,then W_a is in K2, and if 4, is any wif of type «, then W, 4,
is in Dy, _,. The definition is as follows:

MHWO=0;,W, 1 =1;W2=2,

(2) If a is any type variable, W, e = ra.

(3) If « and P are type symbols of Q, W,_(af) = (W, aW,_B).

(4) If x is a primitive variable and « is a type symbol, W_x, = mx(W_a).

(5) W, Qo4 is that function in @((ow"a)w,,a) such that for each member ¢
of Dw_s» (WrQos)¥ is that function in Dow, o) such that for each
member Y of Dy_,, (WrQou?)y is t if h =z, and is | otherwise.
(Briefly, W,.Qo., is the identity relation on Sbw"a.)

(6) For each « in K2 we choose an element t, in D, as follows: 1, is f,

1,18 T, 1 is 1, t5, is that function from D, to D, whose value is always
tz. Then we define Wi, o, to be that function in Dw_yow,e such

that for each element g of Diow, ) » (Wrlaow)T = tw_q unless there is
some member Y of SDwna such that ¢y =t, while z3 = | for each
member 3 of Dy_, which is distinct from p; in the latter case such a
Y is unique, and we define (Wpty 0,0t = 9.

(7) Let « and B be in Ki. W, [QuB] =t if W a = W_B; otherwise
WoQof] = 1.

(8) If 4, and By, are wifs and « > v, we define W, [Bg,4,] to be the value
(W,Bs) (W, A,) of the function (W, Bg,) for the argument (W.4,). It
is easy to see that Woo0 > Wy, 50 Dy 5 2 Dw_y, and WA, isin Dy
while W, By, is in Dew,aw, x> 50 this definition makes sense.

(9) If [Axp4,] is a wif, W,.[4xg4,] is that function in Dy _w_g Whose

value for each argument ¢ in C‘DWuB is WA, where ¢ is that assign-
ment which has the same values as = for all type variables and for all
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primitive variables except x, while ¢x is that function such that
ox(W,_B) = r and pxy = mxy for any member y of K2 distinct from
W..8.

(10) If [Vad,] is a wif, W [Vad,] = tif W 4, = t for every assignment
¢ which has the same values as = for all primitive variables and for
all type variables other than a; otherwise W, [Vad,] = i.

This completes the definition of W, for any assignment =.

LemMa 1: If Uis a Wi or type symbol and X is a primitive variable or type
variable such that no X-variable has free occurrences in U, and if = and ¢
are assignments which have the same values for all primitive and type
variables except X, then W, U = W, U.

Proof: This follows directly from the definition above and the restric-
tions in formation rules (6) and (7).
LemMMA 2: W T, = t for any assignment .
Proof: W, Ty = W_[Qoc00y00[4x0X0] [Ax0x0]]
= (WrQo(00y00) WrlAxoxo YW [Axox0],
which is clearly t by the definition of W, .Q¢003c00)-

LemMA 3: W, F, = { for any assignment .

Proof: Using Lemma 2 it is easy to see that W _[Axoxo] # W, [2x,T),
by considering the values of these functions on { as determined by clause
(9) of the definition above. Then Lemma 3 follows easily from the de-
finition of Fj.

LeMMA 4: Let ¢ and Y be members of D,. For any assignment m,
(W, Aooo))y = tifr = tand y = t, but otherwise (W, Ago0)D)y = |.
Proof: For convenience in this proof let « denote (000).
((Wr A000)D)Y
= (W,l1xo . 4¥0 -Qocoarom 18 - 8aXoYo] 148, - & ToTo1NE)Y
= ((WepQO(Oa)(Oa))ch[Zga .8a%0Yo )W, [4g, - g.ToTo],
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where (px) 0 = zand (¢») 0 = hso Wyxo = rand Wy, = . If gand y
are both t we easily see that W, [ig, .g.x0y0] = W,[Ag, .2 ToTo), so0
(W Agoo)t)h = t. If £ and f are not both t, we see that W [4g, .2, %o¥o]
# W,lAg, .8.ToTo] (for example by computing the values of these
functions for the arguments W [1u, .Avovo] and W, [Au, .dvoue]), sO
((Wx Ao00)2)y = f. This completes the proof of Lemma 4.

LEMMA 5: Let ¢ and b be members of ®,. For any assignment =,
(W, Do00)t)y = fif £ = tand § = {, but otherwise (W D400)0)9 = ¢.

Proof: (W 200009 = (WrAxo .4p0 .[x0 A Yo] = x:1)D)Y
= (W,Q000) Wolxo A ¥o]) Wyxo, where (¢x)0 = ¢ and (9»)0 = 1, so
WeXo = zand Woyo = 1. Thus W[x, A Yol = ((an A 000) chxo)wq:.}’o
= (W, Agoo))y. Using Lemma 4 we see that (W, Ago0)D)y =z if 2
=fory = t,but (W, Agoo)t)y # rifz = tand y = f. Hence Lemma 5
follows by the definition of W Qooo0-

DeriNiTION: If « and v are type symbols and ¢ is a type variable, (S o)
shall denote the result of substituting y for ¢ at all occurrences of ¢ in «.

LEMMA 6: Let v be any type symbol in K% , let a be any type variable,
and let 4; be any wif in which all free occurrences of a are free for all type
variables in y. Let = be any assignment, and let ¢ be that assignment which
has the same values as = for all variables except ¢, while pa = W,y. Then
W,{S5d,] = Wods.

Proof: Note first that W,y is in K!, so ¢ is properly defined. Also note
that if « is any type symbol, W (Sje) = W a; this is easily established by
induction on the length of «. Then we proceed by induction on the length
of Ag, considering the following cases:

(1) 45 is a wif variable x;. Then W_[Six;] = W"x(s, 3
= 7x(Wd) = px(W,3) = W x;. Y

(2) 4s 15 Qoga - WrlS7Q00al is W0, (s%a)(s%a)’ which is the equality rela-
Y Y

= mx(W,S73)

tion between entities of type W, (S3x). W_Qo,, is the equality relation
between entities of type W . But W (Sja) = W, so W, [S700..] =
W@QOM'
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(3) A3 is vu00 - The proof for this case is similar to the proof for case (2).

(4) 4, is [QaB] . W,[SIQaB]] = W,[Q(S%) (Si)), which is t if W,(S%)
= W,(S5{P), and f otherwise. But W, (Sjx) = W « and W (SIB) = W,B, so
in either case W_[SH[QuB]] = W_[Qup].

(5) Asis[B5,Cq), where « > . By inductive hypothesis W, [S3Bs,] = W, By,
and W, [SICol = W,C;, 50 W,IS2Bs,Coll = W, [[S%Bs] [SIC,I] =
(WolS3Bs,)) (WoISICel) = (W,By,) (WoCp) = W, [By,Col.

(6) Asis [1xC,). Since [S3[Ax,C,]] = [lx(s; Q)[Si',CO‘]] and W, (S18) = W8
and W (S{x) = Wz, W, [S2[2x,C,]] is that function in SD(%aw@e) whose
value for each argument g in SDWQ,B is W,..[S7C,], where =’ is that assign-
ment which agrees with = except on x, while n'x(WB) = ¢ and =n'xe
= mxe for each ¢ distinct from W in K2. Now W, [1x,C,] is that func-
tion in @(wq,aw,,a) whose value for each argument g in ibwa is w..C,,
where ¢’ is that assignment which agrees with ¢ except on x, while
9'x(W,B) =z and ¢’xc = oxe for each ¢ distinct from W8 in K2, But
then for each g in SDW‘PB, ¢’ agrees with =’ except on a, while ¢’a = ¢a
= Wy y = W,.v, so by inductive hypothesis W S7C.] = W,.C,. Thus
the functions described are the same, which is to say W, [S{[Ax,C, 1]
= W,[ix;C,].

(7) A5is [VeB,). If cis a or a does not occur free in B, then a has no free
occurrences in Az, so W,[S34;] = W, 4; = W, 4, by Lemma 1.

Suppose, on the other hand, that ¢ is not @ and that a does occur free
in By. Then by the conditions on As, ¢ does not occur in y. Also
[S5IVeBoll = [VelS2Bo]l.

Suppose W, [Vc[SIB,]] = |; then there is an assignment =’ which agrees
with = except on ¢ such that W,[S2B,] = f. Let ¢’ be that assignment
which agrees with =’ except on a, while ¢’a = W,_y. By inductive hypo-
thesis W..B, = W_[S?B,] = f. Now ¢ does not occur in ¥y, so 9'a
= Wpy = W,y = ¢a, so ¢’ agrees with ¢ except on ¢, so W [VeB,] = f.

Conversely suppose W [VeB,] = f; then there is an assignment ¢’
which agrees with ¢ except on ¢ such that W,.B, = f. Let =’ be that as-
signment which agrees with ¢’ except on a, while w'a = na. Then =’
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agrees with = except on ¢, which does not occur in vy, so Wy = W,y
= ¢a = ¢’a, s0 by inductive hypothesis W,.[S7B,] = W_.B, = {; hence
W,[Vel$iBo]] = f.

Thus W, [Ve[S{B,]] = f if and only if W [VeB,] = f, so W, [S$[VeBo]]
= W,[VeB,].

This completes the proof of Lemma 6.

THEOREM 7: If P, is a theorem of Q, then W,_ P, = t for every assign-
ment w.

‘We prove this by showing that the property of the theorem is preserved
by the rule of inference of Q and is possessed by all the axioms. Consider
the following cases:

(0) P, is inferred from C, and from Q,,,4,B; by Rule R.

We are given that for any assignment x, W,,C, = t and W,[Q,.,4,B,]
= t, so by the definition of W, Q,.., we see that W, 4, = W_B, for each
assignment 7.

Let G be any wf part of C, containing the occurrence of A, in question,
and let G’ be the corresponding part of P, with the occurrence of 4, re-
placed by an occurrence of Bj. Since P, is a wif evidently G' must be a
wif also. We prove by induction on the length of G that W, .G’ = W_G for
each assignment .

If G is A, then G’ is By and we have already seen that W,.G' = W_ B,
= W_ A4, = W_G. Hence we need only consider cases where G is a wif
which properly contains 4,, and hence is well-formed according to for-
mation rule (5), (6) or (7).

If G has the form [D; E_], where € > ¢ and the occurrence of 4, is in
E_, then G’ has the form [Ds E’], and since G’ is a wif, E’ must be a wif
of some type <, where £ > <. By inductive hypothesis W, .E' = W_E,, so
W.G" = (W, Dy) (WoE') = (W, Dy) (WoE) = W, G.

If G has the form [Ds E_], where ¢ > o and the occurrence of 4, is in
Ds,, then G’ has the form [D'E_], and since G’ is a wif, D' must be a wif
of some type (p7), where © > o. By inductive hypothesis W, . D’ = W_Dy,,
so W,.G' = (WD) (W_E,) = (W,Ds) (W,E,) = W,G.

If G has the form [Ax, D;] then G’ has the form [4x,D;], and by inductive
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hypothesis WD, = W_Dj for each assignment ¢. Hence clearly W, [1x D/}
= W_[Ax,D;].

If G has the form {VaD,] then G’ has the form [VaD;], and by induc-
tive hypothesis W,D; = WD, for each assignment ¢. Hence clearly
W.[vaDy] = W_[VaD,].

Now Cj is Py, so we have W, Py = W, Cy = W_C, =t for each as-
signment 7.

(1) P, is Axiom 1, which is
[800T0 A ZooFol = .[x, .gooX0] = [2x,To].

If (W, goo)r = i foreach gin D,, then by Lemma 4 W, [g60Ts A Zo0Fo)
= t. Also for each ¢ in ®, we have (W_[1x; .200X0])E = (Wrgo0)t =t
and (W, [Ax,Tol)r = W, Ty = t, so W, [1x, .8o0X0] = W,[1x,T], so we
see that W_P, =t

On the other hand if there is some ¢ in D, such that (W,_goo)t = {, then
by Lemmas2, 3 and 4 we see that W_[gooTo A Z0oFo] = . Also

(Wol2xo.g800%Xo Dt =(W,.g00)t =, but (W [Ax,To Dt = tso W [[2x, . go0X0]
= [Ax,To]] = §. Hence WP, = t in this case also.

(2) P, is an instance of Axiom Schema 2, and so has the form [x, 3 A
D .houX, = ho,y,, Wwhere § > a.
If W,[x, £ y,] = then W,_P, = t by Lemma 5.
On the other hand if W, [x, 3 ¥al = t, then by the definition of W,Qqg,
we see that W x, = W_y,, so
Walhoaxa] = (Wrho) (Wex)) = (Wahon) (Wryvo) = Wilhouyal,
80 W lho,x, = hoey,] = t and by Lemma 5 W _P, = t.

(3) P, is an instance of Axiom Schema 3, and so has the form
aff -3
[fee = gl = .[ZxB JagXp = 8apXpl = [bcaT ol

If W, [fos i 8] = t then W f, = W.g.,, so for each ¢ in SDW“B we
have (Wn[lxﬂ -JapXs = gast])E = (W;:Q0u) (Wrfe0)D)) (Wrgap)t) = t.

Also (WilixgTor = t, so W, [[Axy. fugXs = gap¥el = [xgTol] = t.
Hence W_ P, = t.
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If W,lfis 2 gl = f, then W,.f; + W,g,5, 50 there must be some
element t in Dy,_g such that (W, f,0)r + (W.g,0)z. Hence (W, [Ax; .f5x5
= gueXal)t = | while (W.[Ax,ToDr =1, 50 W, [Axg.f,%5 = gop%p] 2nd
W, [1x,T,] are distinct functions, so W, [[4xg5./px = 8%l = [AxsT5]]
= f. Thus WP, = t in this case also.

(4) P, is an instance of one of the axiom schemata 4,-4,.

In each case below, we are given a wif 4, and a wff-variable x, occur-
ring in P, and an assignment w. Define ¢ to be that assignment which
agrees with = on all type variables and on all primitive variables except x,
while ex(W,y) = W, 4, and ¢ox3 = =xd if 3 £ W_y. (Since in each case
Y > «, we see that W _A4_ is in Dw, 4> 50 this makes sense.) Then W, x,
= Wrd,.

CASE 4,: P, is an instance of Axiom Schema 4,, and so has the form

{[Ax,B;14,] £ By, where v > « and no x-variable occurs free in Bg.
W, [[1x,B;]4,] = (W,.[Ax,Bs]) (W,4,) = W B; = W B; by Lemma 1,
so W_P, =t

CASE 4,: P, is an instance of Axiom Schema 4,, and so has the form
[[Axx,)4,] < 4,, where y > a.
W, [[ixx,]4,) = (W [lx,x,) (W.4,) = Wox, = W, 4,,s0 W, P, = 1.

CASE 45: P, is an instance of Axiom Schema 45, and so has the form
[[Ax, . BgsC,14,] L [[Ax,Bg514,] [[2x,C,14,], where this is a wiT.
WollAx, . BesC,ld,] = (Weldx, . BesC.D) (Wed,) = Wo[BsC.]
= (W Bg) (W ()
= (Wo[ix,Bgs)WoA4,) (Wo[Ax,C DWW A,)
= (W,l[4x,By)4,]) (W[1x,C,]4,.])

= W,,[[[lx.{Bea]Aal [[lxycclAa]]
so W, Py, =t.

CASE 44: P, is an instance of Axiom Schema 4,, and so is a wif of the
form [{Ax, .2y;B;314,] 2 [Ays . [Ax,B,]4,], where x and y are distinct prim-
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itive variables and ygis not free in 4,. By virtue of formation rule (6) it
is clear that no y-variable whatsoever is free in 4,.

Let § be an arbitrary member of Dy_s. Let «’ be that assignment which
agrees with = on all type variables and on all primitive variables except y,
while #’y(W_8) = pand n'ye == nycifec + W, 3. Let ¢’ be that assignment
which agrees with ¢ on all type variables and on all primitive variables
except p, while ¢’y(W,.8) = py and ¢’ye = @peif e = W, 3. (Note that W,
=W_3.) Thus W_oys; =19, Woy; =1, and Wix, =W.x, =W 4,
= W4, by Lemma 1. (Here of course we use the fact that x and y are
distinct.) Note that ¢’ agrees with =" on all type variables and on all
primitive variables except x.

Now

(W'n:{[}‘xy . }'ySBB]AaDt) = (ch[}'ySBB])r) = ch'BB = (Wn'[zxyBQ])W‘n:'Aa
= W [[2x,Bgld,]= (W, [lys . [1x,B5]4,))y.

Since this is true for every member § of Dy 5, the functions

W_l[4x, .Ay;Bs]4,] and W[y, .[Ax,B,]4,] are the same. Hence
W,.,Po = t.

CASE 45: P, is an instance of Axiom Schema 45, and so is a wff of the

form [[Ax, .VeB,l4,) 2 [Ve .[Ax,Bo]4,], where ¢ does not occur free in
A, orinvy.
W, [[Ax, VeBo)4,] = W,[VeBo].

If W_[VcB,] = t, then W B, = t for every assignment ¢’ which agrees
with ¢ on all primitive variables and on all type variables other than ¢. In
this case let «’ be any assignment which agrees with = on all primitive
variables and on all type variables except ¢, and let ¢’ be that assignment
which agrees with =’ on all type variables and on all primitive variables
except x, while o’x(W_y) = W4, and ¢'xe = w'xc if ¢ = W_+. Since ¢
does not occur free in 4, by Lemma 1 we see that W,. 4, = W_A4,, and
since ¢ does not occur in y we also see that W_~y = W_y. Hence it is
easy to see that ¢’ agrees with ¢ on all primitive variables and on all
type variables except ¢, so W,B, =t But then W_[[Ax,B,]4,]
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= (Wo[1x,BoDW A, = W.By = t, so W, [Ve.[ix,By]4,] =t. Thus
W, P, =t in this case.

On the other hand suppose that W [VeB,] = f. Then there must be
some assignment ¢’ which agrees with ¢ on all primitive variables and on
all type variables except ¢ such that W_.B, = f. Let =’ be that assignment
which agrees with = on all primitive variables and on all type variables
except ¢, while n'c = ¢’c. Again by Lemma 1 we see that W4, = W, A4,
and W,y = W_y. It is clear that ¢’ agrees with =’ on all type variables
and on all primitive variables except x, while ¢'x(W,_v) = ¢'x(W,y)
=px(Wpy) = W 4, = Wod, and ¢'xe = n'xe if 4 W, y. Hence

W [[4x,Bold,] = (Wolix,BoDW, A, = WoBo = f.
Therefore W, [Ve .[ix,Bol4,] = f, so W, P, = t in this case also.

(5) P, is an instance of Axiom Schema 5, and so has the form
[la(Oa) 'Qomya] ; Y

Let t) be in ®Wnuz' (Wn[QOtzaya])") = ((WnQOaa) W‘n’ a)n’ which is t 1f 9
= W_y,, and { otherwise, by the definition of W, (,,,. Hence by the de-
finition of WnLoz(Oa)9 Wn[ta(Ou) Qoaalal = (Wn"a(Oa)) Wn[QOaaya] = Wnya'
So WWP o = t.

(6) P, is an instance of Axiom Schema 6, and so has the form VaT,.

By Lemma 2 W_T, = t for any assignment ¢, so clearly W, P, = t for
any assignment .

(7) P, is an instance of Axiom Schema 7, and so is a wif of the form
[Vado] > [S74,], where 2 > y and all free occurrences of a in 4, are
free for all variables in v.

If W, [Vad,] = {, then W_ P, = t by Lemma 5.

If WilVad,] = t, then W 4, = t, where ¢ is that assignment which
agrees with = on all primitive variables and on all type variables except a,
while pa = W_y. Now v is in K}, so by Lemma 6 W,_[S74,] = W 4,.
Hence W, P, =t by Lemma 5.
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(8) P, is an instance of Axiom Schema 8, and so has the form [x = g]
5 .[Stdo] = [S§A4o), where « and B are in K} and all free occurrences
of ¢ in A, are free for all variables in « and p.

If W[« = p] ={, then W_P, =t by Lemma 5.

If W, [x = f] =1, then W o = W . Let ¢ be that assignment which
agrees with = on all primitive variables and on all type variables except ¢,
while ¢c = W,x. By Lemma6 W_[Si4,] = W 4o = W,_[S54,], so
W, [[Sz40] = [SG4oll = t. Hence W_ Py = t by Lemma 5.

(9) P, is Axiom 9, which is [(ab) = (cd)] = [a = ¢ A b = d].

W, [(ab) = (ed)] =t if and only if W_(ab) = W, (cd). But W, (ab)
= (W, aW_ b} and W_(cd) = (W, cW_d), and from the definition of K1 it
is clear that (W, aW_b) = (W, cW_d) if and only if W@ = W_¢c and W_b
= W,d. Now by Lemmad W {a=cAb=d]=1tif and only if
W.la = ¢} =tand W_[b = d] =1, and this occurs if and only if W_a
= W_c and W_ b = W_d. Hence we see that in all cases W_[(ab) = (¢d)]
=W/la=cAb=d]so WP, =t
(10) P, is Axiom 10, which is [x, = y,] o [a = b].

If W [x, = y,] = {, then W, P, = t by Lemma 5.

IfwW_[x, 2 ¥s] = t, then from the definition of W,_ Q. it is clear that
Wex, = Weoy,. Now Wpx, is in Dy, _,, where Wya = mais in K. Similarly
W,y is in Dy_, where Wb = mb is in K*. The domains D, where vy is
in K*, are disjoint, so evidently W,a = W_b. Hence W [a = b] =, so
W, P, =t by Lemma 5.

This completes the proof of Theorem 7.

THEOREM 8: The system Q is consistent,

Proof:

We first remark that assignments do indeed exist!!). Indeed, we can
describe certain assignments explicitly. For example, we can describe an

11y Of course by using the Axiom of Choice in our meta-language we can easily find
assignments. The purpose of this paragraph is to make it clear that it is not necessary
to use the Axiom of Choice to show that assignments exist. It will then be noted that

the Axiom of Choice is not used at any point in our proof of the consistency of Q.(The
elements ryreferred to in this paragraph are of course those introduced on page 10.)
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assignment 0 by specifying that 6a = 1 for every type variable a and
that Oxa = r, for each primitive variable x and for each type symbol «
in K2,

Now if Q were not consistent, every wif of type 0 would be a theorem
of Q. (As we will see in Chapter II, all the laws of propositional calculus
can be derived in Q.) In particular F;, would be a theorem. Then by
Theorem 7, W_F, would be t for every assignment =. However this con-
tradicts Lemma 3.

1.4. Independence results

It is easy to see that Rule R is independent, since it is the sole rule of in-
ference of Q. The wif T, (i.e. [[Qoooy co0y[AXoX0]] [Ax0X,]]) is not an
axiom of Q, but is a theorem, as we shall see in Chapter II (Theorem 100).
Hence Rule R cannot be dispensed with.

We can also show the independence of certain axioms and axiom
schemata of Q. We outline these proofs below, leaving most of the details
for the reader to verify.

Axiom 1

We construct a model I’ for Q which is similar to the model I de-
scribed in Section 3, except that ®, now contains three objects. For
a complete description of the model %’ and the interpretation of Q in I/,
simply replace the sentences ‘““We first choose three distinct objects t, | and
t which are not functions. D, contains t and { and nothing else.” in our
treatment of M on page 9 by the sentences “We first choose four dis-
tinct objects t, f, u and tr which are not functions. ®, contains {, {, 4 and
nothing else.” Reading through the rest of Section 3 with the new inter-
pretation of Q in mind, we see that Lemmas 1-4 and 6 still apply without
change, while Lemma 5 must be modified as follows: (W, D00)D)9 =t
if £ is f or ¢ and Y are both t; otherwise (W, 200)2)y = f. Also Theo-
rem 7 applies to the system obtained when Axiom 1 is deleted from the
list of axioms of Q. Hence Axiom 1 cannot be derived in this system,
since W, [Axiom I]is { for any assignment 7w such that (W_goo)t = (W goo)f
= t, and (W, goo)tt = f. Thus Axiom 1 is independent.
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AXIOM SCHEMA 3

We construct a model %3 for Q by another modification on the construc-
tion of M. Let D, and D, be defined as for M. Let D,, contain two ob-
jects, b and g. (Note that in the case of I, the domain ®,, contained only
one element, namely the identity function on D, . b and g may be regarded
respectively as the “blue” and the “green” identity functions on 9,.) If
(@p) is neither (11) nor (21), D, consists of all functions from D to D,
as before. (Of course there are now many more such functions if (11) or
2is part of « or B; for example Dq(; 1y now contains four elements, whereas
in the case of the model M it contained only two.) ®,, consists of b, g,
and all functions from D; to D, which do not have value r. (Thus
if we regard b and g as functions, ®,, simply consists of all functions
from D, to D,.) D, is again the union of the domains D, for which « is
in K1,

The interpretation of Q in I3 is made essentially as in the case of .
In clause (8) of the definition of W, (page 10), if W, By, is in D,,, then
W,A4, must be in D, and we define W_[B,,4.] to be 1, the sole member
of ®;. In clauses (6) and (9) when there is ambiguity as to which function
is meant (as in the choice of 1,4, 12,4, or the value of W, [1x;4,] when W,
is 1 and W 4, is in D,), we shall always choose b.

Reading through Section 3 with the new interpretation of Q in mind,
one casily sees that Theorem 7 applies to the system which is obtained
when Axiom Schema 3 is deleted from the list of axioms of Q. (Note
especially that the treatment of Axiom Schema 4, in the proof of Theo-
rem 7 can with a few words be modified to fit the present interpretation,
so no trouble arises.) However if W_f;; = b and W_g,, = g, then
W..I[f11 = g1 = VYx[fi.1x, = g11%:]] is f, so this instance of Axiom
Schema 3 cannot be derived in that system. Thus Axiom Schema 3 is
independent.

Of course one might still ask whether certain instances of the Axiom
Schema are derivable from the other axioms, or from the other axioms
and other instances of this Axiom Schema. However for the present we
shall concern ourselves only with the question of whether certain axiom
schemata could be dispensed with altogether.
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AXIOM SCHEMATA 4,4,

It is easy to see that certain instances of Axiom Schemata 4,—45 can be
derived from the other schemata (without the use of any other axioms of
Q), and the schemata are so closely interrelated that separate indepen-
dence proofs for them seem difficult to obtain. Actually in Chapter II we
shall use these schemata to prove a single theorem schema (103) which in
a certain sense summarizes them, and which could be used as an axiom
schema in place of them. (However to prove the schemata 4,4, from
schema 103 one apparently must also use other axioms of Q.)

Hence we shall refer to Axiom Schemata 4,—45 collectively as Axiom
Schema 4, and simply prove the independence of Axiom Schema 4. To do
this we define the A-parity of a wif to be even if the number of occurrences
of 4 in the wff is even, and to be odd in the contrary case. Examination of
our definitions reveals that T, Fy, Agoo, and Do all have even A-
parity, and that the 1-parity of [Vxzd4,] is the same as that of 4,. Hence
we quickly see that the A-parities of the axioms 1-3 and 5-10 are all even.
Moreover Rule R preserves evenness of A-parity. For if the A-parity of

[Aa < Bﬁ] is even, then 4, and By have the same 4-parity, so replacing 4,
by By in a wif does not change the 1-parity of the wff. Thus every theorem
of Q which can be derived without the use of Axiom Schema 4 has even
A-parity. However certain instances of Axiom Schema 4 have odd 4-parity
(note especially 4,), so Axiom Schema 4 is independent.

AXIOM SCHEMA 5

For each type symbol « let C, be [ty - 4X,T0], and let J, o,y be [120,C,].
Note that no wif-variables occur free in these wifs.

Now consider the system Q’ which is obtained when Axiom Schema 5
is deleted from the list of axioms of Q. It is easy to see by induction on
the length of the proof of 4,, that if 4, is a theorem of Q’, then B, is also
a theorem of Q’, where B, is the result of simultaneously replacing all oc-
currences of the wffs t,(o,y in 4, by the wifs J,o,, for each type symbol a.
(Note that no trouble arises when A, is an instance of Axiom Schema 7
or 8.)

Suppose that for some @, [ty0 -QoaaVal = y, were derivable in Q.
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Then [V 00 - QounVel = y, would also be derivable, so by Rule R and the

axiom Jy(00)[Qoax Vel = C, (an instance of 4,) we would obtain C, < Va
as a theorem of Q'.

It is clear that Theorem 7 applies to Q' with respect to any principal
interpretation of Q, in particular with respect to a principal interpretation
in which the domain 9D, of the model (and hence each domain) contains

at least two elements. However for such an interpretation W,[C, = y,] is
not always t, since we can always choose = so that W_y, is not the same
as W_C,. Thus we reach a contradiction. So no instance of Axiom
Schema 5 is derivable in Q’, and the axiom schema is independent.

It is well known that for certain types « we can introduce the Wifs t,¢o)
by definition, in the sense that we can omit mention of v, from our for-
mation rules, and find a wif L, in which no wif-variable occurs free

such that we can prove [L,q) -QosaVal = Vo (See [4], p.62, and [10],
p. 328, for the required definitions.) The question therefore arises whether
we can do this for all types «, and delete « from our list of primitive sym-
bols altogether. Unfortunately the answer to this question is negative,
since if we deleted  from our list of primitive symbols, for certain types «
there would be no wffs L,(o, in which no wff-variable occurs free. This
we see as follows:

We define certain type symbols to be critical. The definition is by in-
duction on the length of the type symbol:

(1) The type symbol 1 is critical, but no other type symbol of length 1 is
critical.

(2) The type symbol («f) is critical if and only if « is critical and B is not
critical.

Note that 1(01) is critical.

We easily see by induction on the length of « that if « > B for some
type symbol B, then « is not critical. For 2 is not critical, and if « has the
form (3y) and « > B, then § must have the form (ey), where 8 > &. But
by inductive hypothesis § is not critical, so « is not critical.

PROPOSITION: Let A, be any wif of the system which is obtained when t
is deleted from the list of primitive symbols of Q. (Of course formation



24 THE SYSTEM Q [I.4

rule (3) must also be dropped.) If the type « of 4, is critical, then there is
some wff-variable x; which occurs free in 4,, and whose type § is critical.

The proof is by induction on the construction of 4,.

The proposition is clearly true if 4, is of any of the forms x,, Qogg,
[OBY], or [VaB,].

If A, has the form [B,C,], where B =y and a is critical, we consider
the following cases:

(1) B is . Then either v is critical, or § is not critical so («8) is critical.
(2) B > v. Then 8 is not critical, so («8) is critical.

In either case («f3) or y must be critical, so we apply the inductive hypothesis
to B,g or C, to see that there is a wif-variable with critical type free in 4,,.
If A, has the form [AxzB,], and « is critical, then, since « is (vB), y must
be critical and { not critical. Hence by inductive hypothesis there must be
some wif-variable y; free in B, with critical type 3, and y; cannot be xg,
SO y; is also free in A4,.
This completes the proof of the proposition.

AXIoM SCHEMA 6

To prove the independence of Axiom Schema 6, we use the interpreta-
tion of Q given in Section 3, with clause (10) in the definition of W_ modi-
fied as follows: W_[Vad,} is § in all cases. We easily see that under this
interpretation Theorem 7 applies to the system obtained when Axiom
Schema 6 is deleted from the list of axioms of Q, but of course W,_[VaT,]
is f, so VaT, is not derivable in this system.

AXI0M SCHEMA 7

This time we modify clause (10) in the definition of W, as follows:
We[Vad,] is t in all cases. Under this interpretation Theorem 7 applies
when Axiom Schema 7 is dropped, but W_[[VaF,] o F,] is |, so Axiom
Schema 7 is independent.

AxioM SCHEMA 8

We modify clause (7) in the definition of W, as follows: W, [Qafl] is t in
all cases. Under this interpretation Theorem 7 applies when Axiom
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Schema 8 is dropped, but if W, x, is t and (necessarily) W_x, is 1, then
W,,[[O =1]>.x0 & Ty = x4 2 TO] is f, so we see that Axiom Schema 8
is independent.

Axiom 10

We construct a model IM1° for Q as follows. Choose distinct objects t and
f, and let D, and D, each be the domain which containst and fand nothing
else. Then proceed as in the case of Ik, Thus the domain of individuals is
taken to be the domain of truth values. The interpretation of Q in M0 is
made exactly as in the case of I, with all references to t replaced by re-
ferences to §. Note that while ©, and D, are now the same, the type sym-
bols 0 and 1 in K1 are still distinct symbols, so W, [Q01] remains f. We
see that Theorem 7 applies under the present interpretation of Q to the
system with Axiom 10 deleted. However if na is 0, =b is 1, and (=x)0 = {
= (=1, then W,x, = | = W3, 50 W,I[x, = »;] o [a = b]] is |. Hence
Axiom 10 is independent.

Thus far independence proofs for Axioms 2 and 9 have not been found.

L.5. General comments on Q

Various extensions of the system Q are of course possible. Among the
simplest of these are systems obtained by adding additional axioms to the
list of axioms for Q. For example, it will for certain purposes be desirable
to add one or more of the following as axioms or axiom schemata:

(11) PoaXs = PoultaomPoul-

(A1) Jigony -YPoy -IX4PosXs @ PoaliaomyPoal-
(12) Vy,3a3x, .y, = X,.

(12') YaVx,po2Xs = Vy2po22.

(13) [$540] > -[$540] = VaVB[[SiAo] = .[540] > [Siasdo]] > Vedo,
provided this is a wif, @ and b are distinct, and all free occurrences
of ¢ in A, are free for a and b.



26 THE SYSTEM Q [I.5
14) ~[0 =1].

(15) ~ [0 = (ab)].

(16) ~ [1 = (ab)].

Of these (11) and (11") are formulations of the Axiom of Choice, (12)
and (12') are formulations of an axiom restricting the size of D,, (13)
restricts the range of type variables to K, and (14)-(16) express the fact
that certain type symbols are distinct. (We remark that without using any
of the above axioms, we can prove ~ [(0a) = a] in Q; see Theorem 305
in Chapter IL.) It is clear that (12)-(16) are all true in all the principal
interpretations of Q mentioned in Section 3 of this chapter, and that (11)
and (11") can also be shown to be true if we assume the axiom of choice
in our meta-language. However, we consider it to be of interest that the
Theorem of Infinity can be proved, and the semantics of finite type theory
formalized, in Q without the use of any of these axioms. Therefore we
have not included them in the list of axioms of Q.

If one wishes not only to formalize the semantics of finite type theory
in Q, but to prove in Q the consistency of a formulation of finite type
theory which has an Axiom of Infinity, then one must evidently add to Q
an Axiom of Infinity for individuals of type 1. (Our Theorem of Infinity
is for entities of type 2.) Alternatively, one might in some appropriate way
extend Q to higher transfinite types, and then interpret the individuals of
the finite type theory in D, rather than in D, when formalizing the seman-
tics of the finite type theory.

The following lemmas about wifs will be useful:

LemMMA 9: There are no type symbols «, 8 and y in K2 such that « >
and > v.
The proof is by induction on the length of {.

Casel:f81is0, 1, 2, or a type variable a.

Since none of these has the form (3¢), they can be involved in the re-
lation > only by virtue of clause (1) of the definition of >. Hence there
is no type symbol « such that « > 2 and there is no type symbol y such
that0 >yorl >yora>y.
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CASE 2: B has the form (3z).

If there is a type symbol vy such that (3¢) > v, evidently this must be by
virtue of clause (2) of the definition of >, so y must have the form (3’),
where 8 > &',

If §is in K1, then 2 > 8 and 8 > &, which violates the inductive
hypothesis applied to 3.

On the other hand if 3is not in K}, then (3¢) is not in K1, so if there
is a type symbol « such that « > (3c), evidently « must have the form
(3"’¢), where 8" > 3. However, this would violate the inductive hypo-
thesis applied to 3.

Lemma 10: If o = B and every free variable of B, is a free variable of
A,, and C, is a wif of which 4, is a wf part, then the result of replacing
one occurrence of 4, (not immediately preceded by 2) in C, by an occur-
rence of By is a wff Dy, where y > 8. If 8 is « then 8 is y. Moreover every
free variable of Dj is a free variable of C..

The proof is by induction on the length of C,. One examines in turn
the possible forms of C, according to the formation rules, and in each case
easily sees that the conditions of the lemma are satisfied. We leave the
details to the reader.

LemMA 11: If v > « and every free occurrence of x, in By is free for all
free variables of A4,, then {SiIBa] is a wif of some type 8, where > 3.

The proof is by induction on the length of B;. We leave the details to
the reader.

LemMa 12: [S,{g[SigAGH is A,, provided y; does not occur free in 4,
and all free occurrences of x, in 4, are free for yg.
The proof is left to the reader.

LemMA 13: If o > B and yis in K}, then (SSx) > (S:B).
The proof is by induction on the length of «.

LeEmMA 14: If 2 > y and all free occurrences of a in the wif 4, are free
for all type variables in vy, then $34, is a wif of type (S}B).
The proof is similar to the proof of Lemma 11.



CHAPTER II

BASICLOGICIN Q

We shall henceforth let 5# stand for an arbitrary finite set of wifs of type 0.
We do not exclude the possibility that # may be empty. We shall often
refer to S as a set of hypotheses or premisses. We shall write £ F A, as
an abbreviation for the phrase 4, is derivable from the set 5# of hypo-
theses”. We define this concept inductively as follows:

(1) If H, is a member of 5%, then o F H,.
(2) If A, is a theorem of Q, then 5# F A,.

) If # + Cyand # + A, = B,, then # + D,, provided that:

a) Dy is a wif of type 0 which is the result of replacing one occurrence
of 4, in C, by an occurrence of B,;

b) the occurrence of 4, in C, is not an occurrence of a variable im-
mediately preceded by 4;

¢) for each primitive or type variable X such that an X-variable occurs
free in a member of 5 and an X-variable occurs free in 4, or B,,
the occurrence of 4, in C, is free for all X-variables.

(4) No wff is derivable from 5 unless its being so follows from the above
rules.

By a proof from the hypotheses 5 we shall mean a pair of finite se-
quences of wifs of type 0, such that every member of the first sequence is
either an axiom of Q or is inferred from previous members of the se-
quence by Rule R (so every member of the first sequence is a theorem of
Q), and such that every member of the second sequence is either a mem-
ber of # or a member of the first sequence or is inferred from previous
members of the sequence according to clause (3) above.

28
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When a wif D, is inferred from wifs C, and 4, = B, by clause (3) in a
proof from hypotheses, we shall say that D, is inferred from C, and
A, < B, by Rule R'. Clearly in the case that # is empty, Rule R’ is just
a special case of Rule R. Consequently it is clear that if 5 is empty,
¥+ A, if and only if A, is a theorem of Q. Hence we shall write F A, to
indicate that A, is a theorem.

We next turn to the task of proving certain theorems in Q, and proving
certain metatheorems and derived rules of inference. It will be clear that
the proofs of our derived rules of inference can easily be made effective
in the sense of [5].

As a convenience to the reader, after each line in a proof (or condensed
proof) we shall indicate by name or number the rule (or rules) of inference
used to obtain it, and then, after a colon, the numbers of the theorems or
(in the case of a proof from hypotheses) lines of the proof from which the
given line was inferred. In some cases the rules and wffs referred to must
be used more than once. In a proof from hypotheses, to indicate that a
wif is a member of the set of hypotheses, we shall simply write “hypo-
thesis” or “premiss”.

100 A, < A, for any wif A,, provided y > a.

Proof:
A F [[Axx,]4,] = 4, Axiom 4,
2 F [[Axx,]4,] = 4, Axiom 4,
k4, A4, Rule R: .1, .2.

101 Equivalence Rules (E-Rules): Suppose y >«, ¥y =8,y = 3.
If - A, = Bythen + By < 4,.
If b A, £ Byand + By £ Cy then F 4, = C;.
f#+ A, = B, then # + B, = 4,.
If#+ A, =B and #+B,=Cythen# + A, = C,.
Proof of the first rule:
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1011 + 4, = B, by hypothesis
2FBy < 4, Rule R: 100,101.1.
Proof of the second rule:
3FA4,<B, by hypothesis
4F By = Gy by hypothesis
SFA, < Cs Rule R: .3, 4.

The proofs of the third and fourth rules are similar, with Rule R’
being used in place of Rule R.

102 Rule RR: If + 4, = By or F By = 4,, where y >« and y > B, and
if o F C,, then & + D,, where Dy is a Wil of type O which is the
result of replacing one occurrence of A4, (not immediately preceded
by 4) in Cy by an occurrence of Bg.

(Note that the restrictions on Rule R’ do not apply to Rule RR.)

Proof:
drAd, L B, by hypothesis and (if necessary) E-Rules
2FCo = Co 100
3FCo 2 Dy Rule R: .2, .1
4t C, 2 D, since this is a theorem
S#LEC by hypothesis
65+ D, Rule R’: .5, .4.

103 F [[Ax,B,]4,] 3 [SjIBﬁ], provided that y > «, no x-variable other
than x, occurs free in Bg, and all free occurrences of x, in B are free
for all free variables of 4,,.
Note that by Lemma 11 and formation rules (5) and (6), the above
formula must be well-formed.
The proof is by induction on the length of Bj.
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CASE 1: x, does not occur free in Bg.

Hence no x-variable occurs free in By, and [$};BB] is By, so the
desired theorem is Axiom 4,.

CAsE2: By is x,.

Then the desired theorem is Axiom 4,.

CASE 3: B, has the form [Dg;C,], where § >«.

F [[Ax,[DasC.II4,] £ . [[4x,DyslA,) [[2x,C.14,] Axiom 4,
F [[1x,Dgs]A4,] i [SQ‘:DBS] by inductive hypothesis
b {45, [DgCull,] £ . [$51 Dy [1A%,C.14,] by Rule R

(Note that by Lemma 11 [S :IDBB] is a wif of some type (’8), where
B = B, so the above formula is well-formed.)

F [[Ax,C,]4,) = [s;; ce] by inductive hypothesis
b [(2x,[D5C.l4,] £ . [ Dga) [$52C.] by Rule R,

(Again by Lemma 11 we see that this is a wif, since [S ) CE] is a wif of
some type ¢, where € > ¢, so 3 >¢') Now [sz [DBSCE]] is
[S j‘;DBs] [S yi4 Cs], so we bave the desired theorem,
Case 4: By is [1y;C.JL

If x, has no free occurrences in By then this is dealt with in case 1.
If x, does have free occurrences in By then y is not x, and since all

free occurrences of x., in By are free for all free variables of 4,, no y-
variables are free in 4,. Hence

F[lAx, . ApsC.l4,] 2 [Ap; .[4x,C.14,] Axiom 4,
(Note that this is indeed a wff.)

F [Ax,C.]4, = [Sj: C,] by inductive hypothesis
F [fhx, ApsCalda] 2 [ss3xC]] by Rule R.

(Since by Lemma 11 [sz Ct] is a wif of some type ¢’, where ¢ > ¢/,



32 BASIC LOGIC IN Q [1I

and every free variable of [szcs] is a free variable of [Ax,C.14,,

we see from Lemma 10 that this is a wff.)
Now [S jz [ZySCE]] is [lys[s j,‘; Cs”, s0 this is the desired theorem.

CASE 5: By is VeDy.

If x, has no free occurrences in By, this is dealt with in case 1.

If x, does have free occurrences in Bg, then ¢ cannot occur in vy (as
we see from formation rule (7)), and since all free occurrences of x,
in By are free for all free variables of 4,, ¢ cannot occur free in 4,.

F [[2x, .VeDol4,] 2 [Ve .[Ax,Do]4,] Axiom 45
F[Ax,Dol4, 2 SaxDo by inductive hypothesis
b [[Ax, .VeD,l4,] = [Ve[sirDo]] by Rule R.

(Again we may refer to Lemmas 10 and 11 to verify that this must be
a wif)
Now [S s [VcDQ]] is [Vc[S j:Do]], so this is the desired theorem.

104 b [Ax} Ax], - Axf, A, Jx3 x5, -+ x5, = 4, (n =1,2,3,...), provided
that for eachi (n > i > 1), no x'-variable other than xé, occurs free
in A,. (Note that if the primitive variables x' and x’ are the same but
the type symbols B and §, are distinct, neither xéi nor xéj can be free
in 4,.)

The proof is by induction on n.
If n = 1 we have

F [Axg4,]x, =4, by 103, since our conditions

assure that the conditions on 103 are satisfied.
If n > 1 by inductive hypothesis we have

F [lx[}llxgz e dxg ! l[lxgnAa” X3,X5, -+ Xp s [lx";nAa]
b [Axg Axg, o Axp ! [Axp A, |23, - x5 x, = [4x5,4] x5,

by Rule R and 100
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a

E [ axg Aa] X =4, by inductive hypothesis

b [AxgAxd, - Axg ! [ A, |%6,25, -+ x5 %6, = 4. byRuleR.

105 If # + By £ C, then o + $37[By £ ], provided that

(1) Yy = « and all free occurrences of x, in [B‘3 2 CB] are free for all
free variables of 4;

. . . ]
(2) x, is the only x-variable free in [BQ = CB];
(3) no x-variable occurs free in 2 member of 5#.
Proof:
1t By 2 Cs by hypothesis

2 5 F [Ax,Bpld, = [Ax Byl4,
100 (Using (2) we see that this is a wif.)

3+ [Ax,Byld, £ [Ax,Cyld, R’: .2, .1 (Using (2) and (3) we
see that the conditions on R’ are satisfied.)

4+ [x,B,)A, £ $3xB, 103 (Here use (1) and (2).)
5+ A, Col4, £ 835G, 103 (Here use (1) and (2).)
6+ [S31B;) A [$3rCy) RR: .3, .4, .5.

This is the desired theorem.

106 Rule of Specialization (Rule S): If 5 | Vx. B, then 5k Sj:Bo,

provided that y > « and all free occurrences of x, in B, are free for
all free variables of 4.

Proof:
1 5+ [ix,By] = [Ax,To] by hypothesis, def. of ¥
2 F [Ax,Bold, = [1x,Bo)4, 100

lio

3+ [AxTolA4, = [Ax,BolA R’:.2, .1



34 BASIC LOGIC IN Q [

106.4 9 + Ty = $51B, RR: 106.3,103
SHLT, 100, def. of To
.6 # F $3rB, R’: .5, 4.
107+[By £ By| = To provided a > B.
(Note the special case F [[To = To] = To].)
Proof:
T F Ay 2] = (236 = Vo  [ayadre = [Wayd%,
105: Axiom 3
2 FVx, [y = . R: 100, 107.1
3 F Ay ylx, = X, Axiom 4,
A [x,.x, = %] 2 [ix,To] R:.2,.3; def. of V
S [ax, .x, £ x,|By = [Ax,.x, = x,]B; 100
6 F [ix, .x, 2 x,)B; = [2x,To]Bs R:.5, .4
Tv[B, 2B 2To R: 107.6, 103.

108 If # F By £ Cy and o > B, then H# F [By £ Cy] = T,.
Proof: Apply R’ to 107 and the hypothesis.

109 }' [TQ A To] = To.

Proof:
A F[[AyeTolTo A [AyeTolF,e] = Vxo - [AyeTolxo 105: Axiom 1
2 F [Ty A Tol = V¥xoTs R: 109.1, 103
3 F [Tl = [xeTo] = T, 107
AF[To ATy]l =T, E-Rules (101): .2, .3.

(Note that Vx,T, is [AxoTo] = [1x0T,].)
110+ Ty A T, E-Rules (101): 109; R: 100, def. of T,.
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111 If 4, is any wif with no free x-variables other than x, and F [S754,]
2 T, and F [SF24,] 2 T,, then F A,.

Proof:
A F Ty = [Ax040]T, E-Rules (101): 103, hypothesis
2 F Ty = [Axed0)Fo E-Rules (101): 103, hypothesis
3k [Axgdo]Ta A [AxoA40]F, R: 110, 111.1, 111.2
4 F [[AxeAo])To A [AxoA40]F0] = Vx, [Ax0A40]x0 ’105: Axiom 1
S5 FVxg  [Axeds]xo R: .3, 4
6 F Vx4, R: 1115, 103
T+ A, Rule S (106): .6.

112!" [To A Fo] =Fo.

Proof:
1 F [[Axex0]To A [AxeXolFol = Vxo . [Axex0]%0 105: Axiom 1
2 F [Ty A Fy]l = Vxoxo R:112.1, 103.

Now Vxoxg is [[Axoxoe] = [AxeTo]], which is Fy, so this is the desired
theorem.

113 }' [To A Ao] = Ao.

Proof:
A F[[To A Tol =Tl =T 108: 109
2F][To A Fol = F]l =1 108: 112
3 F[Te A x0] = %6 111: .1, .2

AF [Ty A Aol = 4o 105: .3.
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114 I' [Fo = To] = Fo.

Proof:
A F[Axg .xg = TolTo A [Axg.x0 = TolFe] = Vxo . [Axs . X0 =Tol%0
105; Axiom 1
2F[To = Tol A [Fo = Tol]l = Vxo.x0 = Ty R: 114.1, 103
SH[To A [Fy =T]l]l =Vx5.%0 =T, R:114.2, 107
ALE{F, =Tl =Vx0.%0 =T R:114.3, 113
S [[Axexo] = [AxoTo]] = VX, . [Ax0X0)x0 = [AxeTolx0
105: Axiom 3
OFFy=Vxo.x0 =Ty R:114.5, 103; def. of F,
TE[F, =T = F, E-Rules (101): .4, .6.
115+ [4y = Ty] = 4.
Proof:
AHTo =Tl =Tl =T 108: 107
2F{[Fo=Ty) =F] =T, 108: 114
3F[xo =To] = %o 111: .1, .2
A Ay =To] = 4o 105: .3,

116 Rule T: s F Ay ifand only if £ F A = T
Proof: Use Rule R’, E-Rules (101), and 115,

117 Rule of Generalization (Rule Gen):
If 22 + A, then 32 F Vx, Ao, provided that

(1) no x-variable other than x, occurs free in 4o;

(2) no x-variable occurs free in a member of H#.
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Proof:
117.1 # + 4y =T, Rule T': hypothesis
2  [Ax,Ao] = [Ax,4,] 100
3 [Ax,A0] = [Ax,T] R': .2, .1,

We see from the definition of V that this is the desired theorem. The
reader should note that under our conditions (1) and (2) the appli-
cation of R’ above is legitimate.

118 If £ + B, then 5% Sj;Bo, provided that
(1) Yy = « and all free occurrences of x. in B, are free for all free
variables of 4,;
(2) x, is the only x-variable free in By;

(3) no x-variable occurs free in .

Proof:
1 5 F Vx, By Rule Gen: hypothesis
2 # F$3rBy Rule S (106): .1.

119 Rule of Simultaneous Substitution (Rule Sub):

1 n
If # b Bythen #°F§ ' "™ By (wheren = 1,2, 3, ...), pro-
vided that: Yoy Ay

(1) the primitive variables x?, ---, x" are distinct;
for each i (n > i > 1) the following conditions hold:

(2) vi = «; and all free occurrences of x:“ in B, are free for all free
variables of A;i;

(3) no x'-variable other than x;i occurs free in Bg;

(4) no x'-variable occurs free in a member of 5.

(Note that 119 is the same as 118 for the case where n = 1.)
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Proof: Let y!, ..., y° be distinct primitive variables which are dis-
tinct from x?, ..., x* and from all primitive variables occurring in By,

A}, ..., Ay, or in members of #.

1 3#F B, by hypothesis
xl PR xn

24F8Y Ta By 118 (applied n times): .1
le e y’Yn
yl...yn xl...xn

ST ™ ls " Tn Bo] 118 (applied n times): .2.

LTV TR oS

This is easily seen to be the desired theorem.

120 F [Ax,4,] £ [1)’9[5;81%]] , provided that

(1) no x-variable other than xj is free in 4,;
(2) no y-variable is free in 4,;
(3) all free occurrences of x, in A4, are free for yg.

(The reader will recall that x is a particular primitive variable, while
y stands for an arbitrary primitive variable.)

Proof:
A FVx. 4, = 4, Gen (117): 100
2 F [Axgdoxs = A4, 103
3 b [Ane[S33 4] ] = 4a 103 (We here use lemma 12

to see that [Sig [Snga]] is A,; it is clear that the conditions on 103
are satisfied.)

A F Vg [hxed lrg =[] S8 4] | RR'(102): 1,.2,.3

5 [lxgdd 2 1[5 4.]]] = Vo - Uxpals = [W[S5540] |5

Sub: Axiom 3

6 hxgd, ] 2 [ing[S584,]] RR: .4, .5.
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121 F [ f i gaa] = Vx5 .foa%, = 8.p%s, Provided f and g are distinct
from x.

Proof: Let t and s be primitive variables distinct from one another
and fromf, g, x, f, g, x

dF [ 8 4 sme] = Vxg. aﬁxﬁ = S.X Sub: Axiom 3
2F [/’le e = saﬁxﬁ] = [/’le iy e £ saaxa] 120
3 F [AxTo] = [AxgTo] 120
Ak [, 2 5] = Vrg 00 S 5%, R:.1, .2, .3; def. of V
St [ [ = gaa] = Vx5 . faXs = 8p%3 Sub: 4.

122 | [AxpA,] = [lye[Sngu]], provided that
(1) no x-variable other than x is free in 4,;
(2) no y-variable is free in 4,;
(3) all free occurrences of xg in A, are free for yj.

The proof is essentially the same as the proof of 120; simply replace
Xg by x5, and use 121 in place of Axiom 3.

123 F [Vxz4,) = [VyB[S"BAO]] provided that
(1) no x-variable other than x; is free in 4o;
(2) no y-variable is free in A4q;

(3) all free occurrences of xg in 4, are free for y,.

The proof is immediate from 100, 122, and the definition of Vxg4,.

124 F [go0To A gooFo] = Vxo -ZooXo, Provided g is distinct from x.

The proof is similar to the proof of 121, with Axiom 1 being used
in place of Axiom 3.
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125 Rule of Conjunction (Rule C):
If # + Ay and o€ F By, then £+ Ay A By.

Proof:
d1# Ty =4, Rule T (116), E-Rules (101): hypothesis
2T, =B, Rule T (116), E-Rules (101): hypothesis
3+ Ay A By R’: 110, 125.1, 125.2.

126 Rule of Cases: If 4, is any wiT with no free x-variables other than x,,
and 5 F $7°A, and S F S53d,, then 5 F A,.

Proof:
d 8¢ [AxeA,)T, RR (102): 103, hypothesis
2t [AxoAo)F, RR (102): 103, hypothesis
3 F [AxoA)To A [AxoAo)Fy lRule C:.1,.2
4 & [[Ax0do)T, A [AxeAo]F,] = Vx, . [AxoA40]%, Sub: 124
S FVx . [Axodglx, R':.3, 4
6 5+ Vxod, RR: 126.5, 103
TF A Rule S (106): .6.

127 F [T, > B,] = Bo.

Proof:
A F [Ty o Bol = [[To A By) = Tol R: 100, 103, def. of =
2 H[Ty o By] = [By = Tol R:127.1, 113
3F [Ty o By] = By R:127.2, 115.

128 Rule of Modus Ponens (Rule MP):
If # F Aqgand £ F Ay > B, then 32 t B,.
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Proof:

1281 # + Ay by hypothesis
2#V Ay =T, Rule T (116): .1
3#+F 4y o By by hypothesis
AT, > B, R’: .3, .2
Sk By R’: 128.4, 127,

129 + Fy o A4o.

Proof: Let y be distinct from all primitive variables occurring in
Ao.

1 F [[Axoxo] = [AxoT,]] 2 200 -¥oodo] [Axoxo]

= [Ayo0 -¥oodo] [1x0T5] Sub: Axiom 2
2 b Fy o Jixgxe}4e = [Mx0To140 R: 129.1, 103, def. of F,
BFEFy>o . 45=1T, R:129.2, 103
AdFFyo Ay R: 129.3, 115.

130 + [Ty o To] = To; [Ty > Fo] = Fo;
,"[Fo DT()] =To;l'[F0 DFQ] =T0.

Proof: by 127, 129 and Rule T (116).

131 F[To A Tp) = To; [Ty A Fo]l = Fo;
F[Fo A Tol = Fo; F [Fyg A Fo]l = Fo.
Proof: Let A, be any wif of type O.

A F[F, 2 4] = [[Fo A o] = Fo) R: 100, 103, def. of o
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1312 F [Fo A Al = Fy R: 129, 131.1.

Now 109, 112, and 131.2 are the desired theorems.

132+ [T, 2 7] 2 To; [To = Fo] 2 Fo;

FlFo 2 T} 2 Fos v [Fo 2 F)] 2 T

Proof:
AH[To 2 Fo) o . [Ix0 . Fo = x0|To = [1x0 . Fo = xo) Fo
Sub: Axiom 2
2+ [T, 2 R > . [Fo = To) 2 [Fo 2 Fo R: 132.1, 103
3F[To 2 Fy] > .Fo =Ty R: 1322, 114, 107
4+ [T, 2 F)) > F, R: 1323, 114
SH{[To 2 Fo] o Fo] 2 . [[Te = Fo] A Fo] 2 [To 2 Fy
R: 100, 103, def. of >
6F[[To 2 F)) A Fo) = [To = F) R: 4,.5
TF[xe A Fo] = F, Rule of Cases (126): 131
8+[[To 2 F] A Fy] = F, Sub: .7
It[T = R) 2 F, E-Rules (101): .6, 8.

Now 107, 114, and 132.9 are the desired theorems.

133+ ~Ty = Fy; b ~Fy =T, by E-Rules (101): 103, 132, def. of ~.

134 £ [Ty v To]l = To; t [To v Fo} = To;

F [Fo v To] = To; F [Fo \'4 Fo] =Fo.
Proof: by Rule R, 100, 103, 133, 131, def. of v.
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DEFINITIONS : The class of propositional wifs is the smallest class of wifs of
type 0 which contains T, Fy, and all wff-variables of type 0, and which,
if it contains 4, and B,, also contains [Ao 2 Bo], [4o A By, [4, o By,
~Ayp, and [4, v B,l. A propositional wif A, is a tautology if W, A, =t
for every assignment n. A wif B, of type 0 is tautologous if there is a

1 n

tautology A, such that B, is SZY. ' 'Z: A4,. (pS, ..., po must of course be
l..ca

distinct wif-variables of type 0.)

In the light of Lemma 1 it is clear that there is an effective method for
determining of any propositional wff whether or not it is a tautology. This
method is the usual method using truth tables. (To show this in detail one
would of course make use of Lemmas 2-5 also. Similar lemmas concern-
ing ~go and v g0 can easily be obtained from 133 and 134 by the use of
Theorem 7.) It is also clear that there is an effective method for determin-
ing of any wif of type 0 whether or not it is tautologous.

135 If A, is a tautology, then I A,.

The proof is by induction on the number of wif-variables which have
free occurrences in A4. (Of course all such variables must be of type 0
since A4, is a propositional wif.)

We easily see by induction on the length of B, that if B, is any pro-
positional wif in which no variables are free, + B, 2 T, or By, = F,.
We simply use Rule R and Theorems 100, 130, 131, 132, 133 and 134.

Now suppose A, is a tautology without free variables. If F 4, 2 F,,
then by Theorem 7 we see that W,,[Ao = Fo] = { for every assignment =,
so W, 4, = W_F, = {, contradicting our assumption that 4, is a tauto-
logy. Hence we must have + [Ao = To], so by Rule T (116),  A4,.

Next suppose that 4, does contain free variables; let x, be one of the
variables which occur free in 4, . Clearly S724, and SF2 4, are tautologies,
so by inductive hypothesis, } S7,4o and F SF;4,. Hence F A4, by the
Rule of Cases (126). (Since A4, is a propositional wif, it cannot contain
free occurrences of x-variables other than x,.)

It should be noted that the process of constructing a proof for any
tautology is effective.
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136 Rule P: If o2 F A5, ..., ¢ F A3, and if [4] . ... D.45 2 By] is
tautologous, then 3 + B,. (n =0, 1,2, 3, ...;if n = 0, Rule P is to
be interpreted as follows: if By is tautologous, then & + B,.)

Proof:
dF Ay >, 2.45 > B, Rule Sub (119): 135
25 F ALY o, 2. 45 o B, Theorem 136.1
3 # L+ B, Rule MP (128) (applied n times): .2, hypotheses.

137 Rule of Generalization for Type Variables (Rule Gen,): If £ F 4,
then S F Vad,, provided this is a wff and a is not free in any member
of 5#.

Proof:
A&+ Ty = A, Rule T (116), E-Rules (101): hypothesis
2 3+ YaT, Axiom 6
35+ Vad, R’: .2, .1

138 Rule of Specialization for Type Variables (Rule S,): If & I Va4,
then 52 I $74,, provided that 2 > y and all free occurrences of @ in
A, are free for all type variables in vy,

Proof:
1 # FVad, by hypothesis
2+ [Vad,] o [S740] Axiom 7 (It is clear

that this is a wff, since Vad, is derivable from 5# and so must be a
wif, and by Lemma 14, $74, must be a wif of type 0.)

3 FSIA, Rule MP (128): .1, .2

139 If 2 F A, then 52 + S74,, provided that
(1) 2 > v and all free occurrences of @ in 4, are free for all type
variables in y;



11]

BASIC LOGIC IN Q 45

(2) a is not free in 5
(3) for each wif-variable x, such that x5 occurs free in 4, and a oc-
curs in B, no x-variable occurs free in a member of 52 and no x-
variable other than x; occurs free in A,.
Proof: Let xgt, ey xgn be a list of all wff-variables such that xf,l oc-

curs free in A, and @ occurs in ;.

A#F A by hypothesis
2 H# b Vxj, - Vxh Ao Gen (117): .1
3+ VaVxg, -~ Vx5 Ao Gen, (137): .2
A A b SNxy, - Vxp Ao Rule S, (138): .3.

Let & be (S{8,), where i =1, ---,n. Then we have
H Vg, - Vg [$740]

S S, Rule S (106): .4.

It is easy to check that the applications of rules of inference in this
proof are legitimate under the restrictions (1), (2) and (3) of our
theorem.

140 Rule of Simultaneous Substitution for Type Variables (Rule Sub,): If

H# F A, then 5 F Si‘,: IIZ;:AO (where n = 1, 2, 3. ...), provided that
for each i (n > i > 1), the following conditions are satisfied:

(1) 2 > v, and all free occurrences of @' in A4, are free for all type
variables in y;;

(2) a! is not free in any member of 5#;

(3) for each wif-variable x, such that x, occurs free in 4, and @' oc-
curs in B, no x-variable occurs free in a member of 5 and no x-
variable other than x3 occurs free in 4,.

Proof: Let b, ..., b be distinct type variables which are distinct from
al, ..., a* and from all type variables occurring in 4o, v;, .. Ya> OF
in members of .
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140.1 5# F A, by hypothesis

2 F i %A, 139 (applied n times): .1
3okl se ind 139 (applied n times): .2.

This is the desired theorem.

One must of course check that the conditions attached to rule 139
are satisfied each time the rule is applied in the above proof. A little
reflection will convince the reader that this is so.

141 F Vx,[Ay = B,] = .4y = Vx,B,, provided that no x-variable oc-
curs free in 4, and no x-variable other than x, occurs free in By.

Proof: Let p be a primitive variable not occurring in B, and distinct

from x.

A FVx, By =.T, o Vx, B, Rule P (136)
2+ By =.To o By Rule P
3 +Vx,T, 100, def. of V
A+VYx T, =.F, o Vx, B, Rule P: .3
SETy=.Fy, > B, Rule P
.6+ Vx,[Fy o By] = .F, = Vx, B, R: 4,.5
T FVx, [Ty o By] = .To 2 Vx,B R:.1,.2
8 FVx,[po Byl = .po © Vx,Bo Rule of Cases (126): .7, .6
9+ Vx,[4, o Byl = .4, = Vx,B, Sub (119): .8.

142 + Va[4, > By] = .4y > VaB,, provided that this is a wif and a is
not free in A,.

The proof is similar to the proof of 141. In place of 141.3 one of
course uses Axiom 6, which is VaT,.
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143 If £+ A, o By then 5 | 4, o Vx,B,, provided that:

(1) no x-variable occurs free in A, or in a member of 57,

b

(2) no x-variable other than x, occurs free in By.
Proof: By Gen (117), RR (102), and 141.

144 If S + Ay o B, then S + A, > VaB,, provided that:

(1) a does not occur free in 4, or in a member of J#;
(2) VaB, is a wff.
Proof: By Gen, (137), RR, and 142.

145 F Vx, 4, o [S’&Ao], provided that « > v and Vx4, is a wif and all
free occurrences of x, in 4, are free for all free variables of C,.

Proof: Let p be a primitive variable not occurring in C,.
'1 F [lxaAOI = [’IxaTO] = °[Zp0a 'pOaC*(] [lxaAOI

= [APoq -Po.Cy] [Ax,T5) Sub: Axiom 2
2FVx 4, o .[S’C‘GY‘AO] =T, R: 145.1, 103; def. of ¥V
3 FVx,dy o [Sé:;Ao] Rule P: .2.

146 + Vx Ay, Ao, provided this is a wff.
Proof: By 145, with x, as C,.

147 + Vad, o Ay, provided this is a wff.

This is an instance of Axiom 7, with & as vy.

148 + Vx [A; = Byl o .Vx,4o > By, provided this is a wif.

Proof:
dF an[Ao o Bo] D .A() - Bo 146

2 FVx, [4e 2 Bo) o .Vx, Ay o By Rule P: 148.1, 146.
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149 + Va[A4, o B,] = .Yad, > B,, provided this is a wif.
The proof is similar to the proof of 148, with 147 used in place of
146.

150 + Vx,[40 = Bo) o .Vx, 4, o Vx,B,, provided this is a wif.

Proof:
A+ Vx,[4, o By] o Vx, .Vx, 4, 2 B, 143: 148
2 FVx,[Vx, 4o © Byl = .Vx 4y o Vx, B, 141,

Theorem 150 is then obtained by Rule R.

151 + Va[4, o B,] o .YaAd, > YaB,, provided this is a wif.
The proof is similar to the proof of 150, with 144, 149 and 142 used
in place of 143, 148 and 141.
152If # F Ay o B, then 5 F Vx,A, > Vx,B,, provided that this is a
wif and no x-variable occurs free in J#.
Proof: Use Rule Gen (117), 150, and Rule MP (128).
153If 5+ Ay o B, then 5 F VaA, o VaB,, provided that this is a
wif and a is not free in 7.

Proof: Use Rule Gen, (137), 151, and Rule MP.

154 F [Vx,¥yaAo] = [VypVx,4,], provided this is a wif.

Proof:
1 FVx Vysdo o Vx4, 152: 146
2+ Vx,Vysdo o Vy Vx4, 143: .2
3k VygVx, 4o © Vx, ¥4, by Theorem Schema 154.2.

The desired theorem is obtained by Rule P from .2 and .3.
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155 + Ya¥bA, = YbVaA,, provided this is a wif.
The proof, using 153, 147 and 144, is similar to the proof of 154.

156 +VaVx,4, = Vxg¥ad,, provided this is a wif, and a does not occur
in . (Note that if this is a wff, either a does not occur in § or x; does
not occur free in A,. This is clear since Va4, must be a wif.)

Proof:
1 FVaVx,4, > Yad, 153: 146
2 F VaVxy4, o VxgVad, ' 143: .2
3 FVxVad, > VaVxad, 152, 144: 147. (Note

that in applying 144 we make use of the fact that @ does not occur
in §.)
The desired theorem is obtained by Rule P from .2 and .3.

157 FVaAd, = Vb[S34,], provided that
(1) Vad, is a wif;
(2) b does not occur free in Aq;

(3) all free occurrences of a in A, are free for b.

(With the aid of Lemma 14 it is easy to see that under these con-
ditions Vb{S;A,] must also be a wif.)

Proof:
1 FVad, o [SjAe] Axiom 7
2 FVad, o Yb[S5A,] 144: .1
3 FVB[SiA4,] = 4o Axiom 7 (Note that S2[S24,] is 4,.)
4 FVYb[SiA,] = VaA, 144: .3.

The desired theorem follows from .2 and .4 by Rule P.
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158 F Va[4, = B,] o .Vad, = VaB,, provided this is a wif.

Proof:
A F[4o = Byl © .4o 2 By Rule P
2+F[4p = Byl @ .By 2 4y Rule P
3 FVa[d, = By] o Va.A, o B, 153: .1
4 Va[dy = By)] > Va.B, o A, 153: .2
5 FVa[d, o By] o .Vad, o VaB, 151
.6 F VYa[B, o Ay] > .VaB, > Vad, 151.

The desired theorem follows from .3, .4, .5 and .6 by Rule P,

159 + [Ax,4,] = [Ax,B,] = Vx,.A4, = B,, provided this is 2 wif.
Proof:

1 b [Ax4,] Z [ix,B,] = Vx,.[ix,d)x, = [Ax,B,Ix,
Sub (119): 121

2+ [Ax,4,] = [Ax,B,] = Vx,.4, = B, R: 159.1, 104.

160+ [lxél ngnAa] = [ngl e Axp B} = Vxg, - Vx; .A, = B,
provided that n > 1 and
(1) x1, -+, x* are distinct primitive variables;

(2) for eachi(n >i > 1), no x'-variable other than x‘;l occurs free in
A, or B,.

The proof is by induction on n. For n = 1, the theorem has already
been proved as Theorem 159. So suppose n > 1.

1k {Axg, o Axy [ Axg,4d]] = [Axg, -+ Axg” [Ax5,Ba]]

=Vaxg, - Va1 . [Ax5.4,] = [Axg,B,] by inductive hypothesis
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160.2 F [Axg, -+ Axg " [ A,]] = [Ax3, -+ Axg " [Ax5, Bl
=Vxj, - Vxpl Vxg .4, =B, R: 160.1, 159.

161 F Va' --- Va*Vx;, -+ Vxg [4, = B,] > .Co = Dy
(where n > 0 and m > 0), provided that:

(1) A,, B,, Co, and D, are wils such that C, contains at least one oc-
currence of 4, and D, is the result of replacing one occurrence of
A, in C, by an occurrence of B,;

) at, ---, a~, xél, “eny x?m is a complete list of distinct type variables

and wff-variables which are free in 4, or B, but for which the oc-
currence of 4, in C is not free in C,.

Proof:

We first note that under our hypotheses the primitive variables
x1, ..+, x™ must be distinct. For suppose not; then for some indices i
and j and primitive variable x we have x' = x! = xbut £; + B,. Now
the occurrence of 4, in C, is free for neither x; nor Xg; and hence
either (i) C, contains a wf part of the form [Ax, E;], where 4, is con-
tained in £ and is free in Ej for x5, and xg;, or (ii) Co contains a wf
part of the form [VbhE;] (where of course 3 is 0), where A4, is contained
in Ej and is free in E; for x5, and xg;, and b occurs in B, or §;.

Hence D, must contain a corresponding wf part of the form
[Ax,E3] or [VBE], where Ej is obtained from Ej by replacing the oc-
currence of 4, by an occurrence of B,. Since x5, and x;, are each free
in 4, or B,,in each case x5, and x; must each be free in E; or Ej.
Hence in case (ii) above either [VBE;] or [VBE;] cannot be well-
formed (as we see from formation rule (7')), so either C, or D, can-
not be a wil. This, however, violates hypothesis (1) of our theorem.
On the other hand in case (i), #, and $3; cannot both be the same as v,
so [Ax. Es] and [Ax, E;] cannot both be wifs (as we see from formation
rule (67)), so again hypothesis (1) is violated.

Thus the primitive variables x!, ---, x™ must indeed be distinct.
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We next observe that Va' .- Va"Vxg, --- Vxg [4, = B,] must be

~ a wif under our hypotheses. To see this, note that for each j (m > j

> 1), C, must contain a wf part [lxéjEs], where A, is contained in E;
and is free in E; for x} ;- Hence neither 4, nor B, can have free occur-
rences of any x'-variable other than xé » Alsoforeachi(n =i > 1),
if y, is any free wff-variable of 4, or B, such that a' occurs in v, then
y, is contained in the list X35t x5, ; this is clear since 4, is not free
in C, for @', and so 4, is not free in C, for y,.

It is thus clear that 161 must be a wif under the given hypotheses.

We now prove 161 for all wifs 4,, B,, Cy, and D, satisfying our
hypotheses by induction on the number p of wf parts of C, of the
form [VBE,], where the occurrence of 4, in question is in E,.

Casel:p =0.

Clearly n = 0. Let # be a primitive variable not occurring in C, or
D, and let G, be the result of replacing the given occurrence of 4, in
C, by an occurrence of the wif [thm epXa xg‘m]. Clearly G, is a wif.

161.1 + [Axg, -+ Axg, A, = [Ax3, -+ AxG, B,]

My .. a,Go] [, -+ x5 4,
= [Mopy.-.. 8.00] [lxéx -+ Axg, B Sub (119): Axiom 2

2F [Zxél lxg'mAa] = [lxél lxg'mBa] >.C, =D,

R:161.1, 103, 104

3 FVxy, - Vxg [4, = B,] > .Co = D, R: 161.2, 160.

Case2:p > 0.

In this case Cy, must contain a wf part [VBE,] which is contained
in no other such part, with the occurrence of 4, in E,. Hence D,
contains a corresponding wf part [YbE;], where E; is the result of
replacing the occurrence of 4, in E, by an occurrence of B,.

at, .-, @, xél, ., xg'm is a complete list of those variables which are

free in 4, or B, but for which the occurrence of 4, in C, is not free
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in C,. For some of these variables the occurrence of 4, is not free in
E,; let these be a', -, d", x;,, -+, X3, where n >s >n — 1 and
m >r > 0. If s = n then either b is not free in 4, or B,, or else b is
already included among a!, ---, a°, so that any free occurrences of b
in A, or B, are not free in E, or Eg. If s = n — 1 then &" is . Note
that in either case b is not free in Va' --- Va"Vxg, --- Vxj [4, = B,].

161.4 + Va' --- Va'Vxy, - Vxz [A, = B,] > .E, = E;

by inductive hypothesis
Sk Ya' - Var~'Va'Vxg, .- Vxg [4, = B,]

> Va' - Va*~'Vxg, - Vxp [4, = B,] 153: 147
.6 F Va' .- Va"Vxg, - Vxg [4, = B,] o .E, = E
RuleP: 4, .5
(Recall thats =nors =n — 1.)
.7 FVa' - Va™Vx} - Vxp [4, = B,] o Vb .E, = E; 144: .6

(Vb .E, = E; must be a wif since VBE, and VbE; are wifs.)
8 FVB[E, = E;] o .[VBE,] = [VBE,] 158

9 FVa' .- YaVxy, - Vxg [A, = B,] > .[VBE,] = [VBEj]
Rule P: .7, .8.

Note that each of xg: > o o Xgy is free in [VBE,] or [VBEG] but

that the occurrence of [VBE,] in C, is not free in C, for any of these

variables. Let yy,, -, Y5, x57 !, -+, x5, (where k >0) be a complete

list of those distinct variables which occur free in [VBE,] or [VDE]
but for which the occurrence of [VHE,] is not free in C,. (The occur-
rence of [VBE,] is free in C, for all type variables.)
0 F vt o Vxg, Va' .- VaVxg, - Vxp [4, = B,]

Br+1

o Vxifl - Vg .[VBE,] = [VHE,] 152: .9

Br+1

(We easily see that this is a wff.)
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161.11 F Vat - Ya"Vx}, - Vxf Vapt! oo Vx [4, = B,]

Brr1
S Vit - Vat [VBEo] = [VBE(] RR: 161.10, 156, 154
r+1

(Since .9 is a wif and each of x; ey xg‘m occurfreein[4, = B,

r+1°
none of al, ---, a® can occur in B,4,, -+, or By.)

12 HVa' .- Va"Vxg, - Vxg [4, = B,]
o Wyl e VPEVELTL o Val L [VBE,] = [VBES] 143: .11

Br+1
(Clearly no y-, ---, or y*-variable can occur free in Va' - Va*Vx;,
ng‘m[Au = B.])

A3 BV, e Vpp Vagtl e Vg [IVBE,] = [VBEG]] = .Co = D,

Brea

by inductive hypothesis, since Dy, is obtained from C, by replacing
the occurrence of [VBE,] by an occurrence of [VBE ], and this
occurrence of [VbBE,] is free in C, for all type variables.

.14 | Va! -.- ‘ﬁ/a"\fxé1 - Vxg [4, = B,] .Cp = D, RuleP: .12, .13,

This completes the proof of 161. Note that no difficulties arise in
carrying out the proof ifr =morn =0orm = 0.

162 Deduction Theorem: If HY, .-, HS™Y, H§ + D, then HY, --- H5™*
FHE > Dok =1,2,3,-).

The proof is by induction on the length of the proof of D, from the
hypotheses Hp, ---, Hg. (By this we mean the length of the second
sequence of wifs referred to in the definition of a proof from hypo-
theses at the beginning of this Chapter.)

CASE 1: D, is a theorem.

A+ Dy by hypothesis
2+ HE > D, Rule P: .1
3 HS, -, HS '+ HS > D, Theorem .2,
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CASE 2: D, is one of HY, -+, HS™ 1.

162.4 H}, -+, Hy"' F D, Premiss
SHy, -, HS ' FHE o D, Rule P (136): .4.
CASE 3: D, is HE.

6 HY -, HS '+ HE > D, Rule P (136).
Case4: Hj, -, Hy v Co and H}, -+, Hy F [4, = B,] and D, is in-
ferred from C, and [4, = B,] by Rule R’ in the given proof of D,
from the hypotheses H}, ---, Hg. Thus D, is the result of replacing
one occurrence of 4, in C, by an occurrence of B,, and for each
primitive or type variable X such that an X-variable occurs free in one

of the hypotheses Hy, -+-, Hy and an X-variable occurs free in 4, or
B,, the occurrence of 4, in C, is free for all X-variables.

JHS, - Hy ' HE S Cy by inductive hypothesis

S8H), - Hs'FHy > . A, = B, by inductive hypothesis.
Let at, -+, a®, xél, ey xé“m be a complete list of all type variables

and wif-variables which are free in 4, or B, but for which the occur-

rence of 4, in C, is not free in Cy. Then none of @', .-+, a® occurs free

in Hg, ---, or Hs, and for each j (m > j > 1), no x’-variable occurs

free in H}, -+, or Hy.

9 HY, -, HS ' HE o Va! -+ VaVxg, «-Vxg A, =B, 143,144: .8

(The comments at the beginning of the proof of 161 can be applied
to see that this is a wff, and hence that the restrictions on 143 and
144 are satisfied.)

J0Hy, -, H ' HE o D, Rule P: 161, 162.7, 162.9.
This completes the proof of the Deduction Theorem.

163 If H{, ---, Hy F D, and every wiT in the list Hg, ---, Hg is contained
at least once in the list G§, -+-, Gb, then Gy, «-+, Go F D,.
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Proof:

163.1 H, -, H t+ D, by hypothesis
2FHy> . .H:> .- o .Hf> D, Deduction Theorem: .1
3FGo .GE > ..o 2 .Gy D D, Rule P: .2
4G, -, GhEGL (=1, i =1) Premiss
5GL, -, GhF D, Rule P: .3, 4.

164 + [SZ:AO] > 3x,4,, provided that

(1) « =+ and all free occurrences of x, in A, are free for all free
variables of C,;

(2) x, is the only x-variable free in A4,.

Proof:
dFVx, ~dg > ~ [s::Ao] 145
2F [s;:Ao] > Ix,4, Rule P: .1; def. of 3.

165 + [S74,] > 3aA,, provided that 2 > y and all free occurrences of a
in A, are free for all variables in y and this is a wff.
The proof is similar to the proof of 164, with Axiom 7 used in
place of 145.

166 Rule of Existential Generalization (Rule Exist): If £ | [SE:AO] then
H# F Ix Ay, provided that

(1) « =y and all free occurrences of x, in 4, are free for all free
variables of C,;

(2) x, is the only x-variable free in A4,.

Proof: by Rule MP (128) and 164.
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167 Rule of Existential Generalization for Type Variables (Rule Exist,):
If # + [$74,] then 5 + Jad,, provided that 2 > y and all free oc-
currences of @ in 4, are free for all variables in y and Jad, is a wif.

Proof: by Rule MP (128) and 165.

168 F ¥x,[A, > B,] = .Ix, 4o = B,, provided that

(1) no x-variable occurs free in By;
(2) x, is the only x-variable free in 4,.

Proof:
A FVx Jdy o By] .4y 2 By 146
2Vx,[4, = Byl F Vx,[Ao D Byl Premiss
3Vx,[A, @ Byl ~By D ~A, Rule P: .1, .2
A4 Vx,JAo = BolF ~By o Vx, ~ A, 143: .3
S Vx,[4, 2 Bol F3Ix, A9 D By Rule P: .4; def. of 3.

The desired theorem follows by an application of the Deduction
Theorem (162).

169 Va[Ao o Bo] ) .aaAo > Bo, pl'OVided that

(1) a does not occur free in By;
(2) JaAd, is a wif.

The proof is similar to the proof of 168. Use 147 in place of 146
and 144 in place of 143.

170 If 5# + Ay > B, then 52 | Ax,4, o B,, provided that

(1) no x-variable occurs free in B, or in #°;
(2) no x-variable other than x, occurs free in 4,.

Proof: by Rule Gen (117), 168, and Rule MP (128).
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171 If o + Ay o B, then 5# F Jad, o B,, provided that
(1) a does not occur free in B, or 5;
(2) Jad, is a wff.
Proof: by Rule Gen, (137), 169, and Rule MP (128).

172 If o#, Hy, -+, Hy - Do then 3, Ax [Hy A --- A Hyl ¢ Dy (where
n > 1), provided that
(1) no x-variable occurs free in Dy or in J2;
(2) no x-variable other than x, occurs free in Hg, -, or Hy.

Proof:
ds#, Hy, -, Hy + D, by hypothesis
2 F[HY A - A Hy] o D, Deduction Theorem, Rule P: .1
3#F A [HL A - A H] > Do 170: .2
A4, 3x [HY A -+ A HglF3Ix [H A -+ A Hgl © Dy 163: .3
S, Ax JHy A - A Hy)F3Ax [H5 A -+ A Hp) Premiss
6., 3x [HL A - A H]F D, MP (128): 4, .5.

173 If 5, H}, ---, Hy + D, then o7, Ja[H§ A --- A Hg]F Dy (where n
> 1), provided that

(1) a does not occur free in Dy or in 5£;
(2) Ja[H) A -+ A Hplis a wit.
The proof is similar to the proof of 172; use 171 in place of 170.

174 If £+ Ay © B, then o + 4, > 3x,B,, provided that Ix_ B, is a wil.
Proof: # + B, > 3x,B, by 164; then use Rule P.

175If £ F Ay o B, then 3 F A, > JaB,, provided that JaB, is a wif.
Proof: £ + B, o JaB, by 165; then use Rule P.
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176 If o + Ay o B, then 3 I 3x,4, > Ix,B,, provided that this is a
wil and no x-variable is free in 5,

Proof: by 174 and 170.
1771 # + Ay > B, then 5 | Jad, > JaB,, provided that this is a wif
and a is not free in .

Proof: by 175 and 171.

178 F Vx 3y, .75 = X,.

Proof:
dFx, = x, 100
2F3p, Y0 = X Exist (166): .1
3FVxy, .9 = x, Gen (117): .2.

200 If # + A, = By or # + By = A, andif o + $3xC,, then o + $5¢Co.
provided that

(1) Y =« and v > B and all free occurrences of x, in C, are free for
all free variables of 4, and By;

(2) no x-variable other than x, occurs free in Co.

(Note that under our hypotheses S’,‘,ECO must be a wff by

Lemma 11.)

Proof:
1[4, L By o .[ix,Col4, = [1x,Co1B, Sub (119): Axiom 2
2+[By £ 4,] > .[4x,ColB; = [1x,Col4, Sub (119): Axiom 2
3 F [Ax,Cold, = $51Co 103

e

4 F [1x,ColBy S’,‘,gCo 103
S F S5 Co Rule P: hypotheses, .1, .2, .3, 4.
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201 + [4, £ B,] = [4, < B,], provided that y > a.

Proof:
1[4, 2 B+4, 2B, Premiss
2[4, 2B+ 4,< 4, 100
3[4, 2 B]r4,< B, R:.1, .2
4t {Aa = BJ o [A“ = Ba] Deduction Theorem: .3

5t[4, L B) > .Ux, .4, = x,)4, = [Ax, .4, = x,]B,, where x is
a primitive variable not occurring in 4,.
Sub (119): Axiom 2

6+[4, 2 B])>.[4,2 4,) =[4, = B] R: 201.5, 103
JFA, = A, 100
8+[4, 2 B)=[4,<B)] Rule P: .4, .6, .7

202+ [4, £ By) = [By L 4,], provided that y > x and y > B.

Proof:
.1 [Aa < Be] F [A, < BB] Premiss
2[4, L B+ [B, L 4, 200: 202.1, 100
3t [A‘,c < BB] =) [BB Z 4, Deduction Theorem: .2
4+ [Ba = a] > [Aa < BB] Theorem Schema 202.3
St[4, L B =[B L4, Rule P: .3, .4.

203 F [Aa = BB] = [Aa 2 CY] = [BB 2 CY], provided that § > « and
d>Pfandd =v.
Proof:
q [Aa = BB] F [Aa 2 BB] Premiss
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2032 [4, 2 B[4, 2 ¢c] =4, 2 C] 100
3[4, 2 B)+[4,2¢]=1[8 =] 200: .1, .2.

The desired theorem follows from .3 by the Deduction Theorem.

204+ [B, £ 4] o .[c, 2 4] = [By = C,}, provided that § > « and
3 >pBand 3 >v.
Proof: by Rule P: 202, 203.

205 Extended Equivalence Rules (EE-Rules): Suppose & Z.“ and § > 8
and 3 >v.

#+[4, 2 B)ifand onlyif # + [4, = B).

#+ 4, 2 B)ifand onlyif # + [B, = 4,).

If#+F[4, 2 B)and#+ [B, £ ¢, then s+ [4, 2 C.
Proof: by Rule P, 201, 202, 203.

flee im

206 F [x, £ 3] o .hx, L ¥, provided that B > a.
Proof:
dF [x“

I

ya] > '[}'Ia 'h-yaxa = hyata]xa = ['“a 'hyaxa < hyata]ya
Sub: Axiom 2
2 ya] =] .[hnx“ ns hwxa] = [hmx‘x = hmya] R: 206.1, 103

(8]

T

=
!

|

3F [x £ ya] 2 hoxe L hade Rule P: 100, 206.2.

207 F [Axy . fog%el Z fip-
Proof:

dF [[ZXB .f;axa] E—-E f;ﬁ] = pr. [lx‘l .f;BxB]x‘; ; f;ﬂx‘5
Sub: Axiom 3
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207.2 b Vixg . [Axg . fopXelXa = fupXs Gen (117): 104.
The theorem follows from .1 and .2 by Rule P.

208 F [Ax, .7, = x,] = QouaVa Sub: 207; def. of =.
209 F tyom[A%e Ve = Xa) = Ve RR (102): Axiom 5, 208.

210 + aa(oa)[lx“ A, £ xa] = A,, provided B > « no x-variable occurs free

in 4,.

Proof:
Let y be a primitive variable distinct from x and x.
dF La(o“,[lxa Yo = x,,] = . Sub (119): 209
2 bt A%s Fa = Xo) = P4 R: 122, 210.1
3 F ton[Axs Ay = x,] = 4, Sub: .2
A tonlin, . A, 2 x] 2 4, R: 210.3, 201.

211 Fpy o .[v.qa.[po A Yy L qa] V .~po A Z, 2 qa] =y, provided
that § > «.

Proof:
1 po F po Premiss
8 8 5]
-2Pol‘[y¢=qa] =-[p0,‘ya=qa] V.e~Po A Zg = gy
Rule P: .1
'3 Po F ["qa Vo g qa] é ya. 210

4pok [an.[po A Yy 2 qa] V .~Do A 2, L qa] = Ve R': .2, .3.

Then use the Deduction Theorem.
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[ B .
212 F ~ py o .[an.[po Ay, = qa] V.~Do A Zy = qa] = z,, provided
that B = a.

Proof:
Ak ~po o [iga[~Po Az 2] V. .~rpo Ay 2] 22,
Sub: 211
2+ [[~po Az 2 g ] v .~ ~po Ay £ ]
=dporr.2alv.~ponz ty, Rule P.
The desired theorem follows by Rule R from .1 and .2..
213 an[pmzxa = Yu = xa] 2 .ly0g)Pog = Ve
Proof:
.1 an[ PoaXy = Yy = xa] FVYx, .PoxXe = QoaeYeXa Premiss
2+ [Poa = QoaaVal = V%, -PouXs = QoaYaXa Sub: Axiom 3
3 Vx,[Posty = Y Z %) F Pox = Qoua¥e RR (102): .1, .2

BV PogXs = Vo = Xo] F taomPon = Ve 200: Axiom 5, 213.3.

The desired theorem follows from .4 by the Deduction Theorem.

214 F vxa[p0¢x¢ Ja é xa] = pOa(“a(Oa)pOa]‘

Proof:

xa] FPouVe = -Ya = Yo
Rule S (106): Premiss

2 VX Pos¥e = Yu = Xa] F Poube Rule P: 100, 214.1

1K

1 an[po“xa =.y,

3 V%[ PoaXs = -Fu = *a| F PoaltucomPoa] 200: 214.2, 213.4.

Then use the Deduction Theorem.
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215 '-po“y“ = 'an[pOaxa 2 e = xa] = «ly0m) Pog = Var
Proof:
dF [yrz = xa] 2 .PoaYa = PoocXa Sub: Axiom 2

[+ 4 o
°2 pana l- [pOaxa = 'ya = xa] = 'pOaxa = 'ya = xa
Rule P: Premiss, .1

3 PogYe an[poaxa >.Yy, = xa] D . ty0myPox = ¥, R’:213,215.2.

Then use the Deduction Theorem.

216 F poy, @ 'erz[pOaxa S Y= xa] D . Poglla(0myPoal -
Proof:
db [‘a(Oa)POa = yu] > .Poultaow)Poal = PouVa Sub: Axiom 2.
The desired theorem follows from 216.1 and 215 by Rule P.

30If o Fax =B or £ F B = aand if o F S;4,, then 5 F S54,, pro-
vided that 2 > « and 2 > § and all free occurrences of ¢ in 4, are
free for all variables in « and f.

Proof: by Rule P and Axiom 8.

301 ke =B8] > .w, = wp, provided that 2 > «x and 2 > B.

Proof:
dFe=F]> .[wel Z wm] = [wa 2 wa] Axiom 8
2F[a =812 .w, = w, Rule P: 301.1, 100.

302Fa =a.

Proof:

db[x,2y]5a=a Sub, (140): Axiom 10
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3022F[x, 2 x]2a=a Sub (119): .1
Jlrta=a Rule P: 302.2, 100.

303 F [a = b] = [b = al.

Proof:
dAtb=as.la=b]=2[a=ad Axiom 8
2Fb=a>a=5 Rule P: 302, 303.1
3ta=bob=a Sub, (140): .2
.4l-a=b;b=a Rule P: .2, .3.

304Fa=c>.[b=c]=[a=0>b]

Proof:
dbra=co.[a=bl=][c=5] Axiom 8
2tc=b=b=c Sub: 303
3ra=co.[b=c]=[a=0] Rule P: .1, .2.

305 F ~[(0a) = al.

The proof of this theorem is motivated by the Russell paradox.
We first introduce two abbreviations:

Ry, stands for [Ax, .3zq, . X, 2 Zoa A~ ZoaXal;
Rooay stands for [xog .320(0a) - Xo0s 2 Zocoay A~ Zo(0a)¥oale
1 F Rooa)Roa = 3zo(0ay « Roa = Zotoay A ~ ZocoayRoa 103
2+ [©a) =a]l > -[azowa) -RO(On) Z Zo0ay N "’ZO(Oa)ROa]
= [326(0a) - Roa = Zotoay A ~Zo(oayRoal Axiom 8

(Of course to verify that this is an instance of Axiom Schema 8 one
must refer to the definitions of Ry, and Rooay-)
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0 2
305.3 F [(Oa) = a] o 'RO(Oa)ROa = HZO(OG).RO(oa) = ZO(Oa)
A ~ZO(0a)R0a Rule P: .l, .2
2

4+ VZO(Oa) ~ [RO(Oa) = Zo(oay N NZO(Oa)ROa] 2 o~ -RO(Oa) = RO(Oa)

A NRo(oa)Roa 145
2

.5 l" RO(Oa) = RO(OG) 100

2
6 F ~R0(0a)R0a > a20(0a) -Rogoqy = Zogoa) A ~ZocoayRoa

Rule P: .4, .5; def. of 3

2
.7 FRooay = Zocoay = -[Af0(0a) - ~to0ayRoalRo(0ay

o -
= [A4(0a) - ~¥o(0ayRoalZo(oa) Sub: Axiom 2

2 0
8 F RO(Oa) = Zo(oay) = - ~ RocoayRoa = ~ZO(00)R0a

Rule R: 305.7, 103

9F [RO(Oa) = Zog0ay A "'ZO(Ou)ROa] = ~R0(0a)R0a Rule P: .8
2
.10 l" 320(0,)[Ro(0a) = zO(Oa) A NZO(Oa)ROII] > NRO(Oa)ROa 170: .9

2 o
A1k 320(0a)[R0(04) = Zo(oa) A "'ZO(Oa)ROa] = NRO(Oa)ROa

Rule P: .6, .10

12+ [(0a) = a] = . RogoeyRoa = ~RogonyRoa Rule R: .3, .11
A3 F ~[(0ad) = 4] Rule P: .12



CHAPTER 111

THE THEOREM OF INFINITY AND
RELATED RESULTS

HI.1. The Theorem of Infinity

We are now ready to prove the Theorem of Infinity, and to demonstrate
the applications of the rules of inference derived in Chapter II in the
process. We begin by introducing some further definitions:

0, stands for t,(02yQ022[4y1Fo]
S, stands for [Am, .1z, JaTu, .u, Z my A [Qoutts] = z,,]
Ny stands for [An; Vpos [Po202 A VX3 .po2X2 D poalS22%2]] @ poan2].

In the following pages 0, will play the role of the number zero, and S,
will play the role of the succeéssor function. For the purpose of under-
standing the proof of the Theorem of Infinity in an intuitive sense it will
be helpful to note that in our intended interpretations 0, denotes the
empty set of individuals, and S,, denotes that function which takes any
member of D,, where « is in K!, onto the set (in D,,) which contains
that member of D, and nothing else. Ny, will play the role of the set of
natural numbers.

It should be noted that the wifs defined above contain no free variables.
In accordance with the conventions introduced on page 7, we shall feel
free to write N,- as N, S,, as S, and 0, as 0. We could have defined 0
simply as [ly,Fo], of course (see Theorem 1004 below), but it is con-
venient to have 0 be a wif of type 2.

67
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1000 F Ny, 0,.
Proof:

d FVpos . [Po20 A VX3 .po2X2 D Po2[Sx3]] 2 po20
Rule P (136), Gen (117)

2 F Ny20, RR (102): 1000.1, 103; def. of Ny,.
1001 F Ny,x, D Ny,[S3,x,].

Proof:

1 Nx; F¥poz -[Po20 A VX5 .po2Xz D Po2[Sx2]] © poax:
RR: Premiss, 103; def. of N,

2 Nx; F[po20 A VX3 .po2X2 D Do2[Sx3]] @ po2xa S (106): .1
3 FVxy[poaxs 2 PoalSx2]] 2 .pozx2 @ Po2lSx,] 146
4 Nxjy b [po20 A VX3 .po2X2 D Po2[Sx21] 2 po2[Sx,] Rule P: .2, .3
.5 Nx, F N[Sx,] Gen: .4; RR: 103; def. of N,;.

Then use the Deduction Theorem.

1002 F Vx; .Ngox; © Noa[S:2x,] Gen: 1001

1003 F U, i X3 2 o[S22x2] ; [QOaaua]°

Proof: Let 5 be [u, 2 xz], [w,, 2 X3 A .QosWs Z zz].

A1 #F QoW 2 Z, : Rule P: Premiss
28Fw, = X, Rule P: Premiss
3#tuy, 2 X3 Premiss
Ay, = w, EE-Rules (205): .2, .3
Stu,Zw,oa=5 Sub (119): Axiom 10
b6 tra=b>b MP (128): 4, .5

T#ru,=w, 300: .6, .4; EE-Rules
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1003.8  F QouWs = 25 300: .6, .1
9 F Qoutta = 23 200: .7, .8

A0 u, 2 X2, Elbﬂw,,[w,, Z X2 A .QopsWs = zz] F Qocatla 22,
172, 173: .9; def. of o

2 2 2 2
Ay, = x: F 3b3u,,[u,, = X3 A Qopplly = zz] S .Qoualls = 23

Deduction Theorem: .10; RR (102): 123

2 2 2 2
J2u, =x, F ElaElu“[ua =X; A .Qoaly = zz] D .Qoualls = 25

RR: 1003.11, 157
'13 U, =2: X2 k QOaaua i Z3 D U, ; X2 A QOaaua é F4)
Rule P: Premiss

2 2 2 2
ddu, = x, F Qoguts = 2z, > Aau, .4, = X3 A Qoaglis = Z4

174: .13; 175
A5 u, 2 x, b EIaBua[u,, 2 X3 A Qoadldy 2 22] 2 Qoaalla 2 zZ,
Rule P: .12, .14
2 2 2
.16 }' Szzxz = [IZZ .Elaaua U, = X A Qoaaua = Zz]
103; def. of S,

A7 u, 2z x, F Szx, 2 [L22 Qoualds 4 zz] R’: .15, .16

(Note that the restrictions on R’ set forth at the beginning of
Chapter II are satisfied.)

A8 F [i25 . Qoustts = 23] = Qosetla Sub: 209; R: 122
A9 1, 2 3, F S32%; = Qoalha EE-Rules (205): .17, .18.

Then use the Deduction Theorem.
1004 F 0, = [Ay, Fo] Sub: Axiom 5; def. of 0,.

1005 F Ny,x, > Jadu, .1, = x,.
Proof:
AF [y, Fo] 2 0, EE-Rules (205): 1004
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1005.2 + Jug, .1, = 0, Exist (166): .1
3F3Jadu, .u, = 0, Exist, (167): .2
Aty = %, b Qogatty = Sy% EE-Rules (205): 1003.19
Su, 2 X5 b Jug, cug, 2 S,.x, Exist (166): 4
6u, = x, FIadu, .u, = Sy, Exist, (167): .5
7 3a3u,[u, = x,) b 3a3u, .u, = Syox, 172, 173: .6

S FVx, .Elaﬂu,,[u,, 2 xz] > dadu, .u, 2 Sa2%,
Deduction Theorem, Gen: .7
9 Nx, F [[1t2 da3u, .u, 2 t2]0 A Vx,. [1t2 .dadu, .u, 2 tz]xz

) [/It2 .3adu, .u, 2 t2] [sz]] =) [lt; .dadu, .u, 2 tz]xz
Rule S (106): 1001.1

2

10 Nx + [3au,[u, Z 0] AVx, .3a3u,[u, = x,] > 3a3u,[u, £ [Sx,]]]
> a3, .u, = x, RR: 1005.9, 103
A1 Nx, b 3a3u, .u, = x, Rule P: .3, .8, .10.

Then use the Deduction Theorem.

1006 Fu, = %, > ~.0, = S,,%,.

Proof.‘ Let 5% be [ua i X2], [02 ; Sszz].

d#F0, 2 S,.x%, Premiss
2 F Spaxs = Qoadlls Rule P: Premiss, 1003
3 5 F [y Fol = Qoudtha EE-Rules (205): .1, .2, 1004
4 F Xo; = yos 2 .(01) = (0a) Sub, (140): Axiom 10
5 F [y Fo] 2 Qogatt, = .(01) = (0a) Sub (119): .4
O6F[01) =(0a)] =[0=0A1=ad] Sub,: Axiom 9

TJHbEl=a Rule P: .3, .5, .6
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1006.8 5 F [Ap;Fo] = Qo11ts 300: .7, .3; EE-Rules
9 S+ [Ay, Foluy = [y, Foluy 100
10 5 F [Ay, Foluy = Qoy sty R": 8, .9
ALV Fy = [uy, = uy) RR: .10, 103; def. of =
A2+ F, Rule P: .11, 100

A3 by, 2 X, D ~ .0, 2 S,;.x, Deduction Theorem, Rule P: .12,

1007 + sz Nozx; o ~ .02 i Sszz.

Proof:
A F3aufu, 2 x,] 2 ~ .0, 2 Syuxs 170, 171: 1006
2F Noyxy D ~ .0, = Sy, Rule P: 1005, 1007.1.

Then use Rule Gen.

2

2
1008 + Vx,Vy, . Nosxz A No2ys D .S22%2 = S32Y2 2 . X3 = Ya.
Proof: Let o be [u, 2 xz], [w. 2 yz], [Szzxz 2 Szzyz].

A Fu, = X3 Premiss
28t w, 2 V2 Premiss
3 H ¢ Sy%, = Sunye Premiss
AHLF S,% = Ooustla MP (128): 1003, 1008.1
SEw, =9, 5 .52 = CossWe Sub, (140), Sub (119): 1003
6 F 55592 = QouWs MP: 2, .5
T H#F Qouatts = CossWs EE-Rules (205): .3, .4, .6
8+ Xos = Yob 2 -(08) = (OF) Sub,: Axiom 10

2

9 F Qoustts = QorsWs = .(0a) = (0b) Sub: .8
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1008.10 + [(0a) = (08)] = .0 =0 Aa =b Sub,: Axiom 9
W A#Vvra=>H Rule P: .7, .9, .10
12 2 F Qousths = QosaWe 300: .11, .7
13 S F Qouattatts 100
14 2 F Qonita = QouaWa EE-Rules (205): .12
15 S F QouaWalla R’: .13, .14
A6 #Fw, = u, EE-Rules: .15
AT H# b w, = u, 300: .11, .16
A8 F x, 2 ¥ EE-Rules: .1, .2, .17

2
.19 [“a 2 xz], [Wb = yz] F [Szzxz 2 Szzyz] o X, = Y2
Deduction Theorem: .18
20 3a3u,[u, = x,), 33w [wy, = 3] F [Saxs = S2232] 2 %, = ¥,
) 172, 173, 163: .19
21 F Ngyye = 363w, . w, =y, ’ Sub: 1005; R: 123, 157

2
22 F Nooxz A Nooyz D .S22X; = S22y, 2 . %, =y,
Deduction Theorem: 1008.20; Rule P: 1005, 1008.21

2
23 F Vx,¥y, . NoaXz A Nozya D .S32X; 2 S22y2 2 X2 =3
Gen (117): .22.

1009 The Theorem of Infinity
F 39,35553n02 .102q2 A VX3[102%5 D Noz[s22%,]]
2
A sz[n()lxl D~ .qz = S22xz]
2 2
A szV.V2[nozxz A NpzYa D .S22X3 = 8§22)2 O X3 = J’z]v
Proof:
1 F Noy0; A V¥x3[Noax; @ Noy[S;,x,]]
A sz[Nozxz > ~.0, 2 Szzxz] A Vx3¥y;[Nozx2 A Nozya

2 2
D .852%; = Sy, D X = J’z]
Rule P: 1000, 1002, 1007, 1008.
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Theorem 1009 then follows by three applications of Rule Exist (166).
Before closing this section we shall prove one more theorem, which will
be useful to us in the following pages.

1010 The Induction Theorem
F Po20s 2 VX3[No2X2 D .po2Xs D Poz -Sa2%2] @ Vx5 .Ngax,

2 Po2X2.
Proof: Let 5 be poz0;, VX2[NoaXz @ .paaX2 D Poz -S22%2],
Nozng. ‘
1 2 F Noany Premiss
2 F VYpoz . [Po202 A VX3 .Po2Xs D Poz . S22%2] D pouna
RR: 103, .1; def. of Ny,
.3 H F [[ltz .Nt2 A P02t2]02 A Vx; .[ztz .Ntz A Poztz]xz
D[4ty Nty A posts] . S22%:] o [At, Nty A postyln,
Rule S (106): .2
A HF[NO, A por0; A VX, . [NXy A Porx,] 2 .N[S;,x;]

A Doz - S22%2] @ Ny A poatt, RR: 103, .3
S#F Nxy; D .poaXs D Poz -S22%, Rule S(106): Premiss

6 HF [Nx2 A porX2] o N[S22%2] A Pos - S32%2
Rule P: .5, 1001
T #r VX'2 .[Nx2 A p02x2] D .N[Szzle A Do2 -Sszz

Gen: .6
8 #F po,0, Premiss
9 5 F pgon, Rule P: 4, .7, .8, 1000

10 P20z, VX2 [Nx2 D .po2Xa D Poz -S22%:1 F NoaXxz D poax,
Deduction Theorem: .9; Sub (119)

1 F pga0; 2 Vx3[Noaxs D .PesX2 2 Poz - 822%,]

D Vx3 . Ny2Xs2 2 poaXxa Gen: ,10; Deduction Theorem.
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I1.2. Numbers and primitive recursive functions

The reader has now seen the system Q in action. In the light of the theo-
rems and metatheorems derived in Chapter 11, it is clear that all the usual
theorems of simple type theory (without the Axiom of Choice) can be
proved in Q by the usual methods without difficulty. (As long as one is
concerned only with wifs in which type variables do not occur, one can of
course restrict one’s choice of wif-variables so that distinct wif-variables
always have distinct primitive variables in all wffs occurring in a proof.
Then many of the restrictions on the rules of inference in Chapter II will
be satisfied automatically.)

It is not our present purpose to carry out a full development of type-
theoretic logic in Q, but to investigate the consequences of those aspects
of Q which distinguish it from the usual systems of type theory with 4-
conversion, namely, the presence of type variables and transfinite types.
Therefore from now on we shall feel free to leave to the reader the proofs
of those theorems of Q which are in no way special to Q, but might be
proved in any of the standard logical systems adequate for the formaliza-
tion of mathematics. Many of these theorems will indeed require rather
lengthy proofs, but in each particular case the reader who is familiar with
the relevant mathematics and with type-theoretic reasoning will have no
doubt that the theorem can be established in Q. In this way we will shorten
our work considerably, and facilitate concentration on the novel features
of Q.

In general we favor using the finite cardinals for natural numbers,
However, to avoid the detour which would be required to develop car-
dinal number theory in Q, we shall use the wffs 0,, S,,0,, S,,5,,0;,
8325228520, etc., as notations for natural numbers in Q. Actually we
need the natural numbers at this time only to serve as Gédel numbers in
the formalization of the metamathematics of the system Q,; for this
purpose any set of objects satisfying Peano’s postulates will suffice. The
reader will note that Theorems 1000, 1002, 1007, 1008, and 1010 are
Peano’s postulates,
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DerINITION: For each natural number n we define a wif #, of Q, called
the representative of 1 in Q, as follows by induction on n:

If n is zero, then n, is 0,.
If nis m + 1, then n, is [S,.m,].

Thus I, is S,,0,, 2, is §355,20;, 3, 18 §355,,5,,0,, and in general n,
is [S,25,2 -+ S325,,0,] (where S, occurs n times). [/ + 3], is SSSS0,
[2 % 3], is SSSSSS0, [32], is SSSSSSSSSO, etc.

) DermNITION: The wif 4, represents the natural number n in Q if + 4,
= n,.

We shall also need wifs to represent certain primitive recursive func-
tions. It is convenient to let these wifs be of type (22) (for the case of
functions of one argument, of course; the type will be (222) for functions
of two arguments, (2222) for functions of three arguments, etc.). This
requires that the functions be defined not only on natural numbers, but
on all members of D,; however for our purposes it will not matter what
the values of these functions are for arguments in ®, which are not
natural numbers. We shall simply define the wffs representing primitive
recursive functions so that the values of the functions will be correct
when the arguments are natural numbers, and let the values on other
arguments come out as they may. If we are ever forced to make a decision
more explicitly on this matter (for example to assure that a function is
1-1), we shall let the function be the identity function on elements of D,
which are not natural numbers. Note that the wff N,, denotes the set of
natural numbers, and the wff S,, denotes the successor function.

In order to facilitate the definition of functions by primitive recursion
we define the following recursion operator:

DEFINITION: R22(222)2 stands for the wif
[Ap2Ahaz24n, vys V8022  [YX2[~No2x, D 8022%2%2] A £0220,P2
A Vx,[No2Xz D Vry .8022%2r2 D 8022[822%2] [h222%275]]]

D Zo22M2Y2)-

1100 |‘ [Rp2h222]02 =p2..



76 THEOREM OF INFINITY AND RELATED RESULTS [TIL.2
101 F Nozx; 2 . [Rpzha22] [S22x2] = h2z2%2[[Rphsa;]x.].

1102 F ~Ng2x, o [Rpohz2:]x = x5,

1103 F Noap2 A Vy,Y22[Nooys A Noaza D Noa chz22225]

D .No2X2 2 No:[[Rpyh,;,]x0].

The proofs of these theorems are left to the reader.
We now illustrate the use of the wff R by defining several primitive
recursive functions.

DErFINITION: +,,, stands for [Ax,.Rx,[Ay,2z,.5:.2,1]. A4, + B,
stands for +,,,4,B;.

1200 F x, + 0; = x; Sub: 1100; RR: 103.

1201 F Nozys 2 .x2 + S22¥2 = Saa[xs + ¥2].

Proof:
1 Nooyz o . [Rx;[4y;4z; . 822211 [S22¥]
= [y,12; . 83,251y, [[Rx;[1y.22, . S322,]1y] Sub: 1101
2 F No2yz @ .x3 + S22y, = [A9,22, . S222,1y:[%2 + 3]
RR: .1, 103
3 FNozyz, @ . %3 + 82572 = Sa[xz + ¥5] R: .2, 103.
1202 F ~ N2y, D X0 + Y2 =¥, Sub: 1102; RR: 103.
1203 F No,x2 A Ny, @ Noolxz + y2l.
Proof:
1 F Noazy o Ng, [Ayadz; . S222,10.2, Sub: 1001; RR: 103

2 FVy,Vz; \Nosy2 A Noyzy D Nop [Ayadz; .S5,2.1y22,
Rule P: .1; Gen
3 F Noax2 A Nozy; 2 Ny, [xs + 5]
Sub: 1103; Rule P: .2; RR: 103.
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DEFINITION: X 55, stands for [1x,.R0,[Au,dv, .x;, + 9,1}, 4, x B,
stands for X ,,,4,B,.

1210 F X2 X 02 = 02.

1211 F Nozyz o .[x2 X 822951 = [x2 + [x; x y2]].

The proofs, which are based on Theorems 1100 and 1101 respectively, are
left to the reader.

DEFINITION: [exp],2, stands for [Ax,.RI[AuAv, .x, X v,]]. A%
stands for [expl,2,4,B;.

1220+ x% = 1,.

1221 F Noyya @ x5 = x, x [x7].

We again leave the proofs to the reader.

It should be clear that +,,, represents the addition function, % ,,, re-
presents the multiplication function, and [exp],,, represents the exponen-
tiation function.

‘We shall use p, as a notation in our meta-language for the i-th prime.
Thus p; = 2, p» = 3, p; = 5, etc. We define the number theoretic func-
tion #, which takes two arguments, as follows. If n and m are natural
numbers greater than 1, let their prime factorizations be pi'pz ... pi! and
pY'PZ ... py respectively. (r,, I, ..., I1, S, S2, ..., §; are of course natu-
ral numbers; some of these may be zero, but r; and s, must be positive.)
Then we define n * m to be pi'p% ... pIpI4 P14 2 --- Pisy. f either n orm
is 0 or 1, we (arbitrarily) define n * m to be 0. It is well known that the
function * is primitive recursive. We shall let #,,, stand for a wif of Q
which represents this function. (We leave the details of the definition of
this wfT to the reader.) In addition A4, * B; shall stand for *,,,4,B,.

For technical reasons it is customary to represent primitive recursive
properties by functions which take as values numbers rather than truth
values and then to identify these numbers with truth values. For example
one might identify zero with truth and one with falseshood. However in
the system Q (as in systems of type theory with descriptions generally), it
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is possible to represent such properties by propositional functions (i.e.,
functions which take truth values as values). For it is easy to prove that
the function [Q,,,0,] maps 0, onto T, and I, onto F,, and that the
function {Apy -2\q> .[Po A 0, = q;] VvV .~po A 1, = q,] maps T, onto 0,
and F; onto I,. (In the case of the latter function apply Theorems 211
and 212.) Hence we can always get from numbers representing truth
values to the actual truth values and back again.

We shall let [Prime > 22],, stand for a wif of Q of type (02) which re-
presents the following primitive recursive property of the number n: “n
is prime and is greater than twenty-two”. We again leave the details of
the definition of this wff to the reader.



CHAPTER IV

THE FORMALIZATION OFTHE
SEMANTICS OF THE SYSTEM Q,

IV.1. Definitions

‘We are now ready to show that the semantics of the system Q, of finite
type theory introduced in Chapter I can be formalized in Q. (Of course
our methods could be applied to other formulations of finite type theory
also. The system Q, has been chosen for convenience.)

We begin by assigning Godel numbers to the type symbols, primitive
symbols, and wils of Q.

To each type symbol « in K1 we assign a number “«’ as follows: “0”
=3, “1” =5 “(af)”’ = 3" x 5", Thus “(01)” = 32 x 55, “(1(01))”
= 35 x S2*5% “((On)w)” = 3[33"5"“"] x 5", ete.

To each primitive symbol Z of Q, we assign a number ‘Z’ as follows
‘Cis 7, is 11, Vs 13, z.l(o,) is 17, ‘Qoqy 15 197, “x¥ is 237", “x2* is
29"*", and in general ‘x’ is p; %s.

To each wif W of Q, we assign a number “W” as follows: if W consists
of the sequence 2122 -Z, of primitive symbols-(where n > 1), then
“W?is pfv X pa* X - X p,

We remind the reader that each of the above numbers has a represen-
tative in Q. We shall let [“a’], stand for the wif of Q which is the re-
presentative of the number *“o”, [“W?’], stand for the representative of
the number “ W, etc. Thus [“0”]2 18 SSS0, and [*(00)’],is the wif 3375,.

We next state the fundamental definitions involved in our formaliza-
tion of the semantics of Q,. To assist the reader in comprehending the
significance of these definitions, after each definition we shall informally
explain the meaning (with respect to our Godel numbering) of the wif
introduced by the definition. For convenience and brevity, we shall per-

79



80 THE SEMANTICS OF THE SYSTEM Q, fv.1

mit ourselves to speak rather loosely in making these explanations.
Theorems involving the wffs introduced below are stated in the next sec-
tion of this chapter.

DEerFINITIONS: [TS]o, stands for [Ax, .Vpos .[Po23 A po2d A Vy.Vz,
[Po2V2 A Poaza D po.l3* x 5211 2 porx,].
(Of course 3 and 5 in the above wif stand for 3, (or SSS0) and 5, (or
SSSSS0) respectively. As explained in Chapter I, we often leave the sub-
scripts off abbreviations of wffs when this will cause no confusion.)
[TS]o2A4, means that 4, represents the number of a type symbol.

DeFINITION: [Variable),,, stands for
[Ax342; .¥po2az V¥ V2, [[Prime > 22]o:y2 A [TSlo2z2
D po2:[¥7122] 2 pozaxata].

[Variablely,,4,B, means that there is a type symbol « and a variable x}
such that 4, represents ‘x)’ and B, represents “a”.

DEFINITION: [Var],, stands for

[Av, .[Variablelys20,{t2(02)[Variablely,,v,]1.
[Varl,,A, means that there is a variable x} such that A, represents ‘x.’.

DEFINITION: [Wff]o2, stands for
[Ax,ir, .Vpgaa ,[[p022217[35 x 5137 % 55]]]
A \7’y2[[TS]02y2 =) p022[2[19’2}][3[33x5’2] % 5;;]]
A Yw, Ve [[Variablelo, 2wtz 2 po22[2"%t,]
A VY V2 VY5 [[Po22Y2[37 X 5] A po2azattz; A [TSloats)
D Po22l2” * y2 % zp  2VJ1]
A Ywo V.V, Yu, [[[Variablelo o wat, A Pozayaa)
D Po22[2” # 2% % 2w y, « 2] 3% x 5‘2]]]
D Po22Xar:).

[ Wfflo22A42B; means that there is a type symbol « and a wif C,, of type a
such that A4 represents “C,” and B, represents “«”.
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DEFINITION : [W_f]oz StandS for [11)2 . [Wﬁ]ozz')z[ﬂz(oz)[Wﬁ]ozzl]z]].
{(Wflo24, means that there is a wif C, such that A4, represents “C,”.

DEFINITION: D, , stands for

[At2Aws Npo2z . [VZopo223220 A Y21 0225224
A VrVs,Vavb . [Bugposaraty A 0pDo22820s)
DVZP022[3 X 57]z4] 2 Pozatawa].

Do,24,B; (Where 2 > ) means there is a type symbol « in K! such that
A, represents “a” and the denotation of By is in D,. (Evidently if
b D224, By, then B will be either 2 or a.)

With the definition of @,,, we have moved from wffs concerned with
syntactic notions to wifs concerned with semantic notions. Note the use
of type variables in @,,.

DEFINITION: [A4s5ign]o22y stands for
[Ag22 .Vx,Vt, [Variable]oy:x2t2 D Dozatalg22x:]l

[Assign]o(22,G2> means that G, is an assignment of values in the domains
P, to the variables x. of Qo; i.e., G, is (more precisely, denotes) a func-
tion such that for each variable x. of Qo, G,,[‘x}’]; is in D,.

DEeFINITION: [Maps]y,, stands for

[At2Aw, .¥po22 . [Po223:To A Po225:lticory -4%1To]
A Ya¥bVu Nv,Vr Vs, . [Poaalats A Po22820s)
D Po22[3" % 5] [1z,4,]] 2 Po2ataw2].
DEFINITION: [Map],, stands for

[Auy 12002y - [Maps]ozaltaoz) - [Variable]oz,u.]).

[Maps]o.- is a particular set of ordered pairs such that [Maps],,,4,B,
implies that @,,,4:B;. Moreover for each type symbol « in K! there is a
unique B, such that [Mapslo».[“«”]),B,. [Map],, is a function such that
for each variable x! of Qo, if [Mapsly,,[“«”],B,, then [Map],,[*x}’], is
B,. Thus [Map],, satisfies [Assign]o22)-
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DEFINITION: [Mo0d], 33222y stands for

. . 2 2, 2
(Whz2djadyodks ags k2 2 jz A y2 2 2] v . ~Tkz 2 2] A hazks = gal.
[Mod);222¢22)H22J>4; is the modification of the function H,, to have for
the argument J, the value 4;.

DEerFINITION: [Value]oz2(22) stands for
[A82:An22%; .VPo22(22) - Vhza[[Assignloayhzz > -Pozzaayhz2[2 Ticory

A YaYL[[[TSTozts A JuDozatatts] > Poraazyhzz] 27| Qoud)

A You[[Varlosv: © pozaazyhz2[27] [ha,v,]]

A Y Vm Ve, Vu,NaVbVy oV 2o [[[ Wi To2252[ 372 % 5]

A [Wfflozzmatty A [TSloats A DPo2a[3* X 50y A Dozatizz,

A Poz2(22yM22J2Yab A Do22(22ylt22M22]

o Pozz(zz)hzz[27 *jo xmy * 2”] [Yar25]]

A NjVm Ve Nu,VavVbv £ [ [ Variablelo s, jot 2

A [Wiflozamats A Vyy Dozatzyp A Pozatta[fards]

A Pozz(zz)[[MOdlzzzZ(zz)hzzfzJ’b]mz[f;hJ’a]]

D Po22aayfza[27 * 27 % 272 e my # 271 £,,]] D Po22(22)822M2%:2]-
[Value)oz22(:2)G224:B; means that G, is an assignment and there is a
wif Cj of Qo such that A4, represents “Cy” and the value of the wif Cp
(according to the semantical rules of Qq) with respect to the assignment
G, is By.

DEerFINITION: [Val], 52,y stands for
[2g2:4n, .1q, -[[4ssignlo22)822 A [Wfloan2

A Tiagoz) - [Valtelosazngaani] = 42) v . ~[[Assignloc)g2

A DWfloam]l A Fo % g,].

If G, is an assignment and Cj is a wif of Qq, [Val], 2(22yG22[“Cy”], is the
value of Cj with respect to the assignment G,, according to the seman-
tical rules of Q,.



1v.2] THEOREMS 83
DEFINITION: [True]o» stands for
. 2
[An; Vg2 -[ASSlg”]O(zZ)gzz > -[Val]zz(zz)gzz"z = Tl

[Truel,»[**Cy’’], means that C, is true according to the semantical rules
of Qo .

IV.2. Theorems

In order to satisfy ourselves that the system Q is sufficiently strong to
serve as a meta-language for Qo , and that the wffs defined in the preceding
section adequately express the intuitive concepts they are intended to ex-
press, we next establish certain theorems involving these wifs. The reader
should note that Theorems 2705-2709 below express the semantical rules
of Q. These theorems will then be used to prove a general metatheorem
(Theorem 2710) which guarantees that for every assignment G,; and for
every wif A4, of Qo, [Vall;3(22)G12[*4,”], is what it ought to be. As a
corollary (Theorem 2711) we shall see that the wif [Truel,, satisfies
Tarski’s criterion for an adequate definition of truth2),

The proofs of some of these theorems are very long, and it may help the
reader to have a general view of what is going on before getting involved
in the proofs. Therefore in this section we shall simply list the theorems.
Proofs will be found in the next section of this chapter.

2000 Let x, y, and z be distinct primitive variables, and let P, be a wff in
which no y-variables and no z-variables occur free, no x-variables
other than x, occur free, and all free occurrences of x, are free for
y2 and z,. If & SPPy, S+ S3°Py, and € F Vy,Vz; . [[S)2P)

szPO]] > S[3.V2x522]P0’ then 7 F [TS]ozxz > Po.

2001 F [TS]o2xz D NoaX;.
2002 F [TS]o23.

2003 F [TS]o25.

12) See [17], pp.187-188.
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2004 I [TS]o2y A [TS)o22z = [TS]o2[3"* x 57].

2005 If « is any type symbol in K*, then F [T'S]o [ a1,

2006 F ~[TS]p20 A ~[TS),1.

2100 Let y and z be distinct primitive variables and let P, be a wiT in
which no y-variables other than y,, and no z-variables other than
z,, occur free, and in which all free occurrences of y, are free for z,.
If H#t+ Vy2sz .[Prime > 22]02}’2 A [Tslozzz = S;:zzpo, then k4
b [Variablelys2y:22 = Py.

2101 F [Prime > 229292 A [TS)o:2: = [Variable]oz:[y7')z;.

2102 If x; is any variable of Qq, then | [Variable],, 2[‘x;’]2 [“a’];.
2103 + [Prime > 22]92¥2 @ No2ya.

2104 F [Variablely,2%2t2 = .No2xy A [TSlozt,.

2105 F [Variableloz,x,t; > [Variable]oz2%,5, 2 t; = 8.

2106 + [Variableloz;%3t2 > [t2(02)[Variablel,;.x.] = t;.

2107 & [Variablelys,x2t2 2 [Varlosxa.

2108 + [Varlsax, o Ngaxs.

2200 Let P, be a wifand let i, j, k, q, 1, 5, t, u, v, w, x, y, 2 be primitive

variables such that:

1) no r-variable except r,, and no x-variable except x,, occurs free
in P,;

2) no i-, j-, k-, g-, -, t-, u-, v-, w-, y-, or z-variable occurs free in Py;

3) r and x are distinct; j and » are distinct; &, s, y, and z are distinct;
t, u, q, and w are distinct;

4) all free occurrences of r, in P, are free for i,, j,, k,, 52, £, and
u;;
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all free occurrences of x, in P, are free for i,, v;, y,, 22, w,, and

q:.
For notational convenience we shall temporarily use P(4,; B,) as

an abbreviation for [S}23 Py]. If

(1) 3+ P(217; 3 x 507 5),

() o + Vi, .[TS]i, o (217 3197%55 5 sh),
(3) o F Yu,¥j, .[Variablelv, j, o P(27;],),

(4) o + Vy,Vz ¥k, Vs, [P(.Vz, 32 % 5%) A Pz2;55) A [TSTk:]
> P27 %y, xz, % 21, k), and

(5) 57 F Yw,Vt,Vq,Vu, .[[Variablelw,t, A P(q,; uz)]
D P27 %27« 22 g, x 215 32 < 51,

then o€ F [Wffloz2%2r2 2 Py
2201 F [WflozzWats  -Nosws A [TSloats.
2202 b [Wflo22[2"71 [3° x 5U7%570].
2203 F [TS)ozy2 > [Wiffloza[277] [307% %) x 572].
2204 + [Variablelgzawaty o [Wh 22 [27%)2,.

2205 F [[Wfflo222[3" x 51 A [Wflo2222u2 A [TSloats]
S [Wiflo2al2” # yo % z, # 2 ]e,.

2206 F [[Variablelozowats A [Wiflo22Va42]
S [Whlo22[27 % 273 % 2¥2 % y, » 211 [3"2 x 5™2].

2207 If A, is any Wit of Qq, F [WffTo22["4,"] [“«”]2.
2208 F [Wfflo2aWats 2 [Wfflo2aWas2 D t; = 5,.

2209 + [Wﬁ]ozsztz s [Wf]onz.
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2300 Let P,,, be a wif, let @ and b be type variables, and let r, s, ¢, 4, v,
w, x, y, z be primitive variables such that:

1) neither & nor b occurs free in Pyzz;

no r-, s-, t-, u-, v-, w-, x-, y-, or z-variable occurs free in Poz2;
2) a and b are distinct;

r is distinct from s, u, and z;

s is distinct from r, v, and z.

If 2 VxoPy3232%0, o€ F Yy, Poys5,p, and
ML Nr,Ns,Yavh . [Ju,Poy rau, A Tv,Poss5,0;)
D Vz, Py,12[37 X 5]z,

then 57 | @y ,,t,w; D Poyatows.

2301 F Dy2,3q5.

2302 | Dy, 59, .

2303 b [Dgrarau. A Dozz5a05] D Po2a[37 % 5wy,

2304 + [AuDy;,r2u, A F0,Dg325204) D Po22[3™ X 5 IWey.
2305 If « is any type symbol in K1, then F @g,,[“a”].x,.
2306 F 3u,Bo3t:1s D Poza[ 317 %5 x 5]400a-

2307 F Doyt ws > . [TSlosts A Icx. . Wy = X,.

2308 F [TS)o2t, = FcAx Dy,,ts%,.

2309 F [[TSTo2y2 A [TS1y2zz A Po2a[3* x 5%2]x )
2 .ImDo2,y.my A InyDPo2222M.
2310 F [[TS]o2y2 A [TS1o2z; A Dyz2[3°* x 57%w,] = 3adbiz,, . w2 2 Zape

2311 l‘¢02232q“ oa= 0.



1V.2) THEOREMS 87

2312 + Dyy25:9, 2 a=1.

2313 b [Dyaatru, A Dosatatp] @ a =d.

2314 + [Fu,Do,zt4, A F0,Dp,2ta0) @ @ = b.

2315 ¥ Dgzat,u, D Posatav,.

2316 + Am, Dy, ,t,m, > Doaatat,.

2317 b Am, Dy 5, t.m, > Y0,Do2,820,.

2318 F [TS)p2t2 = AcVxDoastaX..

2319 b [TSlozt, = 3a¥BVuy, . Pozatsuy = .a = b.

2320 F 3x,B032t2%0 o PozatsWz © Vo .Wa = Ve

2321 F [By,,[3"2 X 5%Im, A Dpzauzn, A [TS)y,t5)
> 3a3b3Iy 3z, M2 2 Yep A N3 2 2.

2400 Let Py, ; be a wiT, let a and b be distinct type variables, and letr, s
t, u, v, w, z be primitive variables such that:

1) neither a nor b occurs free in Py,,;
no r-, s-, t-, u-, v-, w-, or z-variable occurs free in Py,,;
u, v, r, and s are distinct; w and z are distinct.

If S b Poy33,Tg, & PyzaSsfty o1, -4, 7o) and
I NaVBVu NoNr, Vs, ([Poyalatty A PozaSi0)
s P022[3r2 X 5’2] [lz,,ua],

then 57 - [Maps]ozzt2W2 > P022t1w2’
2401 F [Mapsloz232T.

2402 + [Maps]02252[l1(01) .1x1To].
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2403 F [[Mapsloz2rzta A [Mapsloz25205] = [Maps]ysa[37 % 5%] [Azyu,].
2404 + [Mapsloz2taws D Dozataw;.
2405 t [Mapslosztaw; > .[TSloats A 3c3x,.w, = x,.
2406 F [[TS]o2rz A [TSloz52 A [Mapsloz2[37 x 5°2w,]
o Ja3bIu, v, . [Mapslozarat, A [Mapslezas:t, A W, 2 [Az,u,).
2407 F [TS)o2t; > g2 - [Mapsloaatags A Yw,y . [Mapslozataw,
=3 2 Wa.
2408 t [Variable]o,2usts > [Mapslozat:[[Mapl,aus].
2409 + [Assign]ocz2y[Map],; .
2410 + 3g,, . [4ssignlo22)822-
2500 F x;, = j, > .[Modlz222022h2252¥2%2 = 2.
2501 F [Modls225229M2272V 202 = P2
2502 b ~[x, = ju| > .[Modli2220225h227272%2 = BaaXa.
2503 t [[Variable)o22j252 A Do225:¥2] = .[Assign]oeazyhaz
> [Assign]oay[[Mod);222(22)h2272Y2]1-

2600 Let Pyy522y be a wif in which no type variables or wff-variables
occur free, and let 5# be a set of hypotheses (possibly the empty set)
in which no A-variables occur free. If

(1) o, [Assignlhy, + P022(22)h22[2”]"1(01);
(2) o#, [Assignlhy, F VaVt, TSN, A 3u,Doyatrus]
- P022(22)h22[219’2] Qoaas
(3) , [4ssignlhy, b Vo, .[Varlv, o P 022(22)}122[2"] [h220,];
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(4) o, [Assignlhy, b XYM,V VaVbVy, Nz,  [[WF).[3%* x 5%
A [WffImaus A [TS]ty A Po22[3* X 5“yay A Po22z2,
A PorzaayhaziaVan A Pozagazyhzamyzi]
o2 P022(22)h22[27 xjoemy 2”] [Vav2s];
(5) 3, [Assignlhs, b Y,V Ve, Vu,YaVbVf,, . [[Variablelj, ¢,
A [Wifimauz A Yy, . Dozatays A Pozatia[fuds)
A Pozz(u)[[MOd]hz2f2J’b]m2{.ﬂbJ’b]]
= Pozz(zz)h22[27 x 21 % 27w my x 2] S

then o | [Valueloz2(22)822M2%2 2 Po22(22)82212%2 -

2601 F [Valueloy1(22)82212%2 2 [Assigno22y822

A 35y (W o22M252 A Doa28rXa.
2602 t [Valuelozz(22)822M2Y2 = .[Assignlo22)822 A [Wfloan:.
2603 + [[Valueloaai22)82212%2 A [Wfflozanata] © Pozataxs.
2604 b [Assignlocaayhaz © [Valueloyz2ayhaal2 Ticos)-

2605 F [Assignloazyhzz 2 {[TSlo2t2 A Ju, Do2a2tat,]
= [Value]ozz(zz)hzz[Z[Ith]]QOaa-

2606 l' [Assign]()(zz)h22 s .[Var]02U2
- {Value]on(zz)hup”z] [A2202].

2607 ¥ [Assign]ogazyhzz = [ Jo224213"2 x 5%2] A [Wfflo22mau,
A [TSloztz A DPo22[3" X 51yap A Poz2az,
A [Value]022(22)h22j2yab A [Value]ozz(zz)hzzmzzb]

=) [Value]ozz(zz)hzz[27 *jy xmy ¥ 2”] [Yaszs].
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2608 " [Assign]Q(zz)hzz o } .[[Variable]ozzjztz A [Wﬁ]ozzmzuz

A VY . Do2atz¥s A Dozatia[furys]

A [Value]o22(z2)[[M0d]2222(22)h22j2yb]m2[ﬂabJ’b]]

D [Valuelozzz2yha2[2” * 27 % 2" . my * 211 £,
. . 2
2609 + [Value]ozz(zz)gzz[znlh D .J2 = Loy

2610 F [Value]ozz(zz)gzz[z[lgtzl]jz o] .[TS]oztz > 3a.3u,¢022t2u,

L2
A ‘.12 = QOaa'
'}z - . 3 2
2611 t [Valueloz222)822[2°1j2 o .[Variablelozzv2t2 = .j2 = g220:-

2612 F [Valuelozz(22)822[27 * k3 % my + 2'1j,

S Wi lo22k2[3" x 5% A [Wffloz2matta A [TS]o2t2]
> 3a3b3y,3z, . DPo22[3'2 X 5%y A Do22Us2,

A [Valuelozz22)822k2Ya A [Valuelozz(22)822M22 A )2
Z Dazl-

2613 F [Valuelpzz(22)822127 # 2% % 2 x my + 2],
> .[[Variableloy:kats A [Wilozamau,] o Fa3bfyy . j2
Z fao A V9 -@osatsyy A Posti:lfusri]

A [Valuelozz22)[[M0d]322222)8 22K 2Yo)ma [ fards].-

2614  [[Variablelyz,wat; A [Wiloz2yauz A V82 [[Assign]oc22)822
o 3i, . [Valueloz2(22)822V20a A Vja . [Valuelozz(22)822¥2J2
= 7% 2 id A 3mDosatamy] o L [Assignlozzyhzz
> . [Valuelozzcaayhza[27 # 2% % 2% % y, » 2']

2z .ux, . [Value]ozz(zz)[[MOd]n22(22)h22W22b]}’2xa]-
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2615 F [Wffloz2x.r2 > 3aVg,, -[ASSig”]O(zz)gzz
> 3i, -[Vah‘e]ozz(zz)gzzxzia A Y, -[Value]ozz(zz)gzzxzfz
S Jj, = i,

2616 F [[Assign]ocazyhtzz A [Variablelgz,wata A [Wifloz2yalz
A 3m, Do tomy A In Doy auan,)
oD .[Valuelozz(zz)h22[27 * 213 * 2wz *yz * 2111
[Az, .1x, . [Value]oz2(22)[[M0d]222z(zz)hzzwzzb]}'zxa]-

2617 F [[Wffloz2X2r2 A [ASSig”]O(zz)gzzl
> 3i, . [Valueloz2(22)822%212 A V2 [Valueoz 2(22)822%2J2

2

=) .iz =j2.

2618 F [[Wfflo22x2r2 A [Assignlocz2)822]

=, [Value]ozz(zz)gzzxz[lz(o2) . [Value]ozz(zz)gzzle-

2619 b [[Wffloz2Xx2r2 A [Assignlo22)822 A [Valueloz22(22)822%2Y2])

2
= -["z(uz) . [Vah‘e]ozz(zz)gzzxz] =Yz

2620 F {[[W[ffloz2xar2 A [ASSign]O(zz)gzz]

2
= -[Value]ozz(n)gzzxz}’z = -[Lz(oz) -[Value]ozz(zz)gzzle =Y2.
2
2700 + ~[[Assign]o(22,g“ A [Wfloana]l > -[Val]u(zz)gzznz = Fo.

2701 \ [[Assign]o(22)822 A [Wflo2n.]

2
o> .[Vally2(22)82202 = [t2¢02) -[Value]on(zz)g:z"z]-

2702 + [[Assignlo22)822 A [Wfloanta]

= [Val“e]ou(zz)gzz"z[[Val]zz(zz)gzznzl .
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2703 F [[Assign]o(22)822 A [#flozn2] o .[Valueloz2(22)822M22

0 2
= -[[Vallzz(zz)gzz”z] = Y.
2704 + [Value]ozz(zz)gzznzyz = . [[Vallzz(zz)gzz’lz] = V2.
2
2705 + [ASSig”]O(zz)gzz > -[[Vallzz(zz)gzzp"]] = l1(01)-

2706 I [Assign]o(22)822 = -[[TS]ozfz A Fu Do 2t 4]
. [[Vallz_z(zz)gzz[z[lgtz]]] = Qoa-

2707 + [Assignlozygaz = - [Varlows > - [[Valla228:202°1 £ [g2202).

2708 I [[ASSig”]O(zz)gzz A [Wﬁ]022j2[3'2 x 5] A [Wffloz2mau,
; 2
A [TSloztz A [[Vallzz(n)gzz]z = yab] A [Vally222)822m2 = 2]

" 2
2 -[[Vanzz(zz)gzz[27 *J2 kM, * 2“]] = [Vap2s].

2709 t [[Assignlo22)822 A [Variablelyzowat, A (Wi lo22524,
A Imy Dz atamy, A In Do, uzn,]
> . [Vallaz22822127 % 27 % 22 x 3, » 21}
2 [lzb X, [Vallz2022)[[M0od)2222(22)822W22102 = x,,].

We are now ready for the main theorem of this section. We begin by
defining a map ¥ from wffs of Q, to wffs of Q.

DerINITION: If 4, is any wif of Qg , [¥"4,,] shall be the result of replacing
each occurrence of a variable of Qg in 4, by an occurrence of a wif of Q
in the following manner:

() If x;‘3 occurs bound in 4,, it shall be replaced at each of its bound

el

occurrences by the variable fz’a of Q, where n is the number ‘xp’.
PARE x“; occurs free in A,, it shall be replaced at each of its free occur-
Lo £ 2
rences by the witf [Ly‘5 82220°%5], = yﬁ].


Highlight

Highlight

Highlight

Highlight

Highlight

Highlight

Highlight


IV.2] THEOREMS 93

These replacements are to be carried out for all variables x; occurring in
A,. Note that distinct variables of Q, are replaced by distinct variables

and wifs of Q.

We readily verify that if 4, is any wff of Qo, ['V'4,] is a wif of Q of the
same type with no free variables other than g,,. [¥'4,] will be called the
interpretation of 4, in Q with respect to g,,.

2710 F [Assignluaangzz = -[Vallapngazl“d."]s = [¥4,] for each wif
A, of Qp.

We shall give the proof of this metatheorem immediately. In this proof,
the notation [S¥C] stands for the result of substituting the formula W for
the variable X at all occurrences of X in the formula C.

The proof is by induction on the construction of A4,,.

Case 1: A, is a variable x. .
‘x i.
Then [¥'4,] is [1y, .222[%0], 2 Vo) and “4,” is 2%

oxls
2710.01 + 20712 2 [“4,7];.

The proof by recursive arithmetic is left to the reader. Use theorems
1200-1221, etc.

.02 | [Variable] ['x 1,[“¢”];. 2102
03 + [Var] [x2], Sub: 2107; MP: .02
wxls

04 F [ssignlgrs > . Var] 5T, > .[Vallgaal 225 02] 2 gaax1,
Sub: 2707.

Let 5 be [Assignlgss, 82200 ]2 = U
.05 3%  [Assign]g., Premiss
06 A F [Vallgy,[“4," ], = g2:['x11; Rule P: .03, .04, .05
Rule R’: .01
07 # F g2ax. s 2 Uy Premiss

08 F [Lya Uy 2 ya] Z u, EE-Rules (205): 210
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271009 # + [, .gaol' ] 2 v] & gaal'®]: 200: .07, .08

10+ [Vallgso[“A.7]e = [, -220%00: £ 3]
EE-Rules (205): .06, .09

11 [Assignlgaz, Iulg,2[% 0], = ul b [Vallgsa[“4,.7], = [¥4,]
172: .10
2 F 3x Doz [“w71ax, Exist (166): 2305

A3 F 3x Doz [“a”]ax, o -¢022[“05”12[822[‘95;’]2] > Ju, -gzz[‘x;,lz

u, R: 123, 2320; Sub,, Sub

e

.14 [Assignlg,, v [Variable] [‘xal,]Z [“«”]2 2 Posa[“e”], [822[‘-":]2]
R’: 103, premiss; Rule S (106); (Definition of [Assign])
15 F [Assignlga, o . [Vallgs[“4,”): = [F4,]
Deduction Theorem: .11, .14; Rule P: .02, .12, .13.
CAsE2: 4,18 4101y
Then [¥'4,] is t401) and “4,” is 217,

20 F 2172 L 217, The proof by recursive arithmetic is left
to the reader.
21 F [Assignlgz; o . [Vallg2a[2"]: £ v 01, R: .20, 2705.

CasE 3: Ac: is QOBB'
Then [¥A4,] is Qogs and “4,” is 2111,

30 F [TS] [“B”]. 2005
31k 3ugBoy[“B7 ot Exist: 2305
32 + [dssignlgs; = [ITS)[*B"]: A JupBosa[“B1u,]

S g% ] 2 0, Sub,, Sub: 2706

[19[2“6"11] 2 €4 ” .
33F2; = [“4,"], The proof is left to the reader.
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271034 + [Assignlgs, > [Vallg2s[“A,”1 Z Qogg
Rule P: .30, .31, .32; R: .33

CAse 4: 4, has the form [BCpl.
Then [VA4,] is [[YB] [VC,]] and “4,” is the number 27 & “B,;”
* “Cy” » 21, Also “(aP)” is 3™ x 5°%".
A0 b [27 # [“Byg™)o » [“Cy7L * 2] 2 [“4,7N,.
The proof is left to the reader.

A1 F W] [“Byg”L [“(2f) ]2 2207
A2 F [358 x 55872] 2 [“(uf)”],. The proof is left to the reader.
A3 F [WHB,g ), [35 %2 x 558 RR: 41, .42
A4t WG 1°B7]. 2207
45 F [TS] [“«”), 2005

46 | [Assign]gz, > [Vallgzs[“Bug’ls = [¥B,e)
by inductive hypothesis

g L1114 L34 2
AT b [Assignlg,, = . [Vallg,.[“Cy"], = [TCpl
by inductive hypothesis

48 + [[Assign]gzs A TW]1“Byg"], [35°7 x 55777
A WFIAC L [“B7L A [TST ]2
2
A [[Vallgs3[“B,"): = [¥ Bl A .[Vallgsa[“Cy), = [¥Cl]
> . [Vallgsa[27 # [“B,g”ha * [“Cy"lo * 2771 = [[¥B,] (¥ G
Sub,, Sub: 2708
49  [Assign]g,s = .[Vallgs,[“4,”): = (¥ Byg] [¥Cell
Rule P: .43-.48; R: .40.
CASE 5: A, has the form [ix}B].
o
Then “A4,” is the number 27 #213 %2 ® x “B > 2 211,
Let C, be that formula (incidentally, not a wif of Q, or of Q, in general)
obtained from B, by replacing each occurrence of each variable of B,
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other than free occurrences of xg by a wff of Q as though one were form-

4

ing [¥'B,). Thus [¥'B,] is [S[?yﬂ‘m[l 2T %] CY] . Let k be the number

o
‘xy. Then [¥'4,] is [Zgﬁ l:S,;a CY:H.

8
["’;‘3']2

2710.50 F [272 % 203 5 25 7P 12 & [“B 7], » 217 2 [y,

The proof is left to the reader.

51 t [Variable] ['x31, [“B”'], 2102
S2F [WF1“B, L Y 2207
53 F 3my®Bo,,[“B"Lumy Exist: 2305
54+ 30D [ 1on, Exist: 2305

55 + [[4ssignlgss A [Variable] ['x3]; [“B”1o A [WH11“B,"); [“Y”):

>

am(s@ozz[“?’”]zma A 3”y¢022[“Y”]2ny]
ol
> [Vallgsa(2l s 25 & 280 12 4 g ), 4 2111
L [z .1x, . [Val] [[Mod]g,[x)],26] [“B,"); = x,]
Sub,, Sub: 2709
.56 + [Assignlg,, o .[Vallg22[*4,7],
2
= [Azq.ux, . [Val] [[Modlg,,['xy1:25) [“B,"), = x,]
Rule P: .51-.55; R: .50
57V [Assignlg,, > .[Vallgs,[“B,”], = [¥B,]
by inductive hypothesis
.58 + [Assign] [[Mod]g,,[x3’],25)
(1 b ] (11 ” 2 922
> .[Val]l[[Mod]g,,[ xgjs Lzl [“B,’], = [S[(Mod]gzz['xg;]zzs][lPB-{]]

Sub (119): .57 (Note that the restrictions on Rule Sub are satis-
fied, since no g-variable occurs bound in [¥'B,] and no z-vari-
able occurs in [¥'B,].)
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2710.59 + [[Variable] [x3]; [“B”12 A Po22[“B"1225] o . [Assignlg,,
o [Assign] [[Modlg,;['x} 122,] Sub: 2503

.60 [Assign]g,, b [Val] [[Mod]gs2[x}"]22,] [“B,”1
2 [s‘ﬁ;,mﬂm[cxé : ]z,B]pFB,]] Rule P:.59, .51, 2305, Premiss, .58.

Let x; be any free variable of B, distinct from xg,. (If there are no such
variables, lines .61-.63 of the proof may be disregarded.) Note that ‘x}’
+ ‘xp.

61 F ~[30]: 2 [, The proof is left to the reader.
62 F ~[[x0]: = [95']] 2 . [[Mod]gaa ' 1,25 [

2 goa'xl] Sub: 2502
63 F [[Modlg,['x}' 1.2 %3] 2 gl MP: .61, .62

.64 [Assignlg, + [Val] [[Mod]g,,['xy' 1251 [“B,"];

2 )
= |S.P C] R’: .63, .60,
[ [vg-[toaneaa 5y 1,5 ] ["‘:js']z;"a] i

To see that .64 does indeed follow from .63 and .60 by applica-
tions of Rule R, we must consider the structure of the wif
g . .
[S[ﬁ,‘,mzz[.xé ']z’g]PFBY]] occurring in .60. Note first that g,,
occurs in ['¥'B,] only in wf parts of the form [:.ya .£220x3' 2 2 y8] s
where x3 + x3, or of the form [‘ya g2l 2 J’a]’ and that
these wf parts occur only where they have replaced free occur-
rences of variables x; or x§, respectively, in forming [¥'B,] from
922 . .
B,. Hence [S[[Mad]gzz[‘xé‘]zza][\FBy]] contains in these places
respectively wf parts of the form ['.ys . [[Mod]gn[‘xé’]zzal [x31s

2 ys] and [Lya. [[Mod]gzz[‘xé’]zzﬁ] [‘xé’]z 2z ye], since all occur-
rences of g,, in [¥'B,] are free.

Now by Rule R’ and theorem schema .63 we may replace each
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g22
wf part of [S[[Mad]gzz[‘x‘é']zzﬁ][\l’BYZ]] of the form
(175 . [[Mod] g22[%)Lazg] ['%5°): = ys], where x3 + xb, by
[Lys g22[%3 12 2 ya]. The result is clearly

J
SxB 2 -C ] .
[ [17g- [tMoaona 3 Tozp ][ =3 ]2=2p] ™

2710.65 | [[Mod]g,.['xy]:25] 451, = 2z, Sub: 2501
.66 F [r.yB .Zg 2 ya] £ Zg 210
67 F [y, . [[Modlgaal'xh Tazgd [957]: = ¥8] 2 25 RR: .65, .66
.68 [Assign]g,, b [Val] [[Mod]gzz[‘xé’]zzel [“B,’], 2 [SZECY]
R’: .64, .67
69 F [uxy.[sffgcy] =2 xy] L [sff;c,] 210

"
(Note that [S,“:CY] is a wif of Q of type vy in which no x-vari-
able occurs free.)

.70 [Assign]g,, F ["x'r .[Val] [fMOd]gzzf‘xé’lzza] [“B,’]. = xy]

xd
< [s,gcy] 200: .68, .69

71 [Assignlg,, b [Vallgsa[“A."], = [zzﬂ [sféc,]]
MP: Premiss, .56; R’: .70
T2 ¢ [/1zﬂ [sjch” b [153 [sﬁg c{”
8
122 (Note that the restrictions on 122 are satisfied.)

xj
T3 F [Assignlg,s o .[Vallgsa[“4,7]) = [zé‘ﬂ [sk‘5 CY]]
“s

Deduction Theorem: .71; Rule R: .72.
This completes Case 5, and hence the proof of 2710.
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As mentioned earlier, the following theorem, which is simply a corollary
of 2710, shows that the wif [True],, satisfies Tarski’s criterion for an
adequate definition of truth*?).

2711 Let A, be any wif of Q, of type O with no free variables. Then

F [Trueloz[*Ao”], = [¥4o).

Note that [¥'4,] is a wiT of Q of type 0 with no free variables.
Indeed, [¥'4,] is simply the result of translating 4, into Q by re-
placing the variables in 4, by wi-variables of Q in an appropriate
manner.

Proof of 2711:
Let 5#1 be [Assignlg,,, [Truel [“4,”]2.

01 51 F [Vallg,,[“4:”)2 Z [WA4,] MP: Premiss, 2710
02 A1 Vg5, . [Assignlgas o .[Vallgs[“40”), = To
RR: 103, premiss, (definition of [True])

.03 371 | [Vallg,,[“40” )2 2 T, Rule S: .02; MP: Premiss
04 1 [Fdo] = T, EE-Rules (205): .01, .03
05 1 F [V4,] Rule T (116): .04

.06 F [Assignlg,; = .[True] [“4o”]s > [¥4o]
Deduction Theorem: .05
07 F g, [Assignlg,, o> [True] [“4,"°]; @ [F4,] 170: .06

(Here we have used the fact that 4, contains no free variables,
and hence that no g-variable is free in [¥'4,].)

08 F [True] [“407°]), = [YA4,] MP: .07, 2410.
Let 5#2 be [Y'4,), [Assignlg,,.
09 #2F[FAp] = T, Rule T: Premiss

12) See [17], pp.187-188.
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2711.10 5#2 + [Vallg,1[“ A4y, = [F4o] MP: Premiss, 2710
A1 o2+ [Val]gzz[“Ao”]z = To R": .09, .10

A2 [YAo] F Vg2, [Assignlg,, o .[Vallg,:[“4,”], = T,
Deduction Theorem, Gen: .11
A3 [WAe]F [Truel [*4,7]2 RR: 103, .12, (definition of [True])

A4 ¢ [True] [“A46” ]2 2 [YA4,1 Deduction Theorem: .13;
Rule P: .08.

e

»

IV.3. Proofs

We must now indicate how the theorems stated in the preceding section
may be proved. Since Theorems 2000-2209 involve nothing which is
special to transfinite type theory, and follow rather directly from the de-
finitions of the wifs involved in them, we shall leave the proofs of these
theorems to the reader. It may be helpful to note that since most of the
definitions introduced in section 1 are of the same general character, the
proofs of certain basic theorems involving the wifs defined in section 1
will be similar in character. Thus, for example, the proofs of 2000, 2100,
2200, 2300, etc., are similar; the proofs of 2002, 2003, 2101, 2202, 2203,
2204, 2301, and 2302 are similar; the proofs of 2004, 2205, 2206, and 2303
are similar; and the proofs of 2005, 2102, 2207, and 2305 are similar,

Proof of 2300:

Let a and b be type variables, and r, s, ¢, u, v, w, x, y, z be primitive
variables satisfying the hypotheses of Theorem 2300. Also let p, m, and n
be primitive variables which are distinct from one another, from the
primitive variables mentioned above, and from all primitive variables
occurring in Py, or in Dg,;.

2300.1 Do, 1,w, F [Amydn, Npozsy [VX0Po2232%0 A VY1P0225:91
A VrzstvaVb .[auapozzrzua A avbpozzslvb]

DVzePo22[3" X 5°2)2,5] D Poz2mym,lt,w,
RR (102): Premiss, 122, 123, 157; def. of @y, ,
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2300.2 Dyz 2w, b [VX0Po223:%0 A VY1 Po225:01
A VP ¥s,Vavb . [3u,Pyootau, A 30,Posa8,05)

D VzabP022[3’2 X 5’2]Zab] e Pozztzwz
RR: 103, .1; Rule S (106).

Theorem 2300 then follows by applying the Deduction Theorem to
2300.2, and using Rule P with the hypotheses of Theorem 2300.
Proof of 2301:
2301.1 F V2400223220 2 Po223290 145
2 F VPoasz - [VZppo223220 A Y21 0022922;
A VroVs,Vavh . [Fuapozaratts A FvsPo22S20s)

D Vzu5P022137 % 5)2a] 2 Po223290
Rule P, Gen: .1
3F @02232q0 RR: 103, .2; def. of @022.

The proof of 2302 is similar to the proof of 2301.

Proof of 2303:

For the sake of brevity let 52 be [Dyz.ru. A Po,25,0,] and let B, be that
wif such that @022 is [lt;:sz -VPOZZ .Bo = Pozztsz]. Note that Do22 is
the only variable free in B,,.

2303.1 72 F Dyyotau, Rule P: Premiss
20 F Dyy,8,0, Rule P: Premiss
3V By o po2alalic RR: 103, .1; Rule S
4 # t By D Po22Sala RR:103,.2; Rule S
S5V By o Fupyraratic 174: 3
6t By D IaPo225204 174: .4

TV By o [Fuporaratte A F04P022520a] @ VZeaPo22[37 X 572)2.4

Rule P: Axiom 7, 146; definition of B,
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2303.8 F Yz 4p022[3™ % 5520y D Po22[3™ X 55w 4 145
9t By D po2a[37 x 57w, Rule P: .5-.8
J0 S+ Dy,,[3 x 57w, Gen: .9; RR: 103.

Then use the Deduction Theorem.
2304 follows from 2303 by 170 and Rule P.
Proof of 2305:

The proof is by induction on the construction of a.

CASE 1: e is 0. Then “«” is 3.

2305.1 + Dy,,3,x, Sub: 2301.
Case2: ais 1, Then “1” is 5.
2FDy,,5,x, Sub: 2302.

CASE 3: « has the form (8y). Then “«” is 3% x 57",

3 | [31"8"k x 51712} 2 [«4”],. The proof by recursive arithmetic is
left to the reader.

4 F Doza [Py, by inductive hypothesis
5 F Do [“Y a0, by inductive hypothesis

6 F [‘Pozzl“ﬁ”]zua A Do,y L20,] 2 ¢ozz[3[“w']2 X 5[“Y"]2]W;;Y
Sub (119), Sub, (140): 2303
TE Dy, [’ ],w, Rule P: .4, .5, .6; R: .3

B F Dy, [ ) x, Sub: .7.
This completes the proof of 2305.

The method of proof to be used for theorem 2306 is similar to that used
in 2305. We leave the simple details to the reader.

Proof of 2307:
Let Pg,, be [At,dw, [TSYt, A 3edx..w, 2 x.)
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23071 F 2o = 2o 100
2F3x0.20 = Xo Exist (166): .1
3 F3cAx, .20 2 X, Exist, (167): .2
4 ¥ [TSlo23 A 3edx, .20 = x, Rule P: .3, 2002
S FVzy.Py2,32 RR: 103, .4; Gen

.6 +Vz, .Py,,5z,. The proof is similar to the proof if .5, with 2003
used in place of 2002.

T bk 3edx, .z, 2z Xc. The proof is similar to the proof of .3.
8 LTS, A [TS)s, o [TS][37 x 5% Sub: 2004

9 F [TSIry A [TSlsy @ Pgya[3? x 5%z,
Rule P: .7, .8; RR: 103

Jd0F [[TS]rz A Bcaxc[ua < xc]] A [[TS]szlA EIcE!xc[v,, 2 xc]]
2 Vz,uPo22[3" % 55 )2, 143, Rule P: .9

Jl1 Poz;_rzua A PozzSzUb D Vz,,,,Pozz[.?" X 532]2-“”
RR: 103, .10

A2 b 3uPosarats A 30,Pos2820p D VZaPozz[37 X 5%z,
Rule P, 170: .11
A3 FVrVs,Vavh ([Qu,Pysaratts A 30y Posy8,0,]
D Vz,,Po23[37 x 5]z, Gen,, Gen: .12
J4EDy,at,w, D Poyalaw, 2300: .5, .6, .13.
Theorem 2307 then follows by Rule R and 103.

Proof of 2308:
Let P, be 3¢3x . Py,,t,x.. Note that 7, is the only variable free in P,

2308.1 F Jcdx Doz, 3%, Exist (166), Exist, (167): 2301
2 F3cAx Do,,5x, Exist, Exist,: 2302
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2308.3 Ju Dy, 1oty J0,Po225,04 F eTx Doz2[37 x 5%]x,
Rule P: Premiss, 2304; Exist, Exist,

4 3cuDg,,r5u,, dFv,Dg2,5,0, F Aedx DPy,5[37 x 552,

173, 163: .3
SEVrVs, [3e3x Dozaorax. A JeIx Doazs,xc]

] 303xc@022[3'2 X 5s2]xc
Deduction Theorem: .4; R ule R: 123, 157; Gen, Rule P
.6 F [TS)t; o 3cax Doyat X, 2000: .1, .2, .5.

Proof of 2309:

Let P,,, be

(100w, . Bosatsw, A VKN, [t = [3* x 577 A [TSIK,
A [TS1j2] = YeVd¥g. . wy = goa o .3mDosskam,

A ana¢ozzf2nd] .

2309.1 b ~.3 2 [3% x 5] A [TSTk, A [TS)),-

The proof is left to the reader. Use 2001, 2006, and some number
theory.

2F ¢022 3xO Sub: 2301
3 F Bogs 3x6 A VKNG .[3 = [32x 5721 A [TSK,
A [Tslizl D VeVdVq.q - Xo = Geq = -IM Doz k m,

A AngDq,,jin, Rule P, Gen: .1; Rule P: .2
4t Vx°P0223x° RR: 103, .3; Gen
S EVx Poaadx,g The proof is similar to the proof of .4.

Let 51 be Pyyarat,, Poz2520y; let 2 be [372 x 5% = [3* x 5'7)
A [TS¥ez A [TSli2s Zap = G-
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2309.6 S + Dy o121, RR: 103, Premiss; Rule P
T Dy, 58,0, RR: 103, Premiss; Rule P
8 Dy,,[37 x 5%z, Sub, Sub,: 2303; Rule P: .6, .7
9 #+ [TS)r, Sub: 2307; Rule P: .6
10 #1 + [TS)s, Sub: 2307; Rule P: .7
A1 #2 b, 2k, The proofs of .11 and .12 are left
A2 2, #2 ks, 2 Ja to the reader. Use .9, .10, 2£2, 2001,

and some number theory.
13 1, 2 ¢ Dyy5k U, R’, 163: .6, .11
14 58, 2 F Doy javs R’, 163: .7, .12
A5k [z,,, Z ch] o [(ab) = (cd)] Sub, Sub,: Axiom 10
A6 #, #%a=c Rule P: Premiss, .15, Axiom 9
A1, H* b =d Rule P: Premiss, .15, Axiom 9
18 oL, 2 + Dy, kqu, 300: .16, .13
A9 oY, H?2 F Dyyajava 300: .17, .14

20 52, 2 F Am Doy ok ome A InDozzizng
Exist (166), Rule P: .18, .19
21 AV, (I3 % 521 2 [3% x 5] A [TSTk, A [TS])2]
o VeVdVg., 2oy 2 Gea 2 3m Doy kom. A IngDo, 2 jany
Deduction Theorem, Gen (117), Gen, (137): .20
22 Y F Pyya[37 x 55z, Rule P: .8, .21; RR: 103

.23 3u,Poa2Tot,, A0,Po22820s F V20 Po22[37 X 5%z
Gen: .22; 172, 163
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2309.24 F Vr,Vs,Vavb . [3u,Ppyara4, A J0sPo5820]
D Yz Po22[37 X 5°%)za
Deduction Theorem, Rule P, Gen,, Gen: .23
25 F Dyazt,wy D Poyataw; 2300: .4, .5, .24
26 F Dpz2[37 X 520%0 2 Do32[3"% x 552 ]xa A VKN, [[372 x 57
2 (3% x 5] A [TSW; A [TSljz] D YeVdV¥q s . Xa = Gea
S . 3m Dy kom. A AnDo,zja0, Sub: .25; R: 103
27 F Byp[ 372 % 5200 o L [[372 % 5] 2 [3"2 % 5] A [TSIy,
A [TS]z,] 2 X Z Xop 2 AMDoroy2m, A I Posazany
Rule P: .26, 145, Axiom 7.
Theorem 2309 then follows from .27 and 100 by Rule P.

Proof of 2310:
Let P,y,, be
[AtzAw, NmNn, .[[TSIm; A [TSIn, A £, = [37 x 5™]]

o ﬂaabazab Wy i Zab].

23101 F ~.3 2 [3™ x 5™] A [TSIm, A (TSI, Sub: 2309.1
2 F VxoPya23%0 Rule P, Gen, Rule RR: .1, 103
3 FVx,Poyy5x, Proof similar to the proof of .2
4 F3a3b3z, %y = Zay Exist (166), Exist, (167): 100
5 F VxoaPos2[37 % 5% Rule P, Gen, RR: .4, 103

6 | Vr¥s,VeVd . [Au Posarau, A JvgPos25,04)
D VXcgPo2z[37 X 5%%x., Rule P, Gen: .5
.7 " @ozztsz jone P022t2W2 2300: -2, .3, 6
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2310.8 i' ¢02;[3y1 X 522]”’2 = szvnz . [[TS]mZ A [TS]"z

A [37% x 57 £ [3™ x 5™]] o 3a3bIz,, . W, = z4
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Sub:.7; R: 103

9+ Dyy,[32 % 552w, o [[TSly, A [TS]z2 A {372 x 57

2 192 x 57]] > 3abIz,, W, = 2 Rule P: .8, 145.

Theorem 2310 then follows from .9 and 100 by Rule P.

Proof of 2311:

Let Pgyas be [At,dw, [TSJt, A .t = 3D 3z5.w, z 2]
23111 F 324 %0 = 2, Exist (166): 100
2F[TSI3 A .3 =3 > 3z0.% = 2o Rule P: .1, 2002
3 FVxoPyy,3x%, RR: 103, .2; Gen
4F~5=3. Proof left to the reader.
Use 1000, 1001, 1007, 1008.
SHEITSIS A .5 =32 3z5.%; = 2, Rule P: .4, 2003
6 FVx Pyya5x, RR: 103, .5; Gen
T F TSIy A [TSls, o [TS][37 x 5] Sub: 2004

B F[TSIry A [TSls, © ~.[32x 521 =3

Sub: 2309.1; R: 202; Rule P
9 F[TSIr, A [TSls; D Pysp[3™ x 5%]x,, Rule P:.7.8; RR: 103

A0 F Poyorasy A Pogas;v, o Poya[3 x 5%x, R, Rule P: 103, .9

J1UF [BugPosaratty A 30,Po228205] D YX0pPo22[37 X 5%2xy,

143, Rule P, 170: .10

A2 FVr,Vs,Vavh L [Bu,Posarati, A 30,Po22520)

D VX Po22[37 X 5%2]x, Gen, Gen,: .11

A3 F ¢022t2W2 ) P022t2W2 2300: .3, .6, 12
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2311.14 + Bya33g, > [TSI3 A .3 = 3 D 320 .40 = 2o
Sub: .13; R:103

ASkq,=22a=0 Sub, Sub,: Axiom 10
16 F3zo[g, = 20 D2 =0 170: .15
J7EDy,3q, 2a=0 Rule P: .14 .16, 100.

The proof of 2312 closely parallels the proof of 2311.

Proof of 2313:
2313.1 F @g233u, > a = 0 Sub: 2311
2F®Py,30,0b =0 Sub, Sub,: 2311
3Fa=05.b=0]=[c¢=2b) Sub,: 304

A F[TS13 A [DPo223u, A Dyya3t, ] Da=Db
Rule P: .1, .2, .3, 2002
5 F Va¥BYuNo, . [TS13 A [Pozz3ug A Posdvs] Da=5b
Gen, Gen,: .4
.6 F YaVbVu,¥v, .[TS]5 A .[@ors5ts A Dyz25vs] > a = b.

The proof of .6 is similar to the proof of .5, with 2312 used in
place of 2311 and 2003 used in place of 2002.

Let 5#* be
VaVbYu v, [[TS1y: A [Por2y2ta A Po2zyats] = a = b,
VaVbVu Yo, [[TS1z; A [DPor22:1, A Do22220] o a = b]; let #2 be
D22[3"2 x 527u, A Py23[37 x 55%v,; let #° be u, Z Scedy» Vb 2 I(3)-
A, 2, A3k Dy, [372 X 555(cay A Doza [372 % 5"]t(33)

200: Premiss
B F[TSly2 A [TSlzz A Do22[37* % 55(cq)] 2 . IM D22y,

A InDoa,2,n, Sub, Sub,: 2309
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2313.9 Ih [[TS]yz A [TS]Zz A ¢022[3’1 X 52211(5‘})] > 3m3¢022y2m5
A IngDy;,2.n5 Sub; Sub,: 2309
J0# F TSIy, A [DPoz2y2m. A Pogayafi] 2 ¢ =¢
Rule S, (138), Rule S (106): Premiss
1581 F [TS)zs A [Poz2zane A Pozazinz)l > d =d
Rule S,, Rule S: Premiss
12 51, 52, 3+ [Am Do2ay2me A ITizDos2y2iz] > ¢ = ¢
Rule P, 170: .10; 163
A3.50%, 5%, A3 F [AmDoza2y:m. A ImDoz,y.m;] o c=¢
RR: 123, .12
.14 ;#l, fz, .#3 F [3n4¢02222n‘ A an@ozzzznﬁl pum d = 3
Rule P: 170, .11; RR: 123; 163

A5 [(cd) = ()] =[c =¢c A d =4d] Sub,: Axiom 9
.16 51, %, 3 ¢ (cd) = (ed) Rule P: .7-.11, .13-.15
A7+ [u, 2 s(cd,] > .a = (cd) Sub, Sub,: Axiom 10
A8 F [0y = 1z = b = (cd) Sub, Sub,: Axiom 10
A9 5, 2, 502 F a = (cd) MP: Premiss, .17
20 01, 2, A3 b = (cd) MP: Premiss, .18
21, 2 #3ra=b 300: .16, .19, .20

22 1, 2, 3335 )|t = Seen) s
33d3U )00 = @) Fa = b 172, 173, 163: .21
23 F[[TS]y, A [TSlz2 A Po22[37* x 572Ju,] D 3c3d3s gy - 1, = Sca
R: 2310, 123, 157; Sub
24 F [[TSlyz A [TSlz2 A @223 X 51,
> 3c3d3(z) -t = 1) R: 2310, 123, 157; Sub
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231325, 4% Fa=b ‘
Deduction Theorem: .22; Rule P: .23, .24, .10, .11, Premiss
.26 1 F [TS] [372 x 57 Rule P: .10, .11, 2004
27 S F Va¥bVu Yo, . [TS] [372 x 572 A [D12[37% x 57%u,
A Dpra(32x 52 p] >Da=0>b
Deduction Theorem: .25; Rule P: .26; Gen, Gen,
28 F Yy, Yz,  [VaVbVu Yo, [[TSTys A J[Dorayatts A Do22¥20s)
> a = b] A Va¥bVu Vv, [[TS]z, A [Dor222us A Do,2zz0p)
o a = b]] > YavbVu,¥u, .[TS][3"* x 5] A .[Dg2.[3"* x 5]y,

A Dyon[32x 52yl Da=b
Deduction Theorem, Rule P, Gen: .27

.29 |' [TS]’Z > VaVquaVU,, .[TS]tz A .[@ozztzua A ¢022t2Ub]
Da=b 2000: .5, .6, .28

30 F [TS]t2 o .[TS]t2 A .[¢022t2ua A @029}20},] oa= b
Rule P: .29, 146, 147
31 F Dyzatu, o [TSIE, Rule P, Sub: 2307

‘32 I" [@022121‘“ A @022[201,] >oa= b Rule P: .30, .31.
Theorem 2314 is obtained from 2313 by the use of 170 and Rule P.

Proof of 2315:
Let Py,, be [At,4w, . Doo2tws A YeVX Vg, . Pozatax. D DPoralaq.].
23151 F Dyy,3x. 2 ¢ =0 Sub, Sub,: 2311
2@g.3x.Fe =0 MP: Premiss, .1
3 Dy3y3%. F Doay3q. 300: .2, 2301

4F VCchch .¢ozz3xc o ¢0223qc
Deduction Theorem, Gen, Gen,: .3
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2315.5 F YqoPy22390 Rule P: 2301, .4; RR: 103, Gen

6 FVYq,Pys55q;. The proof of .6 is similar to the proof of .5.
Use 2312 and 2302 in place of 2311 and 2301.

Let o1 be Pyyaratt,, PozaSaly; let 372 be @p,,[37 x 57]x,.

23157 H#1 & Dy, 1,0, RR: Premiss, 103; Rule P
B H#E Dy, ,8,0, RR: Premiss, 103; Rule P
G Dy,,[37 x 52%q,, Sub, Sub,: 2303; Rule P: .7, .8
J0 1 F Dyy,[37 x 55z, Sub: .9
A1 L, H#2 F (ab) = ¢ Sub, Sub,: 2313; Rule P: .9, Premiss
A2 581, 2 F Dy,,[37 x 5%]g. 300: .9, .11

A3 5 F VeV Vg, . Dp2,2[37 X 55]x, o Dy,,[3™ x 5%g,
Deduction Theorem, Geén, Gen,: .12
J4 S F Yz, Pyl [37 x 57z,
Rule P: .10, .13; RR: 103; Gen

A5 FVraVs,Vavh ([3u,Po,orau, A 3u,Pos28,0,]
D VzgPo22[3" % 5]z,

172, Deduction Theorem, Rule P, Gen,, Gen: .14
A6+ ¢022t2W2 = Pozztsz 2300: .5, .6, 15

AT F Dozztau, o . Dosatatty A YeVX NG Dozatrxe © Poiatag,
Sub: .16; R: 103

A8 FVeVx Vg [Porataxe © Dozataqc] @ Dozatrtia = Doratat,
Rule P: Axiom 7, 145
A9 F Dosatyuy © Dosatav, "~ Rule P: .17, .18.

Theorems 2316 and 2317 follow easily from 2315 by the use of 170, 123,
and 143.
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Proof of 2318:
2318.1 F 3x Dy, tax, D VX Dyaatrx. Sub,: 2317; R: 123
2 F3c3x Dyrataxe D IVx Dyy,taX, 177: .1,
Theorem 2318 then follows by Rule P from .2 and 2308.

Proof of 2319:
2319.1 (TS, o 3a¥x,Dg32t 1%, R: 157, 2318
2 FVx,Pozatax, D Pozatax, 146
3 F[@grztaxs A Pozataty) > a=D>b Sub: 2313
AlFa=>b>o .DPuityx, 2 Do2ataX, Axiom 8
S EDgoatx, o Dyaatythy Sub, Sub,: 2315
6 FVx,Dyastax, o . Doatity 2a=b Rule P: .2-5

T F3a¥x, Dy 2ataXs 2 JaVbVy, . Dyaatau, 2a=b
143, 144, 177: .6
8F Vqu,,[diozztzu, 2g= b] o . Dy,atau, 24=a
Rule P: Axiom 7, 146

9 F Dy, thu, o [TS); Rule P, Sub: 2307
10 F 3aVbVu, [Py 2ty = @ = b] > TSk, Rule P: .8, .9, 302; 171
A1 F [TS), 2 3aVbVu, .Boyatauy = a = b Rule P: .1, .7, .10.
Proof of 2320:
2320.1 F Byyat,wy o . (TSN, A ey, . wy = ¥, R: 123, 2307.
Let 5 be Do, t2%a, PozataWa, W; 2 Vo
2 Doy, thy. 200: Premiss
3HFDoyatyx, A Doyatry. >a=c Sub, Sub,: 2313

4#FVra=c Rule P: Premiss, .2, .3
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23205 # ¢ wy = y, 300: Premiss, .4
6 Ty, Wy = 3, Exist (166): .5

7 3x,Dos2t2%0, PozatsWz, Icqye Wy = Yo b Iya .z = Y,
172, 173, 163: .6,

Theorem 2320 then follows from .1 and .7 by the Deduction Theorem
and Rule P.

Proof of 2321:

Let 5! be @y,,[32 x 54 Jm, A Dgaatn, A [TSIt,.
Let 5#2 be [m, 2z y,,c], [nz 2 z,,].

2321.1 H#1F Dy,,[3' x 5“0my A Dozatin, Rule P: Premiss
2 2 m, 2 Vac Premiss
3#?tn, 2 z, Premiss
4, A2 Doyy[3' X 50 yee A Do2altaz, 200: .1, .2, .3

5 #F TS, A b3z, .0 = 2,
RR: 123, 157, 2307; Sub; Rule P: .1
.6 I' [[TS]tz A [TS]“Z A ¢022[3t2 X 5“2]yac] s .3m4¢022t2m,

A In Dy, usn, Sub, Sub,: 2309
T AL, A2 F o, Doty Rule P, Exist (166): .4

.8 l' [3nc@022u2nc A avb@ozzuzvb] o= b
R: 123, 2314; Sub, Sub,
9, H*te=b Rule P: Premiss .4, .5, .6, .7, .8

10 L H2 b my = Y 300: .2, .9

11 2%, #2 b 3a3by,3z, My = Ya A My =z,
Rule P, Exist (166), Exist, (167): .3, .10
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2321.12 s#1, HaE!cElya,{mz = y,,c], Hbﬂz,,[nz 2 z,,]
b 3a3b3yadz 2 = Yap A M2 = 2, 172, 173: .11

13 F[[TS)z A [TShty A Dosal3™ x 571m,] 303 ae -1z = Yae
Sub: 2310; R: 123, 157.

Theorem 2321 now follows from .5, .12, and .13 by the Deduction Theo-
rem and Rule P.

The proofs of 2400, 2401, 2402, and 2403 are very similar in style to the
proofs of 2300, 2301, 2302, and 2303, respectively. We therefore leave the
details of these proofs to the reader.

Proof of 2404:
1 FBy,y,3,T, Sub: 2301
2 F B335, c01) - A%1To] Sub: 2302
3 ¢ VaVbVu Yo r Vs, ([ Dozaratty A Pozasaty]
> Dy,,[37 x 5] [Az,u,] Sub,, Sub, Gen, Gen,: 2303
A F [Mapslt,ws o Pyyt,w; 2400: .1, .2, .3.

Theorem 2405 follows from 2404 and 2307 by Rule P.

Proof of 2406:

Let P022 be

(40w, . [Mapsltwy A VKN, [tz = [3 x 5] A [TSW, A [TS12]

2

> dc3ddq v, .[Mapslk.q. A [Mapsljvg A w, = [lquc]].
2406.1 + Py,,3T, Rule P, Gen: 2309.1, 2401; RR: 103

2F P0225[L1(01) -Zxx_To]-
The proof is similar to the proof of 2406.1.
Let 5! be Pozaratia, Py, ,y8,0,.
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Let 2 be [37 x 5] = [3** x 52] A [TS)k; A [TS)js.

2406.3 #°1 + [Mapsir.u, RR: Premiss, 103; Rule P
4 1 F [Maps)s,v, RR: Premiss, 103; Rule P
S5 ot ¢ [Maps] [37 x 5] [Az,u,] Rule P: 2403, .3, .4
6 H#LE TSI, A [TS]s, Sub, Rule P: 2405, .3, .4

TH#LHr, 2 k,. The proofs of .7 and. 8 are left to the reader.
8HLH s, 2 ),

Use the hypothesis 2 and .6. Note that the proofs of 2309.11
and 2309.12 can be used here with virtually no changes.

.9 5L, #2 |\ [Mapslk,u, R’:.3,.7
10 1, #2 + [Maps]j,v R’: 4,.8
12 L, % b [Mapslau, A [Mapsljzo, A [Azgta] = [Azstty]

Rule P: .9, .10, 100
A3 521, #? F 3c3dIg v,  [Mapslk.q. A [Mapsljve A [Azou,]

2 [izq.] Exist (166), Exist, (167): .12
14 581 F Py, ,[37 x 5] [Azpu,)
Deduction Theorem, Gen: .13; Rule P: .5; RR: 103
A5 F VavVbVu Yo Nr Vs, Po2arats A Poz2Sats)
D Po22[3" x 5% [Azyu,]
Deduction Theorem, Rule P, Gen, Gen,: .14
d6 F [Maps]t2W2 hd Pozztsz 2400: .1, .2, 15
17 F [Maps] [3™ x 5°lw, o .[Maps] [3" x 57w,
A VoV, J[37 x 5%2] = [3** x 571 A [TS]k, A [TS)).]
o J¢3d3q v, . [Mapsiksq, A [Mapsljvg A ws 2 [Az49.]
Sub: .16; RR: 103
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240618 ¥ [Maps] [3™ x 55w, o .[[3"* x 5] = [3"* x 5] A [TS]r,

A [TS1s,] > 3adb3u, v, .[Mapsirou, A [Mapsls,v,

A Wy = [Az,u,] Rule P: .17, 145; R: 123, 157.
Theorem 2406 follows from .18 and 100 by Rule P.

Proof of 2407:

Let B,z be [lizdj, .[TSl, A iy = 35 .To = j,].

24071 F[TS13 A .32 35.T, 2T, Rule P: 2002, 100
2 F Byya3T, RR: .1, 103
3FITSIS A .5 = 35 .Ty = [0y -4%:To] Rule P: 2003, 2311.4
4 F Bozy5[ti01y - 4%1T5] RR: .3, 103
5 F Bogaratts A Bozsssby o .[TSIr2 A [TSls;  Rule P, RR: 103
6+ [TS)r; A [TS)s; > [TS][37 x 5] Sub: 2004
Jb ~.3=[37% 57 A [TSIr, A [TS)s, Sub: 2309.1

8 F Boyaraty A BozaSyvy © Boao[37 x 5] [Az,u,] ,
Rule P: .5, .6, .7; RR: 202, 103
9 F [Mapsliyj» © Bgzaizfa Gen, Gen,: .8; 2400: .2, .4
10 F [Maps)3w, = [TSI3 A .32 35 .To = w,
Sub: .9; R: 103
A1 FVw, . [Maps]3w, o .T, 2 W, Rule P: .10, 100; Gen
12 F [Maps}3Ty A Yw, .[Mapsl3w, > Ty = w,
Rule P: 2401, .11

A3 F 3g, .[Maps}3g, A Yw, .[Mapsl3w, > .g, 2 W,
Exist (166): .12

14 v+ 3g, .[Maps)5g, A Yw, .[Maps)sw, o . g, 2 Wy

The proof of .14 closely parallels the proof of .13. Simply inter-
change the roles of 3 and 5, and T, and [1;(01) - 4x1 7]
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Let 5#1 be [[Maps]yzgz A Yw, . [Mapsly.w, o .8 2 wz],

[[Maps]zzhz A Yw, . [Mapslz,w, o .h, 2 wz]; et s#2 be [gz 2 mc],
[h2 2z n,,]; let 5#° be [Mapsly,u, A [Mapsiz,v, A w, 2 [Azu,].

2407.15 1, 42 v [Mapsly,m. A Yw, .[Mapsly,w, = .m, = w,
200: Premiss
16 31, 52 & [Mapslzong A Vw, [Mapslz,w, o .ny 2 ws
200: Premiss

A7 #L, 2 ¢ [Mapsly,u, o m, 2 U, Rule P, Rule S: .15
18 51, #2 & [Maps)z,v, o Ry 2 5 Rule P, Rule S: .16
19 521, 52, 3 F m, 2 U, Rule P: Premiss, .17
20 S, H2 APy, 4 vy Rule P: Premiss, .18
21, 42, % Fc =a Sub, Sub,: Axiom 10; MP: .19
228, 2, 43 rd =0 Sub, Sub,: Axiom 10; MP: .20

23 1, 52, 3 b [Azpu,) 2 w, Rule P, EE-Rules (205): Premiss

24 L, 2, A3 Az = w, 300: .21, .22, .23
25 L, H2 AP u, = m, 300: .19; EE-Rules (205)
26 AL, 2, AP [Azgm,] = w, R': 24, 25

27 #2152 v Ja3bu v, [[Mapsly.u, A [Mapslz,v, A wy

2 Vzu]] = .z = w,
PDeduction Theorem, 170, 171: .26
28 F [[TS]y, A [TSlzz A [Maps] [3° x 5%41w,)
> Ja3b3u, v, . [Mapsly,u, A [Mapslzv, A W, 2 [Az,u,]
Sub: 2406
29 51 F [TSly, A Ac3x, .22 2 X, Sub: 2405; Rule P: Premiss

.30 21 & [TS)zy A 3e3x, . by 2 b Sub: 2405; Rule P: Premiss
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2407.31 AL, % b Vw, . [Maps] [32 x 52w, o [Azam.] = w,
Rule P: .27-.30; Gen
32 + [Maps]y.m. A [Mapslz,ng o [Maps] [3”* x 5°2] [Azym,]

Sub, Sub,: 2403
33 1, #? F [Maps] [32 x 5°2] [Azym,]

A Vw, . [Maps] [3°* x 55w, o .[lzam.] = w,

Rule P: .15, .16, .31, .32
34 #L, #? & 3g, .[Maps] [3* x 5%]g,

Vw, .[Maps] [37* x 57wy, D .g;, = W, Exist (166): .33

35 31, 3cIm, (g, = m.), 3dngh, Z n,) ¥ 3g, . [Maps] [37 x 5%]g,

A ¥w, .[Maps] [3 x 52w, > .g, = W, 172, 173: .34
36 1 + AcAm,[g, = m,] A 3dIng[h, = n,)

RR: .29, .30, 123, 157; Rule P

37 FVy,Vz, .[ng[[Maps]y2g2 A Yw, . [Mapsly.w, o .82 = wz]

A Bgz[[Maps]zzgz A Yw, . [Mapslz,w, o .8, Z wz]]

o 3g, .[Maps] [3”* x 5%]g, A Yw, .[Maps]} [3”* x 5%]w,

S.g=w,

Deduction Theorem, Rule P: .35, .36; 172, Deduction Theorem
Rule P: 123; Gen

38 + [TS]t, o 3g, .[Mapslt,g, A Yw, . [Mapslt,w, o .g5 2 w,
2000: .13, .14, .37.

Proof of 2408:

2408.1 F [Maplu, = [ta(02) - [Maps] [ta(0:) - [Variablelu;]]
103, def. of [ Map]
.2 [Variablelu,t, t [1,02)[Variablelu,] Z t,
Sub: 2106; MP: Premiss
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2408.3 [Variablelu,t, + [Maplu, 2 [t202y[Mapslt,] R’:.1,.2
.4 [Variablelu,t, + [TS}t, Sub: 2104; Rule P: Premiss
Sk 3g2[[Maps]t2g2 A Vw, . [Mapslt,w, o .g, Z w2]
> [Maps]t,[iz02)[Maps)t,] Sub: 216; Rule P: 123; 170
.6 [Variableju,t, - [Maps]t;[tz(02)[Mapslt,] Rule P: .4, .5, 2407
1 [VariableJu,t, b [Mapslt,[[Maplu,] EE-Rules, R': .3, .6.
Theorem 2408 then follows by the Deduction Theorem.

Proof of 2409:
2409.1 + [Maps)t,[[Maplu,) > Pozat:[[Maplu,] Sub: 2404
2 F [Variablelu,t, o Doa,t2[[Maplu,] Rule P: .1, 2408
3 F Vx,Vt, . [Variablelx,t, o Doasts[[Maplx,] Sub, Gen: .2
4 F [Assign] [Map] RR: .3, 103; def. of [A4ssign].

Theorem 2410 follows from 2409 by Rule Exist (166).

Proof of 2500:
dbx, =512 g [[x2 =21 Ay =q] v .~[x; = ;]
A hyyxs = g1 =y, Sub: 211

2 F[xy = jol o [Modlhyjyy:%2 = ¥,
RR: 103, .1; def. of [Mod].
Theorem 2501 follows from 2500 by Rule Sub, 100, and Rule MP.

Proof of 2502:

dF ~x, =5]2 g dlxe =] Ay, =gl v o~x, =5
A hzzxz = q;_] = hzzxz Sub: 212

2+ ~[x; =j2] D . [Modlhazjyaxs = hasXs RR: 103, .1.
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Proof of 2503:
Let 5% be [Variablelj,ss, Po225:Y2, [Assignlh,,, [Variablelx,t, .
2503.1 A2, [x, = j,] F [Variablelj,t, R’: Premiss
25,[x, =1t s, =1t Sub: 2105; Rule P: .1, Premiss
3 #, [x2 =j21 F Dozatzy2 R’: .2, Premiss
B, [x, = j,]1F [Modlhyzjy2%, = ya MP: Premiss, 2500
S5, [xy = Jo]F Doasta[[Modlhy;j,y.x,] E-Rules, R’: .3, 4

.6 | [Assignlh,, o .[Variablelx,t; o Dgzata[hasxs]
Rule P: 146; RR: 103; def. of [Assign]
T H, ~[x, =, F [Modlhysf,y.%2 = hozx;  MP: Premiss, 2502

B8, ~[x;, = j,]1 F Dyazta{hr2x,] Rule P: Premiss, .6
9, ~[x, = ju]l F Doyt [[Modlhysfry.x5] E-Rules, R’: .7, .8
.10 [Variablelj,s,, @o225.Y,, [Assignlh,, v [Variablelx,t,

D Dy,,t:[[Modlh,,j,y,%,] Deduction Theorem, Rule P: .5, .9

11 [Variablelj,s,, Poz25:¥2, [Assignlhs, v [Assign] [[Modh,,j.y.]
Gen: .10; RR: 103; def. of [Assign].

Theorem 2503 now follows by the Deduction Theorem and Rule P.

Theorem 2600 follows directly from the definition of [Value]. The proof
is similar in style to the proof of 2300. We leave the details to the reader.

Since the reader who has come this far must by now be quite familiar
with the workings of the system Q, we shall henceforth abbreviate our
proofs even more than has been our custom so far. In particular, after a
line in a proof we shall often merely indicate the principal lines of the
proof or theorems from which it is inferred, and leave it to the reader to
supply the particular rules of inference or theorems from Chapter II
required for the intermediate steps. In this way we shall avoid dwelling
on details which by now have become routine, yet we shall supply out-
lines from which complete proofs can easily be constructed, if desired.
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Proof of 2601:
The proof is based on Theorem 2600. Let Py,,(22, be

[lgzzlnzlxz .[Assign]glz A HSZ .[Wﬁ]n2S2 A ¢02}.s2x2]‘

2601.1 F Bozs[3° x S5y, 0 2305
2 F 3, AWF12"]s; A Bozasationy .1, 2202
3 [Assignlha, b Pozagaiyhza[2 1o 2
AF (TSI A JuBosatau,] o 3s, [ [2177]s,
A Do325:004 2203, 2306
.5 [Assign]hy, b VaVit, [[TS1t, A FuDoaztau,]
> Posogastaa 2 Qous 4
6 F [Varly, 2 [Variable]v,[t202)[Variable]v,] def. of [Varl

7 + [Variablelv,[vz 0.y [Variable]v,]

o [W112%] [e202)[ Variablelv,] 2204
.8 | [Assignlh,, > .[Variablelv; [t 02y[Variablelv,]

D Do33[202)[Variable]v,] [h220,] def. of [Assign]
.9 [Assignlhy, F Vo, . [Varlo, D Poaaazyha[2”] [h2202] .6,.7, .8
10 F [[Wf17.13%2 x 51 A [WffImau, A [TS]e,]

o (W27 +j, * my » 2M]t, 2205

A1 R [Whmau, o [TSu, 2201

A2 F[[TS)y A [TSTuz A Do22[3% X 5ya] © Dozatz[yazs]
2309, 2316
13 [Assignlhy, b (W 1.[3'2 % 5 A [Wflmu, A [TS]E,
A Dy32[3 x 50y,] o Pozz(zz)h22[27 *jo xmy % 2" ywz)
10, .11, .12
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2601.14 [Assignlhy, b Vj¥maVe,Yu,VaVbVy vz,  [[WF17.[3' x 5]
A [Whmaus A TSIty A Dpza[3 X 500 A DPoratizz,
A Pozzazyhz22Yas A Pozagazyhaamazy] o
o Pozz(zz)h22[27 *js x my * 21 [y2,] I K
A5 F [[Variablelj,t, A [Wfmau,]
o [WH1[27 % 273 % 22 & my + 2771 [3* x 5" 2206
16 F [DPoratalfisye] A Pozatays] @ Po2al3* x 5711, 2303
A7 [Assign]ha, b Y, Ym, Ve, Vu,Va¥byf,, . [[Variable]j,t,
A [Wiflmauz A Nyy . Dozat2yy A Pozatz] fards]
A Posa2y[[Modlhy; joyslmal fasys]]
D Pozsaayhza[2” % 27 % 2w my + 2V 1, 15, .16.

Theorem 2601 now follows by 2600 from .3, .5, .9, .14 and .17.
Theorem 2602 follows easily from 2601 and 2209,

Proof of 2603:
2603.1 [WffIn,s,, Pozz82%,, (Wiflnat, b s, = ¢, 2208
2 [Wnyss, Poza82%,, [Winat, b Poaatax, R’: Premiss, .1
335, [[WfInass A DPoaasox,], (W nats b Dyaatax, 172: .2.

Theorem 2603 follows from .3 and 2601 by the Deduction Theorem and
Rule P,

Proof of 2604

To avoid excessive writing we temporarily define 4,, By, Co, Dy, and E,
to be those wifs such that [Value] is

[1g221n22x2 .Vpazz(zz) -thz[[ASSign]hzz o] 'AO A Bo A Co A Do A Eo]

= Pozz(zz;gzznzxz]-
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Note that po32(22y and h;, are the only variables free in the wifs 4,, B,,
CO’ DO L] EO .

2604.1 F Yh, [[Assignlh,s o .Ag A Bo A Co A Dy A Ey]
o . [Assign}hy, o Ay A By A Co A Dy A Ey 146
2 F Ay 2 Pozaanyaa[2Tycon Rule P; def. of 4,
3+ [Assignlhy, o Yhy,[[Assignlh,, D . Ao A By A Co A Dy A Ep)
> Pozza2a2[2 oy Rule P: .1, .2
4 t [Assignlhy, > [Valuelhz2[2 1101 143, RR: 103, .3.

The proofs of 2605 and 2606 are similar in style to the proof of 2604,
We leave the simple details to the reader.

Proof of 2607:
Let Ao, By, Co, Do and E, be defined as in the proof of 2604,
A F[Valuelh, 5,y © Vhyo[[dssignlh,, o . Ao A By A Cy
A Dy A Eg)] D pozaaayhaaizya 1465 RR:103; def. of [Value]
2 F [Valuelh,omyz, © Nhy,[[Assignlh,, = Ao A By A C
A Do A Ec] > Pozagazyhzamazs 146; RR: 103
3 F Dy o ([WH1)[3" % 5" A [WffImau, A [TSIt,
A Do35[32 % 5%y A DozathyZy A PorzzayfizzizVas

A Poz2(22yh22m22p] 2 Pozz(zz)hzz[27 % jo % my % 2'1] [yaz,]
Rule P: 146, 147; definition of Dy
A4 F [[Assignlhy, A [WE17,[3% x 5%2] A [WfImau, A (TSt

A Do32[32 x 50y, A Dozattaz, A [Valuelhz2j2Ya
A [Valuelh,,myz,| D Nhyo[[Assignlh,, = .Ag A By A Cy

A Dy A E] o Pozz(zz)h22[27 *j, *my * 2'1 [Vavzs]
Rule P: .1, .2, .3, 2604.1.
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Theorem 2607 now follows from .4 by 143, RR, 103, Rule P, and the de-
finition of [Value].

The proof of 2608 is similar in style to the proof of 2607. We leave the
details to the reader.

The proofs of theorems 2609, 2610, 2611, 2612 and 2613 are similar in
style, and are straightforward though somewhat lengthy. We shall prove
2613 as an example, but leave the others to the reader. In each case the
proof is based upon 2600. For the proof of 2609 let Py,5 (22 be

[AgaaAnixy oy = 27 5 x3 2 1 00)].
For the proof of 2610 Iet Poy,(22) be
[Zgzzlnzlxz Vs, .[[T Sls, A ny = [2[’952]]] o 3cu, . Doz25,4,
A X, z QOCC].
For the proof of 2611 let Po,;(22) be
[Aga2An,Ax, Nw, Vs, .ny = 2¥2 o [ [Variable]lw,s, = x, 2 g22w2].
For the proof of 2612 let Pgz5(22y be
[Ag22An,4%, . [Valuelgaonaxs A Yk Nm VY,  [[WHTE,[37 x 57
A [Wmaus A (TSIt A ny = [27 % by xmy % 2]
> 3836373325 . DPo22[37 X 57135 A PozatiaZs A [Valuelg, Koy
A [Valuelg.,mazz A x; 2 [yaz5ll.
Proof of 2613:
Let Pg;5(22) be
[Ag22An,2x, . [Valuelgzanzx, A Yk, Nm N6,Vu, .[[Variablelk,t,
A (W Vs A ny = [27 %217« 22wy » 21) o 32303f5 . x,
= fis A V95 PoaalaFs A Pozaitalavs]
A [Value] [[Mod]gaak:75lm. fa¥sl]-
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2613.1 [Assignlh,, F [Valuelh;2[2" 1 o1y 2604

2 b ~.[Variablelk,t, A [Wflmyu, A 277

=[27 %213 % 22 x i, » 2],

The proof is left to the reader.
3 [Assignlh,, ¢ Pozz(zz,hzz[Zn]L,(o” A, .2
A F TSIty A FuDoratau,] > ~.[Variablelk,t, A [Wilmau,

A 2L 27 4 213 4 DB w7, w210,

The proof is left to the reader.
.5 [Assignlha, b Vave, (TSI, A FuDo,,tu,]

5 Poszazhz2[ 21 Qoa A4, 2605
6 F [Varlp, o ~.[Variablelk,t, A [Wfm us A 2%

= [27 % 213 « 2P w i, % 211,

The proof is left to the reader.
7 [Assignlhaa F Vo, [Varloy © Poyacaayhi2l2°] [hy0,) .6, 2606
8 F Pyzra2yhazizYas A Pozzazyhaamazy > [Valuelhzzja¥an

A [Valuelhy,m,z, def. of Pyz2(22)
9 F [Wf1/[37 x 5*2] A [WffImau, > ~.[Variablelkt,

AWM, A2 %, xmy « 211] = [27 % 2% & 252 a1y o 2],

The proof'is left to the reader. (Note that 13 is ‘4", but that 4 cannot
be the first symbol in a wil.)

10 [Assignlh. . F Vj,Vm Ve, Yu,YaVbVy vz, . [[WH1[3" x 5%
A (W imaus A ITSY; A DPozsl3™ X 5Waw A Po23t3%,
A P01.2(22)h22j2yab A Pozz(zz)hzzmzzb]

= Pozz(zz)hzz[27 *j2 xmyx 211 [y,z,) .8, .9, 2607.



126 THE SEMANTICS OF THE SYSTEM Q,

Let 5 be [Assignlh,.,

[[Variablelj,t, A [WifImaus, A Yyy . Dozatsys A Doszttz] fuyr]
AP 0z2(22)[[M0d]h22j2J’b]m2[faby'b]];

let A2 be

[[Variablekst, A [WfTm 5, A [27 %2 % 22 % my + 21)
= [27 $28 e X umy » 2”]].

2613.11 b Poy2022y[[Mod]hz 275 y5)mal fands]

fiv.3

o [Value] [[Modh; 2 )2 yelmalfinys] def. of Pozz(zz)

J2 51 E Yy, Dozatayy A Do2atta[furds)
A [Value) [[Modlh,,j2ypims [fonds)

remiss, .11

13 o1+ [Valuelhy (27 # 273 % 272« my # 217]f,,  Premiss, .12, 2608

.14 [Variableljyt,, (W imauy, H2 b jo =k, A my; =m,.

The proof is left to the reader.

A5, 4%, =k, 14
d6 4, 82 Fmy, = m, .14
17 o1, #2 | [Variablelkt, Rule P, R’: Premiss, .15
A8 oL, SP2 - (W Imu, Rule P, R’: Premiss, .16
.19 + [Variablelkyt, > .[Variablelk,t, > t, =1, 2105
20 F (W imau, o (Wi mau, o u, = u, 2208
21, 82 t, =1, Premiss, .17, .19
222 H#,H#2u, = u, Premiss, .18, .20

23 1, 2 F fa =2 Jab A VY -Qozziz}’b A qjozz-ﬁz[ﬂm]
A [Value] [[Modh; k3,1, f .53

R’: .12, .15, .16, .21, .22; Rule P: 100
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2613.24 o, 2+ 32363 f35 . fop 2 fi5 A V5 . Doaats v5 A Dozatta] fooys]

A [Value] [[Modlhz K, y50m. | f5v5]
R’: .23, 123; Exist (166), Exist, (167)

25 A1 b Poyagazyhza[2” # 273 x 22w my + 2V .24, .13
.26 [Assignlhy, F Y. Vm N, Yu,YavVbvy,, . [[Variablelj,t,

A [WifTmauy A Yy, Doratyye A Dotz fusys]

A P022(22)[[M0d]h22j2yb]m2[f:zbyb]]

o Pozz(zz)h22[27 * 213 * 2"2 * Ny * ZII]f;b .25
27 t+ [Valuelg,,127 * 23 « 2% « m, # 275,

= Pozz(zz)gzz[27 * 20 w22 my * 2“]f2
2600: .3, .5, .7, .10, .26; Sub.

Theorem 2613 follows easily from .27 and the definition of Pyzz(;32).

Proof of 2614:
Let 5 be
[Variablelw,t,, [Wffly.uz, Vg2.1[Assignlg,, > 3i, .[Valuelg,.y,i,
A Yy, [Valuelg,,y, i, = .2 = i), 3myDg.qtamy, [Assignlhs,.
2614.1 F [Assignlh,, > .[[Variablelw t, A [WH ]yt A Yz, Por2tr2,
A Dosou, [z, 1x, [Value} ([ Modlh, ,w, 2,1y, %)z,
A [Value] [[Mod)hzw,z,1y,[[42, 21X,
[AValue] [[Mod)hz2w,25]y2%4)25]1]
o .[Valuelh,,[27 % 272  2¥2 % y, » 211]
[Azy .vx, . [Value] [[Modlh,,waz,]y2x,] R: 2608, 123; Sub
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2614.2 #F Vzb[¢022tzzb A @ozzuz[Lx" .[Value] [[MOd]hzszZb]yzxa]
A [Value] [[Mod]hzw2z,]y, (X, . [Value] [[Modhaawaz,]y2x,]]
o . [Valuelhyo[27 % 273 % 2" x y, 5 2'1]
[Azy . wx, . [Value] [[Modlh; w221y 2%,]
R: 103, .1; Rule P: Premiss
-3 l’ 3ia[POaia A Vja °p0nja Dja ; ia] =2 pOa["a(Oa)pOa]
R: 216, 123, 202; Sub, Rule P, 170
A4 v 3i,[[Ax, . [Valuelgssysxdia A Via 1A%, . [Valuelgzzp2xdia = Ja
= i) o .[Ax, . [Valuelgz,p2%a] liacosy -AXa - [Valuelgzzyax.]
Sub: .3
5 F 3i[[Valuelgy,yaia A Vo . [Valuelgs:y2]a = Ja =)
> .[Valuelg;,y.[ux, . [Valuelg,»y2%a]
R: .4, 103; def. of [tx,A4,]
. , .2, , , @,
6 ¥ Y, [[Valuelg,,9,0, 2 Ja = i] o .[Valuelgs2y:ja © -Jo = s
RR: 201, 145
- . . 2 - - .
T V), [[Valuelgazyaja = o = ia)  Via . [Valuelgz2y2Ja

D .= 1, 143: .6

.8 v [Assignlg,, o Ji, . [Valuelgsay,i, A Vi, . [Valuelg,,y2ja

D=1, Rule P, 176: .7; Rule S: Premiss; Rule P

9 oF + [Assignlg,, > .[Valuelg,,y.[ix, . [Valuelgz2yax,]
Rule P: .5, .8

10 S+ Dy,yyty2, Sub, Sub,: 2316; Rule P: Premiss
A1 F [[Variablelw,t, A Do3z2t22y) o [Assignlhas

o [Assign] [[Modlh,,w,2,] Sub: 2503
12 2 - [Assign] [[Modh,,waz,] Rule P: Premiss, .10, .11

13 S+ [Value] [[Mod)h,2w,2,1y: X, . [Value] [[Mod)h; :w,2,1y2Xd)
Sub: .9; Rule P: .12
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2614.14 2 F Dy, uzlix, . [Value] [[Modlh, o waz,)y2X,)
Sub: 2603; Rule P: .13, Premiss
15 # k [Valuelhs,[27 # 212 # 2*2 x y, # 2]

[z, .ux, . [Value] [[Modlhyaw,z,]y x,]
Rule P, Gen: .10, .14, .13, .2.
Theorem 2614 follows from .15 by the Deduction Theorem and Rule P.

Proof of 2615:

The proof is based on 2200. The wff P, referred to in the statement of
2200 will be the wif

[[Wﬂ’]xzrz A JaVg,, .[Assign]g,. = i, .[Valuelg,,x.i,
. . .2,
A V), [Valuelg:,x,5, o .j, = ta].

Note that x, and r, are the only variables free in P,. For convenience we
shall write P(4,; B;) as an abbreviation for [$373,P,).

2615.1 + [Assignlg,; o .[Valuelgs212" 101y A Vi . [Valuelg,2[2"1);

> .2 = ey 2604, 2609
2+ P(27; 35 x s17x) Rule P, 164, 165, Gen: .1, 2202
3 3u,Do22y2Us, 3 Do22Y 24, J2 2 O ba=>b 2314
A4 J3u Doz, u,, 3UsDo22ya2ts, Ja = Qows FJ2 = Qoaa 300: .3

2 L2
5 3u,Poz2p2u,, E]b[aub@ozzyzub Ay = QObb] FJj2 = Qosa
173: 4
6 F [Value]g22[2[19yz]]j2 > .[TSly; o 3b.3uDo22Y2 A J2 2 Qoso
2610

T (TS1y2, ,Boz,y .0 t [Valuelgs (2], 2 jo 2 Qoua -5, -6
.8 [TSly,, 3“a¢022]’2un, [Assignlga, [Value]gn[z[”yz]]QoM
A Y . [Valuelgao[21] 7, 5 j, 2 Qous 7, 2605
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2615.9 [TSly,, 3u;Do2.y.u, b P(21197; 3137% 5721 ¢ 502) 8, 2203

10 [TS1y, b 3a3u,Do,,y,u, o P21 317970 o 502)
Deduction Theorem, 171: .9

11 F[TSYly, o 3a3uDo2p5u, 2308
12 F Yy, .[TS]y, o P(227; 3l37x572] o 52) 10, .11.
Let 5! be [Variablelw,t,, 3x,Dg212X,, [Assignlg,,.

13 51 F [Varlw, Premiss, 2107

14 1+ [Valuelg,2[2""] [g2,w2] Premiss, .13, 2606

15 ALY, . [Valuelgy,[2"), 2 j» = a2 2611

16 H#1, gywy = i, b [Valuelg,,[2%i, A Vs . [Valuelgs 12",
5, =i, Rule P, 200: .14, .15, Premiss

A7 1 + 3i[gyow, = i) o Fi, . [Valuelg,,[2*Yi,
A Vjy [Valuelg,,[2")j, 2 j2 = i,
Deduction Theorem, 176: .16

.18 M [Variable]w2t2 o ¢022t2[g22W2] ’
Rule S: Premiss; Def. of [Assign]

19 o1+ 3i,[gy0w; = iy 2320, Premiss, .18

.20 [Variable]wztz, Hxa(ﬁontzx,, + .P(ZWZ; tl)
Deduction Theorem, Rule P, Gen, Exist, (167): .17, .19, 2204

21 v [Variablelw,t, o .3adx,Dy,at:x, = P(2¥%; t,) 173: .20

22 F [Variablelw,t, = 3a3x,Dgy2t2%, 2104, 2308

23 F Yw,Vt, .[Variablelw,t, o P(2**;t,) 21, .22,
Let 5#2 be

[Wﬂ]J’z[3t2 x 5], [Wiflz,u,, [TS]t,, Vg, [[Assignlg,:
> 3i, .[Valuelg,;si. A s .[Valuelgsoyajs = Ju = icl,
Vg, [[Assignlg,, o 3ky.[Valuelg,,z.ks A, [Valuelgzazajz = ja = ka)-



Iv.3] PROOFS 131
2615.24 t [Valuelg,2y1i. A [W1y,[3" x 5%2] o &y,2[3" x 5,

2603
25 2 F 3 Dy,,[3 x 54, Premiss, .24, 2410
26 #? & 3k Dy, u.k, Premiss, 2603, 2410
27 #? b [TS]u, Premiss, 2201
28 F [[TS)t, A [TSWy A 3igsa[37 x 5°2i,] 2 3ab3xsy iy = Xap
2310, 2316
29Fi, 2 x4 > .c = (ab) Axiom 10
30 F 303b3x,y[i. = x,5] = FaTb .c = (ab) .29
31 2 3a3b .c = (ab) Premiss, .25, .27, .28, .30
32 #2, ¢ = (ab) b Do22[32 X 5"%]i 300: .25; 2316
.33 ”2, C = (ab) F 3nb¢022u2nb PremiSS, .27, .32, 2309
34#%c=@b)Fd=5b .26, .33, 2314.

Let G, be the wif

ngz[[Assign]gu o> 3i,, . [Valuelg,,Y2im A Vi, [Valuelg,syajs 2 j» Z i,,,,]
A Vgu[{Assign]gn > 3k, . [Valuelg,,z.k,
A Yj, . [Valuelgyazajz = ja 2 k,,].

3542, ¢ = (ab) } G, 300, Premiss, .34
.36 o2 F q3ble = (ab)] = Ja3bG, 177, .35
37 #°% F 4a3bG, 31, .36

38 (W y,[3°2 x 5", [Wfflzzu,, [TSIts,
dcVg,, [[Assign]gz 2 2 Ji, [Valuelg,,y,i.
A V) [ Valuelgzzya)o > o = i),
Hdngz[[Assign]gzz o 3k, .[Valuelg,,z,k,
A Yjz [Valuelgzaz27, o jo = ka] + 3a3bGo 173: .37
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2615.39 F [P(y,; 3'* x 5“2) A P(z,; u5) A [TS]t,]
S . [WH.[3" x 5] A [Whzus A [TS) A 3a3bG,  .38.
Let 5#2 be [W(fly,[3' x 5], [Wff)zou,, [TS)t,, [Valuelg;2yaiw,
ij[[Value]gnyz J2 D Ja 2 i,,,,], [Valuelg,,2,:ks, Vj,[[VaIue]gzzzz Ja2J:
2 k.] , [Assignlg,,.
40 3 F Dy,,[37 x 5Uis A Doaauizky 2603, Premiss

Al P3¢ [Valuelg,,[27 * v, * 2, # 217 [inpks)
2607, Premiss, .40.

Let J, be the wif
[Qiou[f’ X 5“5 A Doratiszs A [Valuelg,,y,yas A [Valuelg, 2,25 A
2 [yazsl).-
42 ¢ [Valuelg,2[2 # y, » z, » 2111, o [[WfIy.[3" x 5]

A (Wflzaus A [TSIt] o Ja3b3jzazso 2612
43 3 & [Valuelg;2y2 55 > 55 = iny Rule S: Premiss
44 3 & [Valuelg,,2,75 > 2 2 k, Rule S: Premiss
A5t 5z =iy D .(ab) = (ab) Axiom 10
A6+ [(ab) = (@b)] =.a=anb=10 Axiom 9
AT #3, JIhoka=a | Premiss, .43, .45, .46
48 43, Iy bbb =b Premiss, .43, .45, .46
A9 3, T b Gy = iy Premiss, .43, 300, .47, .48
50 3, I, F 7, = k, Premiss, .44, 300, .48
S1AH3 Tk Gy = iy 205: .49
523, U,k 5, = ky 205: .50

5333, Ty b jy = Vsl 300: Premiss, .47, .48
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2615.54 3, Jo F j, = [iaks) R’: .51, .52, .53
55 3, 3a3b3755355) b 2 = [iasks] 172, 173: .54

.56 3 F ), . [Valuelgz2[27 # y, % 2, % 2'1j; D jo = liapk.]
Premiss, .42, .55

57 A3+ 3i, . [Valuelg,2[27 * y, + z, « 2V]i,

Ay [Valuelg,5[2 # s # 2, % 27y 2 Ja = i,
Rule P, Exist (166): .41, .56

58 [Wf1ya[3' x 5, (Wi lzattz, (TS, | [Valuelga oy i

A Y, . [Valuelg,:y2jz = j2 2 i,,,,], EIk,,[[Value]gzzzzk,,

A Vj, [Valuelg,22,j, = j, 2z k,,] \ {Assignlg.,

o 3i, . [Valuelg,2[27 * y, * z, * 2']i,

A Vs . [Valuelgy 127 # y, % 2, % 211]j, o jo = i, .57
.59 [Wfly.[3"2 x 5%, (Wfflz,u,, [TS)t2, Go b [Assignlg s,

o i, .[Value]gy,[27 %y, * 25 + 2P]i,

A V) . [Valuelgs,[27 # y, # 2, # 2']j, o ju 2 i, .58
60 [WAFIy:[3 x 5, [Wflz2tz, [TS),, Go b P(27 %y, 2,4 25 1)
.59, 2205
61 [Wfy:[3" x 5%, [Wfflzou,, [TS)ts,
3a3bGy F P27 % y, * 2z, 2115 1,) 173: .60
62+ Vy2V22Vtzvu2 . [P(yz; 3t1 X 5u2) A P(Zz; ug) A [TS]‘)_]
S P27 sy, xz,% 2105 1,) .39, .61.

Let o4 be [Variablelw,t,, (Wfly,u,,
Vgn[[Assign]gn > 3i, . [Valuelg,.y.i. A Vi, [Valuelg,,y:j> 2 ja 2z i‘,],
Am, Dy yatamy, [Assignlh,, .
.63 4 b [Valuelh,,[27 # 272 # 22+ y, » 21]
[Azy .wx, . [Value]l [[Modlh;,w.2,1y2x,] 2614
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2615.64 s#°* | [Assign] [[Mod]h;,w,2,] 2614.12

(Note that our present 54 is the same as the J# used in the proof
of 2614.)

65 4t [Value] {[Mod]h22WZZb]yz[lxa . {Vafue] [[MOd]hzszzb]nya]
2614.13.
Let Hy be the wif

[jz 2 Sea A Y2g . Dosat324 N Doz atta] frazd
A [Value] [[Modhy w21y fuuzd]) -

.66 % & [Valuelhy,[27 273 « 22 » y, « 2"11j, o 3c3d3f..H,
Premiss, 2613

67 Hy b Dyyuty04 A Dosatisr[ fravsl Rule P, Rule S: Premiss
.68 4 |+ Dy,y0t52, 2614.10
69 4 Dyu,u,ix, [Value]l [[Modlh,,w22z31y2X,] 2614.14
J0#* Hobd=0b 67, .68, 2313
AN H# Hobec=a .67, .69, 2313

T2 4, Ho b jy 2 foy A [Value] [Mod)hzswa2,1y: funzs]
Rule P, Rule S: Premiss; 300: .70, .71
I3+ Vj2[[Value]g22y2j2 Djz i ia] o .[[Value]gzzyzmz D my ; ia]

A [Valuelgs:yk, o ky = i, Rule P: 145
Tabtmy, =i, o [k, = i) = [m;, 2 k) 204
a5 ¢ Eiu[[Value]gzzyzia A Vjy .[Valuelg.2y27. = J2 = iu]

> .[[Value]gzzy,m, A [Valuelg,,yakal o m, = k,
Rule P, 170: .73, .74
76 A4 & [Assignlga, > [[Valuelgy,ysma A [Valuelgzayakal

o m, 2 k, Rule S: Premiss; Rule P: .75
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2615.77 374, Hy & [ [os2s] Z [x, . [Valuel [[Mod)h, w2, )y.x,]
Sub (119): .76; Rule P: .64, .72, .65
18 34, Hy b Vz, . [funzs] = [A2p .1x, . [Value] [[Mod)hy,w,2,]y.%.]12s
RR: 201, 103, .77; Gen
ab

.79 0#4, Ho }_f;b = [12,, .tx‘, . [Value] [[Mod]hzzwzzb]yzxa]
.78, Axiom 3

80 4, Hy & j, = [Az, .1x, . [Value] [[Mod)hs2w,2,1p2%,]
Rule P, EE-Rules (205): .72, .79
81 %t [Valuelhy,[27 # 23 « 22w y, x 2171, o j,
2 1z, .x, . [Value] [[Modlhyaw:2,]y 2] ' .66, .80
82 54t iy, . [Valuelh,,[27 # 213 « 2¥2 2 y, » 2110,
A Yj, [Valuelhyo[27 % 23 6 2" w y, # 2'1j, 2 j, 2 iy
Gen, Rule P, Exist: .81, .63
.83 [Variablelw,t,, (W(fly u,, ngg[[Assign]gzz
o 3i, . [Valuelg,.y:ia A j, .[Valuelgoy2jz 2 j2 = ia])
amb¢022t2mb I" P(27 * 213 * 2W; * y2 * 211; 3“2 X 5‘1)

.82, 2206
.84 + [Variablelw,t, A P(y,; uy) A 3b3my@yy tmy
o P27 %2 x 2*2 a y, » 2115 3¥2 x 512) .83
.85 t [Variablelw,t, > 3bam,Dgy2tam, 2104, 2308
86 F Yw, V1, Yy, Vu, . [[Variablelw,t, A P(y;; u,)]
S P27 %213 2 2*2 4 y, « 211, 32 x 5'2) .84, .85
87 [Wfflx,r, o Py 2200: .2, .12, .23, .62, .86.

Theorem 2615 follows from .87 by Rule P and the definition of P,.

Proof of 2616:
Let 5# be [Assignlhz,, [Wily:u,, 3nDg, u.n,.
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Let G, be
Vg2, [[Assign]gz2 o 3i, . [Valuelg,,y;i. A Yj2 .[Valuelg,»y:j. = J2 2 i,].
2616.1 S, G, v 3i [Valuelhy, i, Premiss
2 F [Valuelhyayai. A Wyl D Pyaatiai. 2603
352, Gy F i Dyt 1,2
4#,Gokec=a 2314, Premiss, .3
S H#, Gy FVg,, . [Assign]g,, o 3i, .[Valuelg,.y.i,
A Y, . [Valuelg,2y2js = Ja = iy 300: .4, Premiss
.6 o, 3cGy  Vg,, [Assignlg,, = i, .[Valuelgs,y,i,
A Y, [Valuelg;2p2j> = o = i, 173: .5
g 2 F 3G, Premiss, 2615.

Theorem 2616 now follows from .6, .7, and 2614 by the Deduction
Theorem and Rule P.

Proof of 2617:
2617.1 [Valuelgayxzia A Vj:[[Valuelgrzxzja o jo = i)

F [Valuelg,,x2i, A Nj, [Valuelgazxajz > i =—2‘fz
RR: 202, Premiss
2 [Valuelgzyx2is A ij[[Value]gzzxzfz =N = ia]

F 3i, . [Valuelg,,x.i; A V), . [Valuelgsrx,j, o i éjz
Exist (166): .1
3 EIann[[Assign]gn o 3i, .[Valuelg,,x,i,
A Yy [[Valuelg,2X2j: = ja 2 i,,] + [Assignlg,,
> 30, . [Valuelg,oxai;, A Vi, . [Valuelg,axafs © iz = J
172: .2; Deduction Theorem, Rule P, Rule S, 173.
Theorem 2617 now follows from .3 and 2615 by Rule P.
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Proof of 2618:
2618.1 F 3iz[posiz A Yz -Pozjz @ iz = jo] > PozltaonPo:l 216
2t Eli,[[Value]gnxziz A Yj, [Valuelg,ax,j, = i, ijZ]
o . [Valuelg, %2 [v2(02) - [Valuelg,2x,] Sub: .1.
Theorem 2618 follows from .2 and 2617 by Rule P.

Proof of 2619:
2619.1 + ij[[Value]guxzjz = ;jz] > .[[Value]gzzxzyz D, = yz]
A .[Valuelgz2x,[tac02y - [Valuelgszx,] = iz
= [taony - [Valuelgox,] Rule P: 145
24+, 2 [t202) - [Valuelg,,x2]1 = .[iz 2 y,]
= [tz(02) - [Valuelgs2x,] = y, 203
3 [Wiflx,r,, [Assignlg,,, [Valuelg,ax,y,,
[Valuelg,,x2i, A ij[[Value]guxz J: D iy 2 jZ]
F [taqoz - [Valuelgs2x:] = 3, Rule P: Premiss, .1, .2, 2618.

Now apply 172 and the Deduction Theorem to .3; then use Rule P and
2617 to obtain 2619.

Theorem 2620 follows easily from 2618 and 2619.

Theorems 2700 and 2701 follow easily from 212 and 211, respectively,
and the definition of [Val].

Proof of 2702:
2702.1 F [Wfln, = (W nzliz02) Wi in:] 103, def. of [Wf]
2 F W Inzleago) [WiFln] A [Assignlg.,]
o [Valuelg,an. [tz(02y - [Valuelg,  n,] 2618

3 [Assignlgsz, [WfIna & [iaqoz) - [Valuelgazn,] 2 [Vallgaan,
2701, 205
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2702.4 [Assignlg.,, [Wflns b [Valuelg,.ni[[Vallg,an;] 1,.2,.3.
Theorem 2702 follows from .4 by the Deduction Theorem and Rule P.

Proof of 2703:
2703.1 [Assignlgsz, [WfTns ¢ [Valuelgsanzys = [iagozy - [Valuelgasns)
2y, Sub: 2620; Rule P: Premiss, 2702.1

2 [Assignlg,,, [Wflns b [Valuelg,nyp, = [Vallgaan, = y,
R’: .1, 2702.3.

Theorem 2703 follows from .2 by the Deduction Theorem and Rule P,
Theorem 2704 follows from 2602 and 2703 by Rule P.
Theorems 2705, 2706 and 2707 follow from 2604, 2605 and 2606, re-
spectively, by Rule Sub, Rule P, and 2704.
Proof of 2708:
Let o be [Assignlgaz, [Wf1/2[3" x 5, (W imau,, (TSI,

., 2 2
[Vallgz2j2 = Yay, [Vallgzomy = z,.

2708.1 57 + [Wflj, A [Wf]Im, Premiss, 2209
2 5  [Valuelg,ajaya A [Valuelg,am,z, Premiss, .1, 2703
3 F Dyyn[32 % 50y A Dozathsz, Premiss, .2, 2603

A [Vallgs o2 *jy # my + 2'1] 2 [yaz]
Premiss, .2, .3, 2607, 2704.

Theorem 2708 follows from .4 by the Deduction Theorem and Rule P.

Proof of 2709:
Let o be [Assignlg,., [Variablelw,t,, [Wf 1y tiz, 3mDoa2t,my,
An, D, usn,.
2709.1 22 F [Vallg,,[27 # 273 x 272 x y, » 21
2 [Azy .vx, .[Value] [[Modlgs,w,2,]y,x,]  Premiss, 2616, 2704
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2 F [Wfly, Premiss, 2209
3 Dysitszy Premiss, 2316
4 S+ [Assign] [[Mod]g,2w225) Premiss, .3, 2503
5 o F [Value] [([Modlg2:w:z]y2%a = . [Val] [[Modlgs:w:2,1y = %o

4, .2, 2703

6 S F [Vallg,,[27 + 2"+ 2" 4 y, % 21
2z [Az, .1x, . [Val] [[Mod]g,.W22p]y2 2 x,] R’: .1, .5.
(Note that the restrictions on R’ are satisfied here.)
Theorem 2709 follows from .6 by the Deduction Theorem and Rule P.

IV.4. Q strengthens Q,

By making appropriate changes of variables, we can regard each wif of Q,
as a wif of Q. It is trivial to see that every theorem of Qp is in this sense a
theorem of Q. It should be noted, however, that certain wifs of Q, are
theorems of Q but not theorems of Q,.

The proof of this fact follows familiar lines, so we content ourselves
with a brief sketch of it. Let [Infin] be an Axiom of Infinity for type 1;i.e.,
[Infin] asserts that ®, is infinite. If we add [Infin] to Q as an axiom, we
obtain a system Q% in which we can define the finite cardinals in the usual
way as entities of finite type (i.e. as wifs with a type in K!), and prove
Peano’s postulates. The numerals thus obtained can be used in place of
the numerals of Chapter III for Gddel numbers of wifs of Qp, and the
formalization of the semantics of Qq in Q® using these numerals proceeds
as before, with only minor changes in type symbols.

It is then possible to prove in Q a statement [Consis] which expresses
the fact that the system Qg obtained from Q, by adding [/nfin] as an axiom
is consistent. This is done in the usual way, by showing that the axioms of
QF are all true and that the rule of inference preserves truth. It is of
course trivial to show in Q® that any particular axiom of Qg is true by
using (the analogues of) Theorems 2710 and 2711; however this is not
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sufficient since Q, has infinitely many axioms. Nevertheless by using
Theorems 2705-2711 one can show in Q® that all axioms of Qg are true,
and that the rule of inference preserves truth.

Thus one obtains a proof of [Consis]in Q®, and hence a proof of [[/nfin]
> [Consis]] in Q. Now [[Infin] o [Consis]] is a wff of Q,, but not a
theorem of Q,. For if it were a theorem of Qg then [Consis] would be a
theorem of Qg , contradicting Godel’s Second Incompleteness Theorem®3.

(*3) See [7], p. 196, or [8] p. 70.
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