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PREFACE 

The purpose of this book is to present a new system of transfinite type 
theory. The system constitutes a formal language in which one can express 
certain concepts, and use certain modes of reasoning, which naturally 
occur in informal discussions of the interpretations of type theories 
(and, I might add, set theories). While the formation rules contain certain 
novel features, the reader will see that the deductive structure of the system 
is founded upon very familiar logical principles. It is my hope that the 
reader who takes the trouble to become genuinely familiar with the 
workings of the system will come to regard it as a rather simple and 
natural system. 

It may then be asked how the system should be extended to higher 
transfinite types. It is clear that the basic ideas underlying this system can 
be used to formulate higher transfinite type theories, but at this time it is 
not clear to me that there is a single most appropriate way of extending 
the system to higher types. Therefore it has seemed best to postpone this 
question, and present only the basic system which one would expect to 
have as a part of any transfinite type theory constructed along the present 
lines. 

The book should be comprehensible to students who have had a good 
course in mathematical logic, and a brief introduction to type theory with 
I-conversion. It is to be hoped that the rather detailed treatment of a 
number of topics, such as the formalization of the semantics of type 
theory, will be of educational value to students. 

I would like to express my deep appreciation to the North-Holland 
Publishing Company for its expert and sympathetic handling of the many 
difficulties presented by the manuscript. 
September, 1965 Peter B.Andrews 
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INTRODUCTION 

As the human quests for ever deeper and broader knowledge and under- 
standing, and for increasingly abstract insights into the structure and 
unity of that which is discovered, carry the intellect into realms farther 
and farther removed from naive intuitive comprehension, the need for 
ever more precise expression of thought will undoubtedly grow continu- 
ally. We may suppose that expanding research in metamathematics, in- 
creasing sophistication in the use of digital computers, and other factors 
will eventually render desirable the actual formalization of certain fields 
of knowledge which have attained the requisite precision. In particular 
one may anticipate eventual attempts to formalize certain scientific 
theories. 

It seems appropriate to ask, therefore, what sort of logistic system might 
appropriately serve as an underlying logic to which the constants and 
postulates of the particular theory might be added to obtain the formal- 
ized theory. Presumably the theory will presuppose the existence of cer- 
tain fundamental entities from which all other structures and concepts in 
the theory are constructed. If particular names are assigned to certain 
entities, structures, or concepts, these will be added to the logistic system 
as constants, and the fundamental assumptions and definitions of the 
theory will be added as postulates. 

Clearly the underlying logistic system should impose no assumptions 
about the cardinality of the domain of fundamental entities, except that 
the domain be non-empty, since such an assumption might contradict or 
restrict the theory being formalized. Moreover the logistic system should 
impose no assumptions about the structure of the fundamental entities, 
since this would constitute a perhaps undesirable extension of the 
theory. The formalized theory should express simply and directly the 
content of the intuitive theory, without artificial conventions or encum- 

ix 



X INTRODUCTION 

brances except insofar as these are necessary to insure against fallacious 
reasoning. 

Thus set theories which take the axiom of extensionality in the form 
Vx[x&y = XEZ] 3 [u = z] are not appropriate, since this axiom assures 
the existence of no more than one non-set (commonly called the empty 
set), and there is no reason to suppose that the fundamental entities will 
be sets. (Indeed, if they are sets, they are presumably composed of still 
more fundamental entities.) Much more seriously, the great freedom of 
expression permitted in set theory might lead to expressions in the for- 
malized language which would be difficult to interpret in the intuitive 
theory, since they would correspond to nothing in the intuitive theory. 
We shall leave to others further consideration of the problem of using 
some form of set theory as the underlying logic, and henceforth turn our 
attention to functional calculi of appropriately high orders and simple 
type theory. 

Since in the development of a scientific theory one feels free at any time 
to use any mathematical theory which is known or may be developed, it 
seems desirable that the underlying logic should be such that any branch 
of mathematics can be developed within it. This suggests that a functional 
calculus of finite order might not be adequate. 

As a result of the research of Whitehead and Russell culminating in 
Principia Mathematica [19]’), it is clear that extensive mathematics can 
be developed within type theory if an Axiom of Infinity is assumed. How- 
ever, the domain of individuals of the type theory is most naturally taken 
to be the domain of fundamental entities of the scientific theory, and this 
may not be infinite. Of course one might postulate the existence of an- 
other and infinite domain of individuals, but this would prompt ques- 
tions concerning the nature of, and justification for, these individuals. 

From an intuitive point of view the natural thing to do is to pass to 
transfinite type theory, for the domain with the first transfinite type con- 
sists of (or at least contains) the union of all domains of finite type, and is 
therefore infinite. Thus the natural numbers and other mathematical con- 
cepts can be defined at the transfinite level while the “real world” objects 
of the scientific theory exist at the level of finite types. 

I) Numbers in brackets refer to entries in the bibliography. 



INTRODUCTION xi 

It is not immediately clear, however, whether a satisfactory formula- 
tion of transfinite type theory which meets these requirements can be 
found, for each of the principal systems of transfinite type theory which 
has appeared in the literature makes some assumption about the car- 
dinality of the domain of individuals. (Bustamante’s system in 131, and 
Kemeny’s system T, in [12], which is essentially a simplification of Bus- 
tamante’s system, each have axioms asserting that the domain of lowest 
type is finite2). L’AbbC’s system of transfinite type theory (see [13] or [14]) 
takes the domain of individuals to be the natural numbers, and thus re- 
quires that the domain of individuals be infinite.) Bustamante does suc- 
ceed in showing that the natural numbers can be defined at the trans- 
finite level, and the Peano postulates proved. However Bustamante’s sys- 
tem has axioms asserting the existence of certain entities of transfinite type 
for which one would hope and expect to be able to prove existence in a 
type-theoretic context. The systems of Kemeny and L’Abb6 also have 
such axioms3). 

The present writer has been unable to examine Bruner’s work [2], but 
McKinsey’s rather critical review [15] suggests that it is not altogether 
satisfactory. According to McKinsey, Bruner does remark that the intro- 
duction of transfinite types allows one to demonstrate the axiom of in- 
finity (for entities of transfinite type) ; McKinsey does not state, however, 
whether Bruner assumes any special axioms concerning entities of trans- 
finite type. 

Of course the idea of transfinite type theory has been referred to by 

z, Indeed, Kemeny requires that the domain of lowest type be empty, and his axiom9 

3, We refer to Bustamante’s axiom A13: 
(xa) (gy,) .y, = Px,, where a is any ordinal of the second kind (one sees from Bus- 

is - 3 a0 .ao = ao. Unfortunately this axiom renders his system inconsistent. 

tamante’s definitions that Px,  can be interpreted as the power set of x ~ ) ;  

to axiom I1 of Kemeny’s system T,: 
@aa) (3,). [baca] = c,[Ca E a,] , where GL is of the second kind; 

and to L’AbbC‘s axiom A16: 
(all (CTSAlai3 . ( b J  (@ozi(F:lal) b z ~  * @ 0 ~ 1 ( ~ ~ ~ a d h f z ) ~  .(h> (@ozialcz &c 
(6,) (@ozi(F: lai) b23 .c.zbz = Mz))), 
where Mz is any wff of type 2 containing neither a1 nor c2 as free variables. 

Highlight



xii INTRODUCTION 

writers other than those just mentioned4), but none of these other writers 
makes any attempt to describe a system of transfinite type theory in any 
detail. 

The apparent need for special axioms concerning the existence of cer- 
tain entities of transfinite type in [3], [12], [I31 and [14] suggests that 
something may be lacking in the fundamental logical structure of these 
theories. A clue as to what may be lacking is perhaps found in the fact 
that L'Abb6 finds it useful to assign Godel numbers to type symbols, and 
his axiom A16 is intuitively meaningful only in the light of this Godel 
numbering. Evidently in a system of transfinite type theory it is useful to 
be able to discuss type symbols in some way. 

The reader will recall that the usual motivation for an interest in trans- 
finite type theory is a desire for a formal system constructed along type- 
theoretic lines in which one can formalize the semantics of finite type 
theories5). Since in discussing the semantics of type theory one often 
refers to type symbols, it seems only natural that within transfinite type 
theories there should be some means of referring to type symbols, and 
making arguments concerning them. But instead of doing this indirectly 
by referring to Godel numbers, why not introduce variables ranging over 
type symbols, permit quantification with these variables, and introduce 
expressions for notions such as equality between type symbols? 

A little reflection shows that certain difficulties attend such a program. 
To discuss these difficulties informally, let us suppose that we have a 
system such as L'AbbC's Z2 (in which 2 is the first transfinite type symbol) 
modified by the introduction of type variables ranging over finite type 
symbols and augmented by the logic of first order functional calculus 
(with equality) for type symbols. As one of the theorems about equality 
one might expect to have(a = p) =I .(fYaxa) = (f&,J. However, if the 
formation rules permit such formulas as (&xJ to be well-formed, the 
system may become inconsistent, and will certainly lose some of the 
appeal which type theory derives from the simplicity and naturalness of 
its interpretation. Even without permitting wffs of such a dubious nature, 

4, See for example 1111 p.183ff.; [7] p.191 or [8] p.62, footnote 48a; [I61 p.393ff. or 
[17] p.268ff.; and 1181 p. 110. 

5,  See, for example, 1171, especially pp.268-278. 
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however, contradictions might easily arise. For example, we would ex- 
pect to have (x, y,) = (x,  = y,) as a theorem, and so to be able to 
prove x, = x,. Also we would expect to have as a theorem (a = p) 
3 .(xa = x,) 3 (x,  = xp) .  Hence by propositional calculus we would ob- 
tain (a = p) 3 .x, = x p ,  and by substitution we would obtain (a = p) 
T> .x,  = yp, and then (a = a) 3 .x,  = yay from which would follow 
x, 2 y,. Then by substitution we would obtain first xo = yo and then 
xo = - x O ,  from which follows xo --= - x O ,  which is a contradiction. 

Nevertheless, we shall construct a system of transfinite type theory, 
which we shall call Q, along the lines we have suggested, and we will 
show that it is consistent. (It will be clear that our consistency proof could 
be formalized in Zermelo-Fraenkel Set Theory with the Axiom of Re- 
placement, and other systems of comparable power.) No assumptions 
will be made about the cardinality of the domain of individuals (except 
that it is not zero), but we shall prove a Theorem of Infinity6) at the first 
transfinite type. Thus the system Q will satisfy the preliminary require- 
ments mentioned above for an underlying logic in a formalized scientific 
theory. Of course it remains to be seen whether the system may be found 
unsatisfactory for this purpose for other reasons, or whether some yet 
superior system will be developed. 

We remark that some philosophical interest may be attached to the 
fact that the Theorem of Infinity in Q follows from axioms which we feel 
the reader will agree can be regarded as purely logical. In this connection 
we quote the following comments by Professor Church: 

“To avoid the paradoxes, Russell, and later Whitehead and Russell in 
Principia Mathematica, introduced the theory of types, and this in turn 
compelled the use of the axiom of infinity. The term ‘‘axiom of infinity” 
is due, not to Russell, but to C. J. Keyser. And in an early paper Russell 
had argued against Keyser that the axiom of infinity is not a special as- 
sumption which is required above and beyond the laws of logic, because 
the axiom (or supposed axiom) can be proved on logical grounds alone. 
Thus when Russell later reversed himself and adopted an axiom of in- 
finity, it is almost his own admission, it might be said, that he thus went 

2 

2 

2 2 

2 

2 2 

0 

0 

6, Theorem 1009 of Chapter 111. 
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beyond pure logic. Indeed the axiom of infinity might be described as half- 
logical in character, since it can be stated in the same vocabulary that is 
used to state the laws of pure logic, but is not analytic according to any 
known theory of deductive reasoning that I believe can be accepted as 
adequately and naturally representative of existing standard practice in 
mathematical reasoning. And though it is known that elementary arith- 
metic can be obtained without the axiom of infinity if based on a set- 
theoretic rather than a type-theoretic approach, it does not appear that 
mathematics as a whole can dispense with such an axiom if otherwise 
based only on a standard and naturally acceptable formulation of pure 
logic.”’) 

One of the traditional tests of the adequacy of a system of transfinite 
type theory is whether it can be used to formalize the semantics of finite 
type theory. We shall therefore show that this can indeed be done in Q. 

Since Q, like L‘Abbk’s systems, is a transfinite type theory with I-con- 
version, it is natural to compare Q with L’AbbC’s systems, and we have at 
certain points chosen our notation so as to facilitate this comparison. It 
will become clear to the reader that many of the ideas which we use below 
originated in L‘AbbC’s work, and we here express our appreciation of his 
pioneering contributions. L’AbbC defined8) the set Ky of type symbols to 
be the least class of symbols containing the symbols denoting the ordinals 
6 for which y 2 6 and closed under the operation of forming the symbol 
(@) from the symbols a and p. Thus K‘ is the set of finite type symbols. 
To formalize the semantics of finite type theory X,, L‘AbbC found it 
necessary to use a system C, of transfinite type theory which takes the 
set K3 for type symbols, and is thus two “transfinite jump” above C,. 
However the system Q takes the smaller set K2, augmented appropriately 
by the addition of variables ranging over K’, for type symbols, and so 
should be compared with L‘AbbC’s system C, , which takes KZ for type 
symbols. The fact that the semantics of finite type theory can be forrral- 
ized in Q, even in the absence of any axiom comparable to L’Abbt’s 
axiom A16, but apparently cannotg) be formalized in C, , can be attri- 

‘1 [6], pp.183-184. 
*) [14], p.210. 
9, See [14], p.223. 
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buted directly to the greater freedom of expression which one obtains in 
Q with the aid of variables ranging over type symbols and quantification 
with respect to these variables. 

The system Qo of finite type theory with A-conversion which we have 
chosen to extend to transfinite type theory is not the original system due 
to Church (see [4] and [9]),  but is in all essentials a recent modification of 
that system by Henkin [lo], with further minor modifications by the 
present writer [l]. We have felt it best to develop the system Q from first 
principles, but it should be understood that the proofs of many of the 
early theorems of Q (especially those concerned with propositional cal- 
culus) are due to Henkin. We here express our appreciation to Professor 
Henkin for the opportunity to see his elegant work [lo] before publi- 
cation, and for his encouragement of our interest in it. 

The present work was originally developed as a Ph.D. thesis a t  Prince- 
ton University. We wish to express our deep gratitude to Professor 
Church, both for the inspiration of his writings, and for his patience, 
encouragement, and guidance as teacher and advisor. 



CHAPTER I 

THE SYSTEM Q 

1.1. The system Qo 

In order that the reader may more readily understand the system Q of 
transfinite type theory which we shall introduce, we first set forth the 
system Qo of finite type theory. In Chapter IV we shall show that the 
semantics of Qo can be formalized in Q. 

The type symbols of Qo are the symbols in K', where K' is the least 
class of symbols containing 0 and 1 and containing (ap) whenever it con- 
tains u and p. We shall use the small Greek letters a, p, y and 6 as syntac- 
tical variables ranging over type symbols. 

The primitive symbols of Qo are as follows (where u is any type symbol 
in K1): 
Improper symbols: A [ 1. 
Constants : Q((oa)a) ~ ( i ( 0 1 ) ) -  

Variables: x t  x, 2 x: x: . . . (infinitely many). 

The formation rules are the following: 
(1) A constant or variable standing alone is a wff of the type indicated by 

(2) If A, is a wff of type a and is a wff of type (pa), then [B,pcr,,AJ is 

(3) If A, is a wff of type a and x6 is a variable of type then [IxiA,] is a 

(4) Nothing is a wff of any type unless its being so follows from the above 

its subscript. 

a wff of type p. 

WE of type (ap). 

rules. 

1 



2 THE SYSTEM Q [I. 1 

We shall use A,, B,, C,, D,, etc., as syntactical variables ranging over 
wffs of type a. We shall often abbreviate wffs and type symbols by omit- 
ting parentheses and brackets when this can be done without introducing 
ambiguity. In restoring omitted parentheses and brackets, formulas must 
be well-formed, and otherwise association is to the left. In addition a dot 
in an abbreviated wff (or type symbol) shall stand for a left bracket (or 
parenthesis), and its mate shall be understood to be as far to the right of 
the dot as is consistent with the entire expression being an abbreviation 
of a wff (or type symbol), with the pairing of left and right brackets (or 
parentheses) already present being unchanged. Thus our conventions are 
those of [4] .  

We also introduce the following definitions and abbreviations : 

[A, = B,] stands for [[QoaaAa] B,]. 
TO stands for [AxAxA] = [Ax:xA]. 
FO stands for [ A X A X ; ]  = [AXAT,]. 
[Vx i  A,] stands for [AxiA,] = [Ax~T,] (where i = 1,2,3, ...). 
A ,,, stands for [Ax: .Ax: . [Ax;,, .xAooxAx~] = [Ax:,, .x~ooToTo]] .  
[A,  A B,] stands for [ [A oooAo] B , ] .  
=,,, stands for [Ax: .Ax:. [x; A x i ]  = x:] .  
[ A ,  = B,] stands for [[I> oooAo] B,].  

An occurrence of a variable x t  in a wff A ,  is said to be free if the oc- 
currence is contained in no wf part of A ,  of the form [2x:Cy]. Otherwise 
the occurrence is said to be bound. 

The system Qo has a single rule of inference, which is the following: 
RULE R: From C, and [A, = B,] to infer Do, where Do is the result of 
replacing one occurrence of A,  in C, by an occurrence of B,, and the oc- 
currence of A,  in C, is not an occurrence of a variable immediately pre- 
ceded by 1. 

The axioms and axiom schemata for Qo are the following: 

1 [ X A O T O  A XA,F,] = Vxo 1 1 1  .xooxo. 

2 [xi = x:] =) .x,,x, = x o p , .  

3 [x& = xi,] = vx;[x:,x; = X:& 

1 1  1 2  



1.21 THE PRIMITIVE BASIS OF Q 3 

41 [[Rxf,B,]A,] = B,, provided the variable xf, has no free occurrence inBB. 

42 [[Rxf,xf,]d,l = A,. 

43 [[Ax: . ~ p y c y I ~ a I  = .[[‘X&~IA,I “ A x f , ~ y l ~ a ~ *  

44 [[Axf, . RX#~~]A,] = [IS . [Ix;B,]A,] , provided the variables x i  and x i  

5 [ ~ ~ ( o i )  .Qoiix:I = 

are distinct, and x’p is not free in A,. 

In the above schemata, i and j stand for arbitrary positive integers. 
In the intended interpretations of Qo , variables of type 0 range over the 

domain 5D0 which contains the truth values “truth” and “falsehood”, and 
nothing else, variables of type 1 range over some non-empty domain 5Dl 
of individuals, and variables of type (a@) range over the domain 5Dae con- 
sisting of all functions from 6, to %,. R serves as the abstraction operator, 
QOaa denotes the equality relation between members of %,, and t l (olj  

denotes a selection operator. It may be seen that in these interpretations, 
To denotes “truth”, Fo denotes “falsehood”, A ooo denotes conjunction, 
and =ooo denotes implication. For more details see [ l o ] .  

We shall not develop the system Qo, but when we develop the system 
Q in Chapter I1 the reader will see that many of the theorems, meta- 
theorems, and derived rules of inference stated for Q may be modified 
and simplified so as to apply to Qo. Alternatively, the reader may refer 
to [ l o ]  and [I]  and note that most of the results there apply to Qo with 
little or no change. In either case it will become apparent that all the 
ordinary laws of type-theoretic logic can be derived in Qo,  and hence that 
the completeness of Qo in the sense of [9] can be established. 

1.2. The primitive basis of Q 

The primitive symbols of Q are the following: 

Improper symbols: 1 [ 3 ( ) V. 

Constants : Q ~ 0 1 2 .  



4 THE SYSTEM Q 

Primitivevariab1es:fghijkrnnpqrst u v w x  y z  
1 

Z j; ;z ... 
2 2 2  

f g h 

a b c d e a b c d e a b .-. a b ... et cetera 
(infinitely many). 

et cetera (infinitely many). 
1 1 1 1 1 2 2  3 3  

Type variables: 

[I. 2 

For typographical convenience we shall sometimes write E for 4, for 
x, etc. 

From the primitive symbols of Q we construct two sets of type symbols, 
called K: and K: , which are defined as follows: K: is the least class of 
symbols containing 0 and 1 and all type variables and containing (ap) 
whenever it contains a and p; K: is the least class of symbols containing 2 
and all members of K: and containing (a@) whenever it contains a and p. 

As in the case of Qo,  we shall use small Greek letters as syntactical 
variables ranging over type symbols. (But here of course they range over 
K:.) We shall use f :  g, .-. x, y, z, etc., to denote arbitrary primitive 
variables, and a, b, c, d, e, etc., to denote arbitrary type variables. 

We define the relation > to be the smallest relation between type sym- 
bols (of K:) satisfying the following conditions: 

(1) If a is in K:, then 2 > a. 

1 

(2) Ifa > B, then (q) > (PY). 
It would seem natural to require also that > be transitive. However, as 
we shall show later (in Lemma 9 of I.5), there are no type symbols a, p 
and y such that a > p and B > y. Thus > is transitive in a trivial sense. 

It is clear that there is an effective procedure for determining of arbi- 
trary type symbolsaandp whether or not they stand in the relation a > @. 
It should be noted that 2 > a if and only if a is in K: . 

We shall write a 2 (3 to indicate that a > p or a = p. The formation 
rules of Q are the following: 

(1) If x is any primitive variable and a is any type symbol, xu is a wff 
of type a and a wf-variable of type a. x is called the primitive variable 
of xu. 

Highlight



I. 21 THE PRIMITIVE BASIS OF Q 5 

(2) Q((Oa)a) is a wff of type ((‘orb). 
(3) L(<cx(oa)) is a wff of type (40~)). 

(4) If a and p are type symbols in K: , then [Qap] is a wff of type 0. 

( 5 )  If A, is a wff of type y and B(p,) is a wff of type (@) and a 2- y, then 
[B,p,)A,] is a wff of type p. 

(6) If A, is a wff of type a and xp is a wff-variable of type p, then [AxpA,] 
is a wff of type (ap), provided that for every occurrence of every wff- 
variable yy in A,  which is contained in no wf part of A,  of the form 
[Ay$J, yy is either the same as xp (so y is x and y is p) or the primitive 
variable y of yy is distinct from the primitive variable x of xp. 

(7) If A .  is a wff of type 0 and u is any type variable, then [VuAo] is a 
wff of type 0, provided that every occurrence in A .  of every wff- 
variable xp, where u occurs in p, is in a wf part of A .  of the form 

We shall use A,, B,, C,, D,, E,, G,, H,, J,, La, Ma and Pa to denote 
arbitrary wffs of type a. 

We shall refer to both type variables and wff-variables simply as 
variables. However primitive variables will always be referred to as pri- 
mitive variables. Thus by “the variables occurring in a wfT” we shall mean 
“the tyFe variables and the wff-variables occurring in a wff”. If x, is any 
wff-variable with primitive variable x, then xu shall be called an x-variable. 

Thus zcol) and z, are z-variables, but z, is not a z-variable. It is, however, 
a z-variable. For uniformity of terminology, we shall also call a type 
variable u an a-variable. 

An occurrence of a wff or a variable in a wff A,  is said to be free for 
the type variable a in the wff A,  if that occurrence is contained in no wf 
part of A,  of the form [VuBo]. An occurrence of a wff or a variable in a 
wff A ,  is said to be free for the wff-variable xp in the wff A ,  if that occur- 
rence is contained in no wf part of A ,  of the form [Ax@J and in no wf 
part of A ,  of the form [VbC,] such that the type variable b occurs in (3. 
An occurrence of a variable in a wff isfree in that wff if it is free for itself; 
otherwise it is bound. By examining the formation rules one sees that a 

vxpm. 

2 

2 



6 THE SYSTEM Q [I. 2 

wff-variable xe is bound at an occurrence in a wff A, if and only if that 
occurrence is in a wf part of A, of the form [IxeB,], 

Using this terminology we can restate formation rules (6) and (7) as 
follows: 
(6’) If A, is a wff of type a and xe is a wff-variable of type 8, then [AxeA,] 

is a wff of type (ap), provided that no x-variable distinct from xp  oc- 
curs free in A,. 

(7‘) If A,  is a wff of type 0 and u is any type variable, then [V’aA,] is a 
wff of type 0, provided that no wff-variable xe, where u occurs in p, 
has a free occurrence in A, .  

If A, is any wff, X is any type variable (or wff-variable), and W is any 
type symbol (or wff), then the notation [SgA,] shall stand for the result of 
substituting W for X at all free occurrences of X in A, (including free oc- 
currences of Xin subscripts, ifX is a type variable). Similarly [S2,:::$nAa], 
where the variables X ,  , , X,, are distinct, shall stand for the result of 
simultaneously substituting W, for X,, . a * ,  W, for X,, at all free occur- 
rences of XI, --, X, in A,. 

As in Q,, we shall abbreviate wffs and type symbols by omitting pa- 
rentheses and brackets, and our conventions for restoring omitted paren- 
theses and brackets are the same as in the case of Qo (see page 2). We 
also introduce the following definitions and abbreviations : 

[A, 2 Be] stands for [[Q,+I,]B,] provided y 2 a and y 2- p. 
[A, = B,] stands for [A, B,]. 

[a = p] 
TO 
FO 
-00  

[VxpAo] 
[3xpAo] stands for -,,VxB -,,Ao. 
[3aAo] stands for -,,Va -,,Ao. 

A ooo 
[A, A B,] stands for [ [A oooAo]Bo].  
r>,,, 

stands for [Qctp] provided ct and p are in K: . 
stands for [Axox,] = [AxOxO]. 
stands for [Axox,] = [Ix,T,]. 
stands for [Ax, .xo  = F,] .  
stands for [AxeA,] = [lx,T,]. 

stands for [Ax, .Aye . [boo . S ~ O O ~ O Y O ~  = I k o o o  .~OOOTOTOII-  

stands for [Ax, .Ay,. [x, A y o ]  = x , ] .  
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We shall from time to time make additions to this list of definitions and 
abbreviations. We shall also feel free to leave the subscripts off abbrevia- 
tions of particular wffs. Thus we may write Tin place of To, Fin  place of 
Fo, -Ao in place of -OOAO, etc. We supplement our conventions for 
restoring brackets in abbreviations of wffs as follows: The brackets en- 
closing parts of the forms [ - A 0 ] ,  [VuAo], [VxpA0], [3uAo], [3npAo] and 
[wcpAo] are to be restored first, in such a way that they have the smallest 
possible scope (consistent with the entire formula being well-formed, of 
course). Then the brackets enclosing parts of the form [Ao A BO] are to 
be restored in such a way that they have the smallest possible scope, the 
law of association to the left governing the relationship of brackets be- 
tween several such parts. Then brackets enclosing parts of the form 
[A,  v BO] are to be similarly restored. Finally brackets enclosing parts of 
the forms [Ao 3 B,] and [Ao  = BO] are to be restored, using the con- 
vention of association to the left. (Thus our conventions for restoring 
omitted brackets are essentially those found on pages 79 and 171 of [5].)  

The system Q has a single rule of inference, which is the following: 

RULE R : From Co and A, 2 B, to infer Do, where y 2 u, y 2 @, Do is a 
wff of type 0 which is the result of replacing one occurrence of A,  in C, 
by an occurrence of B,, and the occurrence of A,  in Co is not an occur- 
rence of a variable immediately preceded by 2.") 

0 

The axioms and axiom schemata of Q are the following: 

lo) OF course if any of these conditions is not satisfied, Rule R may not be applied. 
Note in particular that the result of replacing A, by B, in Co may not be a Wff. 

Highlight

Highlight

Highlight

Highlight
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4, [[Ax$~]A,] = Bp provided y 2 a and no x-variable occurs free in Bo. 

42 [[Ax,,xy]A,] L A,  provided y 2 a. 

43 “ A ~ ~ [ B B , C , I I A , I  - “ ~ ~ $ P ~ I A , I  ~ [ ~ x y c s l ~ a ~  provided y 2 a and 

44 [[Ax, .Ay&]A,] !! [Ay8 . [Ax$&4,1 provided x is not y and y,is not 

4,  [[Ax, .VcBo]A,] = [Vc . [AxyBo]Aa] provided c does not occur free in 

P 

6 2 E and this is a wff. 

free in A, and this is a wff. 
0 

A,  or y and this is a wff. 

5 [ ~ a ( ~ a ) . Q ~ c a ~ a l  2 Ya. 

6 QaT,. 

7 [VaAo] =I [Sp,] provided 2 > y and all free occurrences of a in A. 
are free for’all variables in y and this is a wff. 

8 [a = p ]  3 . [S“,A,] = [S’pA,] provided 2 > a and 2 > p and all free 
occurrences of c in A.  are free for all variables in a and 8. 

9 [(ub) = (cd)] = [a = c A b = 4. 

10 

0 

0 

2 
[x, = yb] =I [a = b ] .  

1.3. The interpretation and consistency of Q 

In this section we shall define a model !lX for Q, interpret Q in this model, 
and then show that this interpretation is sound. As a consequence we will 
see that Q is consistent. 

In the model !lX the domain 5Q1 of individuals will contain exactly one 
individual. We have chosen to discuss this particular model in order that 
our consistency proof for Q may be as explicit as possible. But of course 
other models for Q may be obtained by starting from different non-empty 
domains of individuals, and otherwise proceeding as in the case of ‘B. 
Our description of the interpretation of Q in and our proof of the 
soundness of this interpretation will also apply to these other models 
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with virtually no changes. We shall call all these interpretations of Q 
principal interpretations. It is clear that there are many sound non-prin- 
cipal interpretations of Q, and much work remains to be done investigat- 
ing them. 

Since classical mathematics (without the Axiom of Choice) can be 
formalized in Q, there may be some interest in carefully examining upon 
what assumptions our consistency proof for Q rests. To facilitate such an 
examination we shall carry out the consistency proof in rather tedious 
detail. Our meta-language will not be formalized, but it will be clear that 
our proof could be carried out in Zermelo-Fraenkel Set Theory with the 
Axiom of Replacement, and other systems of comparable power. Of 
course such systems are much stronger than Q. 

The set KZ is the set of all type symbols in K: in which no type variables 
occur. The model !LR consists of K2 and a domain 5Da for each u in K2. 
These domains are defined as follows. We first choose three distinct ob- 
jects f ,  f and r which are not functions. (One may appropriately take 
“truth” for t and “falsehood” for f.) 6, contains t and f and nothing else. 
Sbl contains i and nothing else. If(+) is a type symbol in K1, SD,, consists 
of all functions from 5QD to 6,. 5D2 consists of the union of the domains 
6, for which a is in K’. If (@) is in KZ but not in K’, B4 consists of all 
functions from 9, to 5Da. 

Since if Ba 2 6, any function in 6,, must also be in Bay, we easily see 
that if a and p are any type symbols in K2, a 2 if and only if %, 2 B,. 

DEFINITION: The length of a wff or type symbol of Q is the total number 

We next interpret our language Q in the model ?Ill which we have just 
of occurrences of primitive symbols in it. 

defined. 

DEFINITION: An assignment of values in 
variables of Q is a function x such that: 
(1) If u is any type variable, then xu is in K1. 
(2) If x is any primitive variable, then xx is some function with domain 

K2 and with values in YJl such that for each type symbol u in K2, ( m ) a  
is in B,. 

to the primitive and type 
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For each assignment x we define a mapping W, of wffs and type symbols 
of Q into 9X. The definition is by induction with respect to the lengths of 
the wffs and type symbols of Q. The reader will note that if a is any type 
symbol of Q, then W,a is in K2, and if A,  is any wff of type a, then W,A, 
is in 'bw,,. The definition is as follows: 

(1) w,o = 0; W,l = 1;  WJ = 2. 

(2) If a is any type variable, W,a = xa. 

(3) If a and p are type symbols of Q, W,(aj3) = (W,aW,j3). 

(4) If x is a primitive variable and a is a type symbol, W,x, = xx(W,a). 

(5) W,Qoaa is that function in 'b((ow,a)w,a) such that for each member F 
of 5Dw,,, (W,QOa& is that function in 5D~ow,a, such that for each 
member 9 of G,,, ((W,Qo&)9 is t if 9 = g, and is f otherwise. 
(Briefly, W,Qo, is the identity relation on 5Bwza.) 

(6) For each a in K2 we choose an element r, in '3, as follows: ro is f, 
r1 is r, tz is r, rpy is that function from By to b, whose value is always 
r,. Then we define W,L,(~,) to be that function in 'bw,a~ow,a) such 
that for each element b of 9(ow,a), (W,L,~~ , ) )~  = rwxa unless there is 
some member t j  of such that g t )  = f ,  while €8 = f for each 
member 8 of &# which is distinct from 9; in the latter case such a 

t j  is unique, and we define (W,L,(~,))~ = t j .  

(7) Let a and j3 be in K:. W,[Qap] = t if W,a = W,p; otherwise 
wAQaP1 = f. 

(8) If A, and B,, are wffs and a 2 y, we define W,[BpaA,] to be the value 
(WJ3,J (W,Ay) of the function (W,B,J for the argument (Wd,).  It 
is easy to see that W,u 2 W,y, so 'bW,, 2 QnY, and W,Ay is in %?,,,.,, 
while W,B,, is in %p,Bww,a~, so this definition makes sense. 

(9) If [Rx,A,] is a wff, W,[;lxpAa] is that function in SbOVnaW,,) whose 
value for each argument in Bw,, is W,A,, where 'p is that assign- 
ment which has the same values as x for all type variables and for all 
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primitive variables except x, while 'px is that function such that 
cpx(W,p) = g and 'pxy = xxy  for any member y of K2 distinct from 

(10) If [VaA,] is a wff, W,[VaAo] = t if W,Ao = t for every assignment 
'p which has the same values as 'IF for all primitive variables and for 
all type variables other than a; otherwise W,[VuAo] = f. 

W,P. 

This completes the definition of W, for any assignment x. 

LEMMA 1 : If U is a wff or type symbol andXis a primitive variable or type 
variable such that no X-variable has free occurrences in U, and if x and 'p 

are assignments which have the same values for all primitive and type 
variables except X, then W,U = W,U. 

Proof: This follows directly from the definition above and the restric- 
tions in formation rules (6) and (7). 

LEMMA 3: W,Fo = f for any assignment x. 

Proof: Using Lemma 2 it is easy to see that W,[lxoxo] # W,[~COTOI, 
by considering the values of these functions on f as determined by clause 
(9) of the definition above. Then Lemma 3 follows easily from the de- 
finition of Fo. 

LEMMA 4: Let g and 9 be members of sbo. For any assignment x, 
( ( W ,  A ooo)& = t if E = t and 9 = t, but otherwise ((W, A O&)>t) = f. 

Proof: For convenience in this proof let a denote (000). 

( ( W ,  ~ o o o ) ? 3 9  

= ( ( W ~ [ ~ X O    YO .Qo(oa)coa)[ka *gax0~01  [ k a  * ~ ~ T O T O I I ) E ) ~  

= ( W ~ Q o ~ o a ~ ~ o a J W ~ [ ~ ~ a  * g a ~ ~ ~ ~ l ) W q [ l g a  -~JoToI 
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where (cpx) 0 = E and (‘py) 0 = 0 so W,xo = g and W,yo = 9. If E and 9 
are both t we easily see that W,[lga .gaxoyo] = W,[lga .gaToToI, so 
((W, A ooo)g)lj = t. If g and 0 are not both t, we see that W,[lg, .gaxoyo] 
# W,[lga .g,ToTo] (for example by computing the values of these 
functions for the arguments W,[luo . luOuO] and W,[Ruo .luOuO]), so 
((W, A ooo)& = f. This completes the proof of Lemma 4. 

LEMMA 5 :  Let g and 4 be members of B0. For any assignment x, 

((W, xoo0)& = f if g = t and 0 = f, but otherwise ((W, ~ . ~ ~ ~ ) g ) t ~  = t. 

Proof: ((W, =ooo)€)t) = ((Wntlxo JYo txo A Y*l = x0l)z)t) 
= ((W,Qooo) W,[xo A yo])  W,XO, where ( ~ 4 0  = f and (cpY>O = 9, so 
WqJO = f and W,YO = 9. Thus W,bO A Yo1 = <(W, A 000)  W,xo)W,ro 
= ((W, A ooo)&. Using Lemma 4 we see that ((W, A ooo) f ) t )  = g if g 
= f or 9 = f, but ((W, A ooo)g)tj  # f if E = t and 9 = f. Hence Lemma 5 
follows by the definition of W,Qooo. 

DEFINITION: If a and y are type symbols and c is a type variable, (S:a) 
shall denote the result of substituting y for c at all occurrences of c in a. 

LEMMA 6: Let y be any type symbol in K: , let a be any type variable, 
and let A, be any wff in which all free occurrences of u are free for all type 
variables in y.  Let x be any assignment, and let (p be that assignment which 
has the same values as x for all variables except u, while ‘pa = W,y. Then 

Proof: Note first that W,y is in K’, so ‘p is properly defined. Also note 
that if u is any type symbol, W,(S”,) = W,u; this is easily established by 
induction on the length of a. Then we proceed by induction on the length 
of A,, considering the following cases: 

W,[S”d,l = W,A,. 

(1) As is a wff variable x,. Then W,[+,] = Wr+,) = xx(w,s:s) 
= 7rX(W,8) = ‘px(W,G) = W,Xp 

which is the equality rela- 

tion between entities of type W,(S;a). W,Qoaa is the equality relation 
between entities of type W,a. But W,(Syu) = W,u, so W,[S~Qo,l = 

(2) A,  is Q ~ a a  .w,[s:Q~aal is WnQ 0 (Sya)  ( ~ y a ) ’  

WqQoaa- 
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(3) Aa is L , ( ~ ~ ) .  The proof for this case is similar to the proof for case (2). 

(4) A,  is [QaP] . W,[S:[Qap]] = W,[Q(S:a) (S!#)], which is f if Wr(S:a) 
= W,(S:p), and f otherwise. But W,(S$) = W,a and W,(S:p) = W,p, so 
in either case W,[S:[QaP]l = W,[QaPl. 

( 5 )  A6is [BSaCp], where a 2 p. By inductive hypothesis W,[SFh] = W,B,, 
and W,[SyCpl = WqCp, SO Wn[S:[B~aCBIl = W n [ [ S ~ ~ ]  [S:CaII = 
(WJS:BaaI) (Wn[S:CpI) = (WqBd (WqCo> = Wq[BaaCpI. 
(6) Asis [AxBCa]. Since [S:[Ax,Ca]] = [Ax(,:,,[S;Ca]] and W,(S:@) = W,p 

and Wn(S+) = Wqa, Wn[S:[AxpCa]] is that function in 5Dw,aw,a) whose 
value for each argument b in GqPp is W,.[StCa], where x' is that assign- 
ment which agrees with x except on x, while x'x(W,p) = € and X'XE 

= x x ~  for each E distinct from Wqp in K2. Now W,[AxpCa] is that func- 
tion in 5D(w,aw whose value for each argument 6 in 5Dwqpp is W,.Ca, 
where 'p' is that assignment which agrees with 'p except on x, while 
cp'x(W,P) = E and 'p'x~ = (PXE for each E distinct from Wqp in K2. But 
then for each I: in 5DWqp, 'p' agrees with x' except on u, while 'p'u = 'pa 

= W,y = W,.y, so by inductive hypothesis W,,[S;C,] = W,.Ca. Thus 
the functions described are the same, which is to say W,[S:[AxBCa]] 

(7) A,  is [VcB,]. If c is u or u does not occur free in Bo , then u has no free 
occurrences in A,, so W,[SpA,] = W,A, = W,A, by Lemma 1. 

Suppose, on the other hand, that c is not u and that u does occur free 
in Bo. Then by the conditions on A,, c does not occur in y. Also 

Suppose W,[Vc[S~,]] = f ; then there is an assignment x' which agrees 
with x except on c such that W,.[y$,] = f. Let 'p' be that assignment 
which agrees with x' except on u, while 'p'a = W,.y. By inductive hypo- 
thesis W,.Bo = W,.[S$,] = f. Now c does not occur in y, so qfu 
= W,.y = W,y = pu, so 'p' agrees with 'p except on c, so W,[VcBo] = f. 

Conversely suppose W,[VcBo] = f; then there is an assignment 'p' 

which agrees with 'p except on c such that Wq.Bo = f. Let x' be that as- 
signment which agrees with 'p' except on u, while x'u = xu. Then x' 

I p )  

= W,[AxpCa]. 

[S;[~c&11 = [~c[y$o11. 
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agrees with x except on c, which does not occur in y ,  so W,.y = W,y 
= 'pa = 'p'a, so by inductive hypothesis W,.[S;Bo] = W,.Bo = f; hence 

Thus W,[VC[S$~]] = f if and only if W,[VcB,] = f, so W,[S;[VcB,]] 

This completes the proof of Lemma 6. 

w,"P'c[S~oll  = f. 

= W,[VCBo]. 

THEOREM 7: If Po is a theorem of Q, then W,Po = t for every assign- 
ment x. 

We prove this by showing that the property of the theorem is preserved 
by the rule of inference of Q and is possessed by all the axioms. Consider 
the following cases : 

(0) Po is inferred from Co and from Qo,,.AaBD by Rule R. 

We are given that for any assignment x, W,Co = t and W , [ Q o d , B p ]  
= t, so by the definition of W,Qo, we see that W,A, = W,Bp for each 
assignment x. 

Let G be any wf part of Co containing the occurrence of A, in question, 
and let G' be the corresponding part of Po with the occurrence of A, re- 
placed by an occurrence of Bp.  Since Po is a wff evidently G' must be a 
wff also. We prove by induction on the length of G that W,G' = W,G for 
each assignment x. 

If G is A,  then G' is BD and we have already seen that W,G' = W,BD 
= W,A, = W,G. Hence we need only consider cases where G is a wff 
which properly contains A,, and hence is well-formed according to for- 
mation rule (5),  (6) or (7). 

If G has the form [D,,E,], where E 2 Q and the occurrence of A,  is in 
E,, then G' has the form [DseE'], and since G' is a wff, E' must be a wff 
of some type T, where E 2 T. By inductive hypothesis W,E' = W,Ea, so 

If G has the form [D8,Ea], where E 2 Q and the occurrence of A ,  is in 
D,,, then G has the form [D'E,], and since G' is a wff, D' must be a wff 
of some type (PT), where T 2 Q. By inductive hypothesis W,D' = W,D,, , 
SO W,C = (W,D') (W,E,) = (W,D,3 (W,E,) = W,G. 

If G has the form [Ax$,] then G' has the form [;lx,DJ, and by inductive 

W,G' = (W,Dh) ( W S )  = (W,D,,) (W,E,) = W,G. 
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hypothesis W,,,D: = W,D8 for each assignment 9. Hence clearly W,[;lx$:] 

If G has the form [VuD,] then G has the form [VuD;], and by induc- 
tive hypothesis W,D; = W,Do for each assignment 9. Hence clearly 

Now Ch is Po,  so we have W,Po = W,Ch = W,Co = t for each as- 

= W,[~ZX,D,J. 

W,[VUD~] = W,[VaDo]. 

signment x. 

(1) Po is Axiom 1, which is 

kOOT0 A g o o ~ o l  = * [Ax0 .goox01 = [IxoTol. 

If (W,goo)b = t for each b in 5D0, then by Lemma 4 WR[gooTo A gooFo] 
= t. Also for each F in 5Do we have (W,[lxo .gooxo])b = (W,goo)x = t 
and (W,[lxoTo])g = W,To = t7 so W,[lxo .gooxo] = W,[~xoTo], so we 
see that W,Po = t. 

On the other hand if there is some b in sbo such that (W,goo)z = f, then 
by Lemmas2, 3 and 4 we see that W,[gooTo A gooFo] = f. Also 

= [~xoToII = f. Hence W,Po = t in this case also. 

(2) Po is an instance of Axiom Schema 2, and so has the form [x, = ya] 
=) .hoaxa = h o y a ,  where p 2 a. 

( ~ J ~ X O  . ~ o o x o ~ ) €  = (Wngoo)€ = f7  but(Wn[lx~T~I)Z = tsoWn[[lx~ .g00x01 

B 

P If W,[xa = yJ  = f then W,Po = t by Lemma 5. 
On the other hand if W,[xa = y J = t, then by the definition of WnQoga P 

we see that W,x, = Wnya, so 

Wn[hoaxal = (WnhoJ (WnxaI = W d O J  ( W ~ Y J  = WJhoa~aI, 

so W,[hoaxa = hoaya] = t and by Lemma 5 W,Po = t. 
(3) Po is an instance of Axiom Schema 3, and so has the form 

[Yap *=p gap1 = -faPxb 2 gaPx~ = [ ~ ~ P T O I .  

I f  W,v4 2 gaP] = t then W,& = W,gaP, so for each h in Sb,,, we 
have (Wn['x~ *fapxe 2 gapxpI)€ = ((WnQoaJ ((wn&J~)) ((Wnga&) = t* 
Also (W,[;~X$"~])E = t, SO W,[[k~p .faPxD gaBx~I = [k~ToIJ  = 
Hence WnPo = t. 
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If Wnv&b = g a ~ l  = f, then W,f,p 4 WRgaP, so there must be some 
element F in QnP such that (W, fa& i (W,gmp)& Hence (W,[Ax, .j&, 

2 gapxD])F = f while (Wn[RxpTo])~ = t, so Wn[Axb.f4x, 2 gapxp] and 
Wn[RxbTo] are distinct functions, so W,[[Ax, .j&x 2 g,,x& = [Ax,To]] 
= f. Thus W,Po = f in this case also. 

(4) Po is an instance of one of the axiom schemata 4,-4,. 

In each case below, we are given a wff A, and a wff-variable x, occur- 
ring in Po and an assignment x. Define ‘p to be that assignment which 
agrees with x on all type variables and on all primitive variables except x, 
while cpx(W,y) = WnA, and cpxS = xxS if 6 #= Wry. (Since in each case 
y 2 a, we see that W J ,  is in 5Dw,y, so this makes sense.) Then W,x, 

CASE 4, : Po is an instance of Axiom Schema 4,, and so has the form 

aB 

= WJ,. 

B [[lZx$.$,]A,] = B,, where y 2 OL and no x-variable occurs free in Bp.  
W R t t A x p b l A u l  = (W,Yx,.&l) (WnAJ = W,Bp = W,& by Lemma 1, 

so W,P, = t. 

[[Axpy]A,] 

CASE 4,: Po is an instance of Axiom Schema 42, and so has the form 
A,, where y 2 a. 

WnttAxpylAa1 = (W,Px~yl) WnAJ = Wqx, = WJa,  sowd’o = t. 

CASE 43 : Po is an instance of Axiom Schema 43, and so has the form 
P [[Ax, . BB,Cc]Au] = . [[Ax$?&i,] [[RxyCc]A,], where this is a wff. 

Wn t - B&’cIAal = Wn[nxy * B&cD W n A J  = Wq tB&c1 

= <W,B@S> (W,CC) 

= ((Wn tR~@,Sl)WZ4J ((Wn[~xyC*l)W,A3 

= Writ tAx@&aI) (Wn~[~xyCcIAaI) 

= Wn t t tfx$wlAal t[AxyCcIAaII 
so W,P, = f .  

CASE 44: Po is an instance of Axiom Schema 44, and so is a wff of the 
form [ t h y  . AySBb]A,] = [Ry8 . [Rx$&4,], where x and y are distinct prim- PS 
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itive variables and ys  is not free in A,. By virtue of formation rule (6)  it 
is clear that no y-variable whatsoever is free in A,. 

Let 9 be an arbitrary member of BDWns. Let x' be that assignment which 
agrees with x on all type variables and on all primitive variables except y, 
while n'y(W,G) = 9 and x'yz = XYE if E + W$. Let 'p' be that assignment 
which agrees with 'p on all type variables and on all primitive variables 
except y ,  while cp'y(W,G) = and ?'YE = qyz if E =I= W,S. (Note that W,S 
= W$.) Thus Wnrys = 9, W,.y, = 9, and W,.x, = W,x, = W,A, 
= W,.A, by Lemma 1. (Here of course we use the fact that x and y are 
distinct.) Note that 'p' agrees with A' on all type variables and on all 
primitive variables except x. 

Now 

(W,[Px, * l~y,BpIAaI)t) = WqI;ly,BpI)9 = Wq'Bp = (Wn,['xyBpl)Wn*Aa 

= Wn*CPxyBplAaI = (W~[AY, * [~xyBplAal)t)* 

Since this is true for every member g of BWn8, the functions 
W,[[Ax, .,?yy,Bp]A,] and W,[Ay,. [Ax,Bp]A,] are the same. Hence 
WnP, = t. 

CASE 4, : Po is an instance of Axiom Schema 45, and so is a wff of the 
form [[Ax, .VcB,]A,] = [Vc . [lxyBo]A,], where c does not occur free in 
A, or in y. 

0 

W , [ [ ~ X ,  .VcBo]A,] = W,[VCB,]. 

If WqpcBo] = t, then W,.Bo = t for every assignment 'p' which agrees 
with 'p on all primitive variables and on all type variables other than c. In 
this case let x' be any assignment which agrees with x on all primitive 
variables and on all type variables except c, and let 'p' be that assignment 
which agrees with x' on all type variables and on all primitive variables 
except x, while 'p'x(W,.y) = W,.A, and (P'XE = X'XE if E =I= W,.y. Since c 
does not occur free in A,  by Lemma 1 we see that W,?A, = W,A,, and 
since c does not occur in y we also see that W,.y = W,y. Hence it is 
easy to see that 'p' agrees with 'p on all primitive variables and on all 
type variables except c, so W,.Bo = t. But then W,.[[Ax$,]A,] 
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= (W,~[IX,BO])W,.A, = W,*Bo = t, SO W , ~ C .  [Ix,BO]A,] = t. Thus 
W,Po = t in this case. 

On the other hand suppose that W,vcBo] = f. Then there must be 
some assignment 'p' which agrees with 'p on all primitive variables and on 
all type variables except c such that W,.Bo = f. Let x' be that assignment 
which agrees with x on all primitive variables and on all type variables 
except c, while x'c = 'p'c. Again by Lemma 1 we see that W,.Aa = W,Aa 
and W,.y = W,y. It is clear that 'p' agrees with x' on all type variables 
and on all primitive variables except x, while cp'x(W,.y) = cp'.x(W,y) 
= qx(W,y) = W,Aa = W,.A, and T'XE = X'XE if E =k W,.y. Hence 

W,,[[IX$?~]A,] = (W,,[IX$,])W,.A, = W,,Bo = f. 

Therefore W ,  [Vc . [~x ,Bo]Aa]  = f ,  so W,Po = t in this case also. 

(5)  Po is an instance of Axiom Schema 5, and so has the form 

[La(oa) . Q o a a ~ a l  2 Ya.  

Let 9 be in %,,. (W,[Qoaa.~al)9 = ((W,QoJ W,ya)9, which is t if 9 
= W,y,, and f otherwise, by the definition of W,Qoaa. Hence by the de- 
finition of Wc~,(o~) ,  wn[ la(oa)  * Q ~ m ~ a l  = (Wnla(oa,) Wx[Q~cta~al = Wda-  
so W,PO = t. 

(6) Po is an instance of Axiom Schema 6, and so has the form VuTo. 

By Lemma 2 W,To = t for any assignment 9, so clearly W,Po = t for 
any assignment x.  

(7) Po is an instance of Axiom Schema 7, and so is a wff of the form 
[VuAo] 3 [ + 4 0 ] ,  where 2 > y and all free occurrences of u in A,, are 
free for all variables in y. 

If W,PuAo] = f, then W,Po = t by Lemma 5. 

If W,[VuAo] = t, then W,Ao = t, where 'p is that assignment which 
agrees with x on all primitive variables and on all type variables except u, 
while 'pu = W,y. Now y is in IS:, so by Lemma 6 W,[S,AOI = WJO. 
Hence W,Po = t by Lemma 5. 
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(8) Po is an instance of Axiom Schema 8, and so has the form [a = p] 
2 . [ S 4 , ]  = [S$4,] ,  where ct and p are in K: and all free occurrences 
of c in A.  are free for all variables in ct and p. 

If W,[ct = f l ]  = f, then W,P, = t by Lemma 5. 
If W,[a = p ]  = t, then W,cc = W,fl. Let 'p be that assignment which 

agrees with x on all primitive variables and on all type variables except c, 
while 'pc = W,u. By Lemma6 W,[S:Ao] = W,Ao = W,[SCpAo], so 
W,[[S:A,] = [S',A,]I = t. Hence W,P, = t by Lemma 5. 

(9) Po is Axiom 9, which is [(ab) = (cd)] = [a = c A b = d].  

W,[(ab) = (cd)] = t if and only if W,(ab) = W,(cd). But W,(ab) 
= (W,pW,$) and W,(cd) = (W,cW,d), and from the definition of K' it 
is clear that (W,aW,b) = (W,cW&) if and only if W,a = W,c and W,b 
= W,d. Now by Lemma 4 W,[a = c A b = d]  = t if and only if 
W,[a = c] = t and W,[b = d] = t, and this occurs if and only if W,a 
= W,c and W,b = W,d. Hence we see that in all cases W,[(ab) = (cd)] 
= W,[a = c A b = d], so W,P, = t. 

(10) Po is Axiom 10, which is [x. = yb] 2 [a = b]. 

0 

2 

2 

2 
If W,[xa = yb] = f ,  then WzP0 = t by Lemma 5. 
If W,[xa = yb] = t, then from the definition of W,Qozz it is clear that 

WG,, = w,yb . Now W,xa is in BWna , where W,a = 7ca is in K'. Similarly 
w,y, is in %W,b, where W,b = xb is in K'. The domains By, where y is 
in K', are disjoint, so evidently W,a = W,b. Hence W,[a = b] = t, so 
W,Po = t by Lemma 5. 

This completes the proof of Theorem 7. 

THEOREM 8: The system Q is consistent. 
Proof: 
We first remark that assignments do indeed exist"). Indeed, we can 

describe certain assignments explicitly. For example, we can describe an 
'I) Of course by using the Axiom of Choice in our meta-language we can easily find 

assignments. The purpose of this paragraph is to make it  clear that it is not necessary 
to use the Axiom of Choice to show that assignments exist. It will then be noted that 
the Axiom of Choice is not used at any point in our proof of the consistency ofQ. (The 
elements toreferred to in this paragraph are of course those introduced on page 10.) 
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assignment O by specifying that Oa = 1 for every type variable a and 
that Oxcc = ra for each primitive variable x and for each type symbol OL 

in K2. 
Now if Q were not consistent, every wff of type 0 would be a theorem 

of Q. (As we will see in Chapter 11, all the laws of propositional calculus 
can be derived in Q.) In particular Fo would be a theorem. Then by 
Theorem 7, W,Fo would be t for every assignment x. However this con- 
tradicts Lemma 3. 

1.4. Independence results 

It is easy to see that Rule R is independent, since it is the sole rule of in- 
ference of Q. The wff To (i.e. [[Qocoo, coo,[nxoxo]] [ I xoxo] ] )  is not an 
axiom of Q, but is a theorem, as we shall see in Chapter I1 (Theorem 100). 
Hence Rule R cannot be dispensed with. 

We can also show the independence of certain axioms and axiom 
schemata of Q. We outline these proofs below, leaving most of the details 
for the reader to verify. 

AXIOM 1 

We construct a model Vt’ for Q which is similar to the model Vt de- 
scribed in Section 3, except that Q, now contains three objects. For 
a complete description of the model ‘B’ and the interpretation of Q in W, 
simply replace the sentences “We first choose three distinct objects t, f and 
r which are not functions. so contains t and f and nothing else.” in our 
treatment of Vt on page 9 by the sentences “We first choose four dis- 
tinct objects t, f, u and r which are not functions. Bo contains 1, f, u and 
nothing else.” Reading through the rest of Section 3 with the new inter- 
pretation of Q in mind, we see that Lemmas 1-4 and 6 still apply without 
change, while Lemma 5 must be modified as follows: ((W, 3 ooo)z))l) = t 
if is f or and )l) are both t; otherwise ((W, =ooo)~))l) = f. Also Theo- 
rem 7 applies to the system obtained when Axiom 1 is deleted from the 
list of axioms of Q. Hence Axiom 1 cannot be derived in this system, 
since W,[Axiom I ]  is f for any assignment 5~ such that (W,goo)t = (W,goo)f 

= t, and (Wzgo0)u = f. Thus Axiom 1 is independent. 
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AXIOM SCHEMA 3 

We construct a model %113 for Q by another modification on the construe- 
tion of XR. Let %,, and be defined as for %Il. Let Bl1 contain two ob- 
jects, b and g. (Note that in the case of XR, the domain Bl contained only 
one element, namely the identity function on B1. b and g may be regarded 
respectively as the “blue” and the “green” identity functions on .) If 
(a(3) is neither (1 1) nor (21), BaD consists of all functions from 3, to B,, 
as before. (Of course there are now many more such functions if (1 1) or 
2 is part of tc or p; for example %o(l 1) now contains four elements, whereas 
in the case of the model XR it contained only two.) BZl consists of b, g, 
and all functions from B1 to B2 which do not have value r. (Thus 
if we regard b and g as functions, 5D21 simply consists of all functions 
from 5D1 to 5D2 .) B2 is again the union of the domains 5Da for which tc is 
in K’. 

The interpretation of Q in %113 is made essentially as in the case of %TI. 

In clause (8) of the definition of W, (page lo), if W,Bpa is in BI1, then 
W,A,must be in 5D1, and we define W,[BDaAy] to be r, the sole member 
of 5D1. In clauses (6)  and (9) when there is ambiguity as to which function 
is meant (as in the choice of rl  1, rzl , or the value of W,[llxDA,] when W,p 
is 1 and W,A, is in %J, we shall always choose b. 

Reading through Section 3 with the new interpretation of Q in mind, 
one easily sees that Theorem 7 applies to the system which is obtained 
when Axiom Schema 3 is deleted from the list of axioms of Q. (Note 
especially that the treatment of Axiom Schema 4, in the proof of Theo- 
rem 7 can with a few words be modified to fit the present interpretation, 
so no trouble arises.) However if W,f,, = b and W,gll = g, then 
W,[lfil = g,,] = VxlLfilxl A gllxl]] is f, so this instance of Axiom 
Schema 3 cannot be derived in that system. Thus Axiom Schema 3 is 
independent. 

Of course one might still ask whether certain instances of the Axiom 
Schema are derivable from the other axioms, or from the other axioms 
and other instances of this Axiom Schema. However for the present we 
shall concern ourselves only with the question of whether certain axiom 
schemata could be dispensed with altogether. 

11 
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AXIOM SCHEMATA 4,4 ,  

It is easy to see that certain instances of Axiom Schemata 4 4 ,  can be 
derived from the other schemata (without the use of any other axioms of 
Q), and the schemata are so closely interrelated that separate indepen- 
dence proofs for them seem difficult to obtain. Actually in Chapter I1 we 
shall use these schemata to prove a single theorem schema (103) which in 
a certain sense summarizes them, and which could be used as an axiom 
schema in place of them. (However to prove the schemata 4,4, from 
schema 103 one apparently must also use other axioms of Q.) 

Hence we shall refer to Axiom Schemata 4 1 4 5  collectively as Axiom 
Schema 4, and simply prove the independence of Axiom Schema 4. To do 
this we define the I-parity of a wff to be even if the number of occurrences 
of I in the wff is even, and to be odd in the contrary case. Examination of 
our definitions reveals that To, F,, hOo0, and D~~~ all have even I- 
parity, and that the I-parity of PxpAo]  is the same as that ofA,. Hence 
we quickly see that the I-parities of the axioms 1-3 and 5-10 are all even. 
Moreover Rule R preserves evenness of I-parity. For if the I-parity of 
[A ,  1 Bb] is even, then A, and BD have the same I-parity, so replacing A ,  
by BD in a wff does not change the I-parity of the wff. Thus every theorem 
of Q which can be derived without the use of Axiom Schema 4 has even 
&parity. However certain instances of Axiom Schema 4 have odd I-parity 
(note especially 42), so Axiom Schema 4 is independent. 

AXIOM SCHEMA 5 

For each type symbol a let C, be [ L ~ ( ~ ~ )  .Ix,Tol, and let Jcc(oa) be [Izo,Ca]. 
Note that no wff-variables occur free in these wffs. 
Now consider the system Q' which is obtained when Axiom Schema 5 

is deleted from the list of axioms of Q. It is easy to see by induction on 
the length of the proof of A o ,  that if A .  is a theorem of Q', then Bo is also 
a theorem of Q', where Bo is the result of simultaneously replacing all oc- 
currences of the wffs in A .  by the wffs Ja(oa) for each type symbol a. 
(Note that no trouble arises when A .  is an instance of Axiom Schema 7 
or 8.) 

y, were derivable in Q .  Suppose that for some a, [L,~~,, .Qoaay,] 
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Then [Ja(oa) . Qoaaya] ya would also be derivable, so by Rule R and the 
axiom Ja(oa)[Qoaay,] 2 C, (an instance of 4,) we would obtain C, & y, 
as a theorem of Q'. 

It is clear that Theorem 7 applies to Q' with respect to any principal 
interpretation of Q, in particular with respect to a principal interpretation 
in which the domain 5Dl of the model (and hence each domain) contains 
at least two elements. However for such an interpretation WJC, 3 ya] is 
not always t, since we can always choose x so that W,ya is not the same 
as W,C,. Thus we reach a contradiction. So no instance of Axiom 
Schema 5 is derivable in Q', and the axiom schema is independent. 

It is well known that for certain types a we can introduce the wffs L ~ ( ~ ~ )  

by definition, in the sense that we can omit mention of L,(~,,) from our for- 
mation rules, and find a wff Lor(oa) in which no wff-variable occurs free 
such that we can prove [La(oa) .QoEaya] 2 ya. (See [4], p.62, and [lo], 
p. 328, for the required definitions.) The question therefore arises whether 
we can do this for all tyFes a, and delete 1 from our list of primitive sym- 
bols altogether. Unfortunately the answer to this question is negative, 
since if we deleted c from our list of primitive symbols, for certain types a 
there would be no wffs La(oa) in which no wff-variable occurs free. This 
we see as follows: 

We define certain type symbols to be critical. The definition is by in- 
duction on the length of the type symbol: 

(1) The type symbol 1 is critical, but no other type symbol of length 1 is 
critical. 

(2) The type symbol (ap) is critical if and only if a is critical and p is not 
critical. 

Note that l(O1) is critical. 
We easily see by induction on the length of a that if a > for some 

type symbol p, then a is not critical. For 2 is not critical, and if a has the 
form (8y) and a > p, then must have the form (q), where 8 > E. But 
by inductive hypothesis 6 is not critical, so a is not critical. 

PROPOSITION: Let A,  be any wff of the system which is obtained when t 
is deleted from the list of primitive symbols of Q. (Of course formation 
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rule (3) must also be dropped.) If the type CI of A,  is critical, then there is 
some wff-variable xp which occurs free in A,, and whose type fi is critical. 

The proof is by induction on the construction of A,. 
The proposition is clearly true if A,  is of any of the forms x,, QopB, 

If A,  has the form [BapCy], where p 2 y and a is critical, we consider 
[QPyI, or [Va&l. 

the following cases : 
(1) p is y. Then either y is critical, or p is not critical so ( ~ p )  is critical. 
(2) p 2 y. Then p is not critical, so (up) is critical. 
In either case ( ~ p )  or y must be critical, so we apply the inductive hypothesis 
to Bap or Cy to see that there is a wff-variable with critical type free in A,. 

If A ,  has the form [r2xpB,], and u is critical, then, since a is (yp), y must 
be critical and p not critical. Hence by inductive hypothesis there must be 
some wff-variable ys free in By with critical type 6 ,  and ys cannot be xo, 
so ys is also free in A,. 

This completes the proof of the proposition. 

AXIOM SCHEMA 6 

To prove the independence of Axiom Schema 6, we use the interpreta- 
tion of Q given in Section 3, with clause (10) in the definition of W, modi- 
fied as follows: W,[VaA,j is f in all cases. We easily see that under this 
interpretation Theorem 7 applies to the system obtained when Axiom 
Schema 6 is deleted from the list of axioms of Q, but of course W,[VuT,] 
is f, so VaT, is not derivable in this system. 

AXIOM SCHEMA 7 

This time we modify clause (10) in the definition of W, as follows: 
W,[VaAo] is t in all cases. Under this interpretation Theorem 7 applies 
when Axiom Schema 7 is dropped, but W,[[VuFo] 2 F,] is f, so Axiom 
Schema 7 is independent. 

AXIOM SCHEMA 8 

We modify clause (7) in the definition of W, as follows: W,[QuP] is t in 
all cases. Under this interpretation Theorem7 applies when Axiom 
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Schema 8 is dropped, but if WRxo is t and (necessarily) WRxl is 't, then 
WR[[O = 11 I> .xo = To = x 1  = To] is f, so we see that Axiomschema 8 
is independent. 

AXIOM 10 

We construct a model I m l 0  for Q as follows. Choose distinct objects t and 
f, and let 5Do and 5Dl each be the domain whichcontains t and fandnothing 
else. Then proceed as in the case of @. Thus the domain of individuals is 
taken to be the domain of truth values. The interpretation of Q in %Rl0 is 
made exactly as in the case of YX, with all references to 1: replaced by re- 
ferences to f. Note that while B0 and bl are now the same, the type sym- 
bols 0 and 1 in K1 are still distinct symbols, so W , [ Q O l ]  remains f. We 
see that Theorem 7 applies under the present interpretation of Q to the 
system with Axiom 10 deleted. However if xa is 0, xb is 1,  and (xx)O = f 

= (xy)l, then WRx4 = f = Wnyb, so WR[[x4 = yb3 2 [a = b]] is f. Hence 
Axiom 10 is independent. 

Thus far independence proofs for Axioms 2 and 9 have not been found, 

2 0 2  

2 

1.5. General comments on Q 

Various extensions of the system Q are of course possible. Among the 
simplest of these are systems obtained by adding additional axioms to the 
list of axioms for Q. For example, it will for certain purposes be desirable 
to add one or more of the following as axioms or axiom schemata: 

(11) Poaxa 2 ~ o a [ ~ a ( o a ) ~ o a l *  

( 1  1') 3ia(oa, *VPoa *3xaPoaXa 3 ~ o a [ i a ( o a ) ~ o a l .  
2 (12) V y 2 3 a 3 x 4  .yz = xu. 

(12') V a V x 4 p O 2 x 4  = V Y ~ P O Z Y ~ .  

( 1 3 )  [$&40l 2 .[$;A01 3 .VaVb"S:AoI 3 .[$;A01 3 ISL,AoII 3 VCAO, 
provided this is a wff, a and b are distinct, and all free occurrences 
of c in A .  are free for u and b. 
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(14) - [0 = 11. 

(15) - [0 = (ab)].  

(16) N [l = (ab)]. 

[I. 5 

Of these (11) and (1 1') are formulations of the Axiom of Choice, (12) 
and (12') are formulations of an axiom restricting the size of %Iz, (13) 
restricts the range of type variables to K', and (14)-(16) express the fact 
that certain type symbols are distinct. (We remark that without using any 
of the above axioms, we can prove - [(Oa) = a] in Q; see Theorem 305 
in Chapter 11.) It is clear that (12)-(16) are all true in all the principal 
interpretations of Q mentioned in Section 3 of this chapter, and that (1 1) 
and (11') can also be shown to be true if we assume the axiom of choice 
in our meta-language. However, we consider it to be of interest that the 
Theorem of Infinity can be proved, and the semantics of finite type theory 
formalized, in Q without the use of any of these axioms. Therefore we 
have not included them in the list of axioms of Q. 

If one wishes not only to formalize the semantics of finite type theory 
in Q, but to prove in Q the consistency of a formulation of finite type 
theory which has an Axiom of Infinity, then one must evidently add to Q 
an Axiom of Infinity for individuals of type 1. (Our Theorem of Infinity 
is for entities of type 2.) Alternatively, one might in some appropriate way 
extend Q to higher transfinite types, and then interpret the individuals of 
the finite type theory in %I2 rather than in %I1 when formalizing the seman- 
tics of the finite type theory. 

The following lemmas about wffs will be useful: 

L a m  9: There are no type symbols a, p and y in K: such that CL > @ 
and p > y. 

The proof is by induction on the length of (3. 

CASE 1 : 
Since none of these has the form (a), they can be involved in the re- 

lation > only by virtue of clause (1) of the definition of >. Hence there 
is no type symbol a such that a > 2 and there is no type symbol y such 
that 0 > y or 1 > y or u > y. 

is 0, 1, 2, or a type variable u. 



1.51 GENERAL COMMENTS ON Q 27 

CASE 2 :  p has the form ( 6 ~ ) .  
If there is a type symbol y such that ( 6 ~ )  > y, evidently this must be by 

virtue of clause (2) of the definition of > , so y must have the form (B'E), 
where 6 > 6'. 

If 6 is in K:, then 2 > 6 and 6 > 8', which violates the inductive 
hypothesis applied to 6.  

On the other hand if 6 is not in K: , then (BE) is not in K: , so if there 
is a type symbol a such that a > (a&), evidently a must have the form 
(a"&), where 6" > 6.  However, this would violate the inductive hypo- 
thesis applied to 6 .  

LEMMA 10: If a 2 p and every free variable of B, is a free variable of 
A,, and C, is a wff of which A,  is a wf part, then the result of replacing 
one occurrence of A ,  (not immediately preceded by A )  in C, by an occur- 
rence of B, is a wff D,, where y 2 6. If @ is a then 6 is y. Moreover every 
free variable of DI, is a free variable of Cy. 

The proof is by induction on the length of C,. One examines in turn 
the possible forms of C, according to the formation rules, and in each case 
easily sees that the conditions of the lemma are satisfied. We leave the 
details to the reader. 

LEMMA 11 : If y 2 a and every free occurrence of r, in B, is free for all 
free variables of A,, then S ~ Y B  is a wff of some type 6, where f3 2 6. 

The proof is by induction on the length of Bp.  We leave the details to 
the reader. 

I a 4  

LEMMA 12: [S;;[S;;A,]] is A,, provided y, does not occur free in A, 

The proof is left to the reader. 
and all free occurrences of rp in A,  are free for yD. 

LEMMA 13: If a > p and y is in K:, then (S+) > (S;p). 
The proof is by induction on the length of a. 

LEMMA 14: If 2 > y and all free occurrences of u in the wff A,  are free 

The proof is similar to the proof of Lemma 11. 
for all type variables in y, then $:Ao is a wff of type (Sip). 
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BASIC LOGIC I N  Q 

We shall henceforth let 2 stand for an arbitrary finite set of wffs of type 0. 
We do not exclude the possibility that 2 may be empty. We shall often 
refer to 2 as a set of hypotheses or prernisses. We shall write 2 I- A ,  as 
an abbreviation for the phrase “A,  is derivable from the set 2 of hypo- 
theses”. We define this concept inductively as follows : 
(1) If Ho is a member of 2, then 2 F H ,  . 
(2) If A ,  is a theorem of Q, then 2 !- A, .  

(3) If 2 I- C, and S I- A, 2 B,, then .X? I- Do, provided that: 
a) Do is a wff of type 0 which is the result of replacing one occurrence 

of A,  in C, by an occurrence of B,; 
b) the occurrence of A, in C, is not an occurrence of a variable im- 

mediately preceded by 1;  
c) for each primitive or type variable X such that an X-variable occurs 

free in a member of .X? and an X-variable occurs free in A,  or B,, 
the occurrence of A ,  in Co is free for all X-variables. 

(4) No wff is derivable from .X? unless its being so follows from the above 

By a proof from the hypotheses 2 we shall mean a pair of finite se- 
quences of wffs of type 0, such that every member of the first sequence is 
either an axiom of Q or is inferred from previous members of the se- 
quence by Rule R (so every member of the first sequence is a theorem of 
Q), and such that every member of the second sequence is either a mem- 
ber of &‘ or a member of the first sequence or is inferred from previous 
members of the sequence according to clause (3) above. 

rules. 

28 
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When a wff Do is inferred from wffs Co and A,  2 B, by clause (3) in a 
proof from hypotheses, we shall say that Do is inferred from Co and 
A ,  2 B, by Rule R’. Clearly in the case that X is empty, Rule R‘ is just 
a special case of Rule R. Consequently it is clear that if 29‘ is empty, 
2 t A ,  if and only if A .  is a theorem of Q. Hence we shall write t- A .  to 
indicate that A.  is a theorem. 

We next turn to the task of proving certain theorems in Q, and proving 
certain metatheorems and derived rules of inference. It will be clear that 
the proofs of our derived rules of inference can easily be made effective 
in the sense of [5 ] .  

As a convenience to the reader, after each line in a proof (or condensed 
proof) we shall indicate by name or number the rule (or rules) of inference 
used to obtain it, and then, after a colon, the numbers of the theorems or 
(in the case of a proof from hypotheses) lines of the proof from which the 
given line was inferred. In some cases the rules and wffs referred to must 
be used more than once. In a proof from hypotheses, to indicate that a 
wff is a member of the set of hypotheses, we shall simply write “hypo- 
thesis” or “premiss”. 

100 I- A,  2 A ,  for any wff A,, provided y 2 u. 
Proof: 

.1 I- [[Axpy]A,] 2 A,  Axiom 42 

Axiom 42 

Rule R :  .1, .2. 

101 Equivalence Rules (E-Rules): Suppose y 2 a, y 2 p, y 2 6. 

If t A, g Bp then I- Bp 2 A,. 

If I- A, 2 Bp and I- Bp 2 C, then I- A, 2 C,. 

I f 2 k A a z  B,theni%‘kB,z A,. 

If 2 t A, B, and 2 I- B, 2 C, then i%‘ I- A, C,. 

Proof of the first rule: 
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101.1 t- A,  2 Bp 
Y .2 I- Bp = A, 

Proof of the second rule: 
Y .3 t- A,  = Bp 

.4 I- Bp 2 C8 

.5 f A, 2 C, 

by hypothesis 

Rule R: 100,101.1. 

by hypothesis 

by hypothesis 

Rule R: .3, .4. 

The proofs of the third and fourth rules are similar, with Rule R‘ 
being used in place of Rule R. 

Y 102 Rule RR: If t- A, L B, or 1 B, = A,, where y 2 u and y =r @, and 
if X 1 C,, then X t- Do, where Do is a wff of type 0 which is the 
result of replacing one occurrence of A ,  (not immediately preceded 
by A )  in Co by an occurrence of Bp. 

(Note that the restrictions on Rule R do not apply to Rule RR.) 
Proof: 

by hypothesis and (if necessary) E-Rules 

100 

Rule R: .2, .1 

since this is a theorem 

by hypothesis 

Rule R‘: .5, .4. 

Y .1 t- A,  = Bp 

.2 I- c, = co 

.3 t. Co = Do 

.4 X I- Co = Do 

.5 8 t- c, 

.6 2 t- Do 

0 

0 

0 

103 t- “‘~~B,IA,I ‘ [sx, A ~ B p  1 , provided that y 2 u, no x-variable other 
than xu occurs free in Bp, and all free occurrences of xr in B, are free 
for all free variables of A,. 

Note that by Lemma 11 and formation rules ( 5 )  and (6‘), the above 
formula must be well-formed. 

The proof is by induction on the length of Bp. 
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CASE 1 : xy does not occur free in B,. 
Hence no x-variable occurs free in B,, and S”yB is B,, so the [ . A ,  PI desired theorem is Axiom 4,. 

CASE 2: B, is xy. 
Then the desired theorem is Axiom 4,. 

CASE 3: Bp has the form [D,,C,], where 8 2 E. 

I- [ [ A ~ ~ [ D , ~ ~ c ~ I I A ~ I  ‘ * “ l x y ~ a ~ ~ a l  [ [ R ~ ~ c ~ I A ~ I  Axiom 43 

I- “A~~D, , IA~I  p=S [ $ ~ : D P ~ I  by inductive hypothesis 

I- ~ [ ~ ~ ~ [ D ~ c J I A ~ I  ‘ * [s;;D~~I “ ~ X ~ C ~ I A ~ I  by Rule R 

(Note that by Lemma 11 [S:;Dpb] is a wff of some type @’a), where 
p 2 p’, so the above formula is well-formed.) 

I- “ l x y ~ e ~ ~ a ~  [$;;ce] by inductive hypothesis 

I- ~ [ A ~ ~ [ D D S C J I A ~ I  4 * [s::~pS] [ ~ c c ]  by Rule R. 

(Again by Lemma 11 we see that this is a wff, since [ S,X; Cs] is a wff of 
some type E’, where E 2 E’, so 8 2 E’.) Now [S;:[DpaCc]] is 
[S,X;DPa] [S;;C,], so we have the desired theorem. 

CASE 4: Bp is [ly,C,]. 
If xy has no free occurrences in B, then this is dealt with in case 1. 

If x, does have free occurrences in B, then y is not x, and since all 
free occurrences of x, in B, are free for all free variables of A,, no y- 
variables are free in A,. Hence 

I- “Ax, . ~ Y & C ~ I ~ , l  LAY8 - [Ax,C,lA,I Axiom 44 

(Note that this is indeed a wff.) 

I- [ ~ x y ~ s ~ ~ a  ’ [ S ~ ; C = ]  by inductive hypothesis 

I- * ~ Y , C J A ~ I  2 [AY~[S:;C,]]  by Rule R. 

(Since by Lemma 11 [S:; C‘] is a wff of some type E’, where E 2 E‘, 
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and every free variable of [S:;C,] is a free variable of [AxyC,]Aa, 

we see from Lemma 10 that this is a wff.) 
Now [ S:; [AysC,l] is [Ays[Si; Cs] ] , so this is the desired theorem. 

CASE 5 : BD is VcDo . 
If xu has no free occurrences in BD, this is dealt with in case 1. 
If xy does have free occurrences in BD, then c cannot occur in y (as 

we see from formation rule (7)), and since all free occurrences of xr 
in BD are free for all free variables of A,, c cannot occur free in A,. 

t- [ [AX, .VcDO]A,] = [VC . [AX,DO]A~] Axiom 45 

I- [ k , D o ] A ,  = S:;Do by inductive hypothesis 

t- [[Ax, .VcD,]A,] 2 [Vc[SA.;Do]] by Rule R. 

(Again we may refer to Lemmas 10 and 11 to verify that this must be 
a wff.) 
Now [S~;[VcDo]]  is [Vc[SA.;Do]], so this is the desired theorem. 

0 

0 

104 t- [Ax&& -.- Axi,,Aa]xiIxi2 .-- xin A, (n = 1,2, 3, ...), provided 
that for each i (n 2 i 2 I), no x'-variable other than xLi occurs free 
in A,. (Note that if the primitive variables xi and xi are the same but 
the type symbols 6, and pi are distinct, neither xii nor 4, can be free 
in Aa.)  

The proof is by induction on n. 
If n = 1 we have 

t- [Ax,AJx, 2 A,  

assure that the conditions on 103 are satisfied. 
If n > 1 by inductive hypothesis we have 

by 103, since our conditions 
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B 105 If 2 I- Bp e C, then &' I- Si;[BP = Cp], provided that 
a (I) y 2 a and all free occurrences of xy in [BP = CP] are free for all 

(2) xy is the only x-variable free in [B, = Cp] ; 
(3) no x-variable occurs free in a member of 2. 

free variables of A,; 
P 

Proofi 

.1&' I- B, p c, by hypothesis 
P .2 2 I- [Rx$,]A, = [nXp, ]A,  

100 (Using (2) we see that this is a wff.) 

.3 2 I- [Ax$lP]A, 5 [AxyCP]A, R: .2, .1 (Using (2) and (3) we 
see that the conditions on R' are satisfied.) 

.4 I- [dx$,]A, S;;Ba 103 (Here use (1) and (2).) 

103 (Here use (1) and (2).) 

RR: .3, .4, .5. 

P 
.5 I- [Ax,C,]A, = s:;cp 
.6 &' I- [S;;B,] = P [S,';CP] 

This is the desired theorem. 

106 Rule of Specialization (Rule S): If &' I- VxyBo then .%' I- $i;Bo,  
provided that y 2 a and all free occurrences of xu in Bo are free for 
all free variables of A,. 

Proofi 

.1 2 I- [Ax$,] 2 [AXYT,] by hypothesis, def. of V 

100 

R': .2, .1 

0 
.2 H t. [AxyB,]A, = [AxyB,IA, 

.3 2 I- [AxyTo]A, 2 [Ax$,]A 
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RR: 106.3,103 

100, def. of To 

R': .5, .4. 

107 t- [B, g BPI = To provided a 2 p. 
(Note the special case t- [[To 2 To] 2 To].)  

Proof: 

-1 I- [ ; lua~al  "=" [ J ~ a ~ a l  = vxa * [ l ~ a ~ a l x a  ' [AYaYJxa 
105: Axiom 3 

-2 t- vxa * [IZYOLYOLIX~ 2 [jly,yalxa R: 100, 107.1 

.3 I- [&ya]xa x, Axiom 42 

.4 I- [,axa .xa = x,] = [,axaTO] R: .2, .3; def. of V 

100 

R: .5, .4 

R: 107.6, 103. 

a O a  

0 
.5 I- [,axa .xa xa]B, = [,axa .xa : xa]B, 

0 
.6 I- [AX,  .x, 2 xa]BP = [haT0]Bp 

.7 I- [B, 2 BPI = To 
0 

0 
108 If A? t- B, C, and a 2 p, then A? I- [B, 2 Cp] = To 

Proofi Apply R to 107 and the hypothesis. 

109 t- [To A To] = To.  

Proofi 

.1 t- ";lYoTolTo A [ ~ Y o ~ o l ~ o l  = vxo - [ ~ Y o T o I x o  

.2 t- [To A To] = VxoTo 

.3 k [JXOT~] = [ ~ c ~ T ~ ]  2 To 

.4 I- [To A To] = To 

105: Axiom 1 
R: 109.1, 103 

107 

E-Rules (101) : .2, .3. 
(Note that VxoTo is  [A~oToI = [IxoT'l.) 

E-Rules (101): 109; R: 100, def. of To. 

00 

110 !-To A To 
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111 If A .  is any wff with no free x-variables other than xo and I- [S:;AO] 
0 0 
= To and t- [SZA,] = To,  then k Ao.  

Proof: 

.1 k To = [2~oAo]To E-Rules (101): 103, hypothesis 

.2 I- To = [2x0A0]FO E-Rules (101): 103, hypothesis 

.3 [kCo&]To A [~Xo&]Fo R: 110, 111.1,  111.2 

.4 [ [2XoAo]To A [koAo]Fo] = VXo .[~XOAIJ]XIJ 105: Axiom 1 

.5 I- vxo . [2xoAo]xo R: .3, .4 

.6 I- VxoAo R: 111.5, 103 

.7 t- A ,  Rule S (106): .6. 

112 I- [To A Fo] = Fo. 

Proof: 

.1 k [ [2XoXo]To  A [~XoXo]Fo] = VXo . [ ~ X o X o ] X o  105: Axiom 1 

.2 k [To A Fo] = VXoXo R: 112.1, 103. 

Now Vxoxo is [ [ R x , ~ , ]  = [RxoTo]], which is Fo , so this is the desired 
theorem. 

108: 109 

108: 112 

111: . l ,  .2 

105: .3. 
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114 I- [Fo = To] = Fo. 

Proofi 

.1 1 [[AX, .Xo = To]To A [AX, . X o  = To]Fo] = VXo . [AX0 .Xo=TolXo 

105: Axiom 1 

R: 114.1, 103 

R: 114.2, 107 

R: 114.3, 113 

105: Axiom 3 

R: 114.5, 103; def. of Fo 

E-Rules (101): .4, .6. 

.2 

.3 t [To A [Fo = To]] = VXo .Xo = To 

.4 t [Fo = To] = V X O  .xO = To 

[[To = To] A [Fo = To]] = VXo .Xo = To 

.5 [[IXOX,] = [AXOTO]] = vxo . [IXOXO]XO = [IXOTOlXO 

.6 I- Fo = V X O  .xO = To 

.7 I- [Fo = To] = Fo 

115 I- [ A ,  = To] = Ao.  

Proof: 

.1 I- [[To = To] = To] = To 

.2 t [[Fo = To] = Fo] = To 

.3 t- [XO = TO] = x o  

.4 I- [A,  = To] = A0 

116 Rule T: 2 I- A.  if and only if YE' I- A.  = To. 

Proof: Use Rule R', E-Rules (101), and 115. 

117 Rule of Generalization (Rule Gen): 

If 2 I- A .  then A? I- VxaAo, provided that 

(1)  no x-variable other than x, occurs free in A o ;  

(2) no x-variable occurs free in a member of 2. 

108: 107 

108: 114 

111: .l, .2 

105: .3. 
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Proof: 

117.1 2 !- A. = To 

.2 2 t- [lx,Ao] = [dx,Ao] 

.3 2 !- [dx,A,] = [Ix,To] 

Rule T: hypothesis 

100 

R': .2, .l. 

We see from the definition of V that this is the desired theorem. The 
reader should note that under our conditions (1) and (2) the appli- 
cation of R' above is legitimate. 

118 If 2 I- Bo then 2 I- Si; Bo , provided that 

(1) y 2 tc and all free occurrences of xu in Bo are free for all free 

(2) xy is the only x-variable free in Bo; 

(3) no x-variable occurs free in 2. 

variables of A,; 

Proof: 

.1 2 I- VxyBo 

.2 2 I- S,X;Bo 

Rule Gen : hypothesis 

Rule S (106): .l. 

119 Rule of Simultaneous Substitution (Rule Sub) : 
1 . . . x "  

If A? I- Bo then 2 !- Sx: 

(1) the primitive variables xl, m a . ,  X" are distinct; 
for each i (n 2 i 2 1) the following conditions hold: 
(2) yi 2 ai and all free occurrences of xii in Bo are free for all free 

(3) no &variable other than x+i occurs free in B,; 

(4) no xi-variable occurs free in a member of X .  

yn Bo (where n = 1, 2, 3, . . .), pro- ... A" vided that : Aai an 

variables of A:, ; 

(Note that 119 is the same as 118 for the case where n = 1.) 
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Proof: Let y', . . ., y" be distinct primitive variables which are dis- 
tinct from xl, . . ., x" and from all primitive variables occurring in Bo, 
Atl ,  ..., A:, or in members of 2". 

.1 #!- Bo by hypothesis 

118 (applied n times): .I 

1 . . . X  

yy, * * * YY" 

1 

.3 dE" t Syyl"' '2 [s.r inBo] 1 18 (applied n times) : .2. 
A:, * .  . A,, 

This is easily seen to be the desired theorem. 

120 !- [2xpAa] 2 [2ya[SXyiA,]], provided that 

(1) no x-variable other than x, is free in A,; 
(2) no y-variable is free in A,; 

(3) all free occurrences of x, in A, are free for ye. 

(The reader will recall that x is a particular primitive variable, while 
y stands for an arbitrary primitive variable.) 

Proof: 

.1 I- Vx, . A,  2 A, Gen(117): 100 

.2 I- [2xeA,]x, 2 A, 103 

-3 [ l ~ p [ $ ; ~ ~ a ] ] ~ p  2 A a  103 (We here use lemma 12 

to see that [S:; [S;;A,]] is A,; it is clear that the conditions on 103 
are satisfied.) 

RR(102): .l, .2, .3 .4 I- vxl, . fnxaA,]xe 2 [&[s;;Aa]]x,  

.5 !- [[2x,Aal [ly,[S;;A,]]] = vx, .[lxaA,lx, 4 [~YYp[S;pAa]]x, 
Sub : Axiom 3 

RR: .4, .5. -6 I- [Jx&I 2 ["YD[S$Aa]] 
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121 I- [hfi 2 gap]  = vxp *f4xp 2 gap+, P rovided f and g are distinct 

Proof: Let t and s be primitive variables distinct from one another 

from x. 

and fromf, g, x , f ,  g ,  x. 

Sub: Axiom 3 

120 

120 

R: . l ,  .2, .3; def. of V 

Sub: .4. 

aD 
.I  I- [tap = sap] = vxp .tapxp 

.2 I- [Axp .tapxp sapxp] = [Axp .f,pxp = sapxp] 

s,pxp 

aP 

.3 t. [lxpTo] = [AxpT,] 

.4 I- [tee 2 sap] = vx, .tapxp 2 s,pxp 

-5 I- [he 2 gas] = vxp * ~ p x p  2 gapxp 

122 I- [Ax,A,] 2 [lyp[S;;Aa]], provided that 

(1) no x-variable other than xp is free in A,; 
(2) no y-variable is free in A,; 

(3) ail free occurrences of xe in A, are free for ye. 

x p  by xp, and use 121 in place of Axiom 3. 
The proof is essentially the same as the proof of 120; simply replace 

123 k P p A o ]  = [Vyp[SG;Ao]], provided that 

(1) no x-variable other than xp is free in Ao; 

(2) no y-variable is free in Ao; 

(3) all free occurrences of xb in A.  are free for ye .  

The proof is immediate from 100,122, and the definition of VxBAo. 

124 I- [gooTo A gooFo] = Vxo .gooxo, provided g is distinct from x. 

The proof is similar to the proof of 121, with Axiom 1 being used 
in place of Axiom 3. 
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125 Rule of Conjunction (Rule C): 

If &' I- A.  and 2 I- Boy then .%? t A ,  A Bo. 

Proof: 

.1.@ I- To = A .  Rule T (116), E-Rules (101): hypothesis 

.2 22' I- To = Bo Rule T (116), E-Rules (101): hypothesis 

.3 2 A0 A Bo R :  110, 125.1, 125.2. 

126 Rule of Cases: If A .  is any wff with no free x-variables other than xo, 
and 2 k S;zAo and 2 k S:zAo, then 2 t A o .  

Proof: 

.1 22' I- [2XOAO]TO RR (102): 103, hypothesis 

.2 2 I- [2xoA,]F, 

.3 .iV t [IxoAo]TO A [kcoAo]Fo 

.4 .@ 

.5 2 t Vx, . [IxoAo]xo 

.6 2 I- VxoAo 

.7 2 t A ,  

RR (102): 103, hypothesis 

Rule C: .1, .2 

Sub: 124 

R': .3, .4 

RR: 126.5, 103 

Rule S (106): .6. 

I 

[[2XoAo]To A [AXoAo]Fo] = VXo . [&Ao]Xo 

127 t [To 3 Bo] = Bo. 

Proofi 

.1 t [To 3 B,] = [[To A B,] = TO] 

.2 t [To 3 Bo] = [Bo = To] 

.3 t [To 3 Bo] = Bo 

R: 100, 103, def. of I> 

R: 127.1, 113 

R: 127.2, 115. 

128 Rule of Modus Ponens (Rule MP): 

If 2 t A.  and 2 t A.  3 Bo then&' I- Bo. 
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by hypothesis 

Rule T (116): .1 

by hypothesis 

R’: .3, .2 

R’: 128.4, 127. 

129 I- Fo 3 Ao. 

Proof: Let y be distinct from all primitive variables occurring in 
A0 - 
.1 I- “Rxoxol = [~xoToIl  = .[JYoo .YooAol [Axoxol 

= [ ~ Y o o  .YooAol [AxoTol Sub: Axiom 2 

R: 129.1, 103, def. of Fo 

R: 129.2, 103 

R: 129.3, 115. 

.2 I- Fo 3 .[Axoxo]Ao = [AxoTo]Ao 

.3 I- Fo 3 .A0 = To 

.4 I- Fo 3 A0 

130 I- [To 3 To] = To; I- [To 3 FO] = Fo; 

I- [Fo 3 To] = To; I- [Fo 3 Fo] = To- 

Proof: by 127, 129 and Rule T (116). 

131 I- [To A To] = To; I- [To A 3‘01 = Fo; 

I- [Fo A To] = Fo; I- [Fo A FO] = Fo. 

Proof.’ Let A .  be any wff of type 0. 

.1 k [Fo 3 A,] = [[Fo A A,] = Fo] R: 100, 103, def. of 3 
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131.2 k [Fo A &] = Fo R: 129, 131.1. 

Now 109, 112, and 131.2 are the desired theorems. 

0 0 0 0 
132 I- [To = To] = To; [To = 3'01 = Fo; 

0 0 0 
I- [F, = To] = F,; F [F, = FO] 9 To. 

Proof: 
0 0 0 

.1 t- [To = FO] 2 . [Ax, .Fo = xO]TO [Axo .Fo = xO]FO 
Sub: Axiom 2 

0 R: 132.1, 103 

R: 132.2, 114, 107 

R: 132.3, 114 

0 
.2 I- [To 2 FO] 2 . [Fo = To] 9 [Fo = FO] 

.4 t [To = FO] 3 Fo 

0 
.3 F [To = FO] 3 .Fo = To 

0 

0 
.5 [[To 9 Fo] 3 FO] . [[To = Fo] A Fo] 9 [To 2 Fo] 

R: 100, 103, def. of 3 

R: .4, .5 

Rule of Cases (126): 131 

Sub: .7 

E-Rules (101): .6, .8. 

0 0 0 
.6 I- [[To = FO] A FO] = [To = FO] 

0 
.7 1 [Xo A Fo] = Fo 

0 
.8 I- [[To = FO] A FO] 2 Fo 

.9 t [To = FO] = Fo 
0 0 

Now 107, 114, and 132.9 are the desired theorems. 

133 I- -To = Fo; t -Fo = To by E-Rules (101): 103, 132, def. of m. 

134 t [To v To] = To; F [To v Fo] = To; 

I- [Fo v To] = To; I- [Fo v Fo] = Fo. 

Proof: by Rule R, 100, 103, 133, 131, def. of v . 
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DEFINITIONS: The class ofpropositional wfls is the smallest class of wffs of 
type 0 which contains To,  Fo , and all wff-variables of type 0, and which, 
if it contains A.  and Bo,  also contains [Ao = Bo],  [Ao A Bo], [Ao 3 Bo], 
-AO,  and [Ao v B,]. A propositional wff A .  is a tautology if W,Ao = t 
for every assignment x. A wff Bo of type 0 is tautologous if there is a 

0 

1.. .p ;  
tautology A .  such that Bo is Spo A.  . ( p i ,  . . ., p;  must of course be 

c1. .  .cn 
0 0  

distinct wff-variables of type 0.) 
In the light of Lemma 1 it is clear that there is an effective method for 

determining of any propositional wff whether or not it is a tautology. This 
method is the usual method using truth tables. (To show this in detail one 
would of course make use of Lemmas 2-5 also. Similar lemmas concern- 
ing -00 and v ooo can easily be obtained from 133 and 134 by the use of 
Theorem 7.) It is also clear that there is an effective method for determin- 
ing of any wff of type 0 whether or not it is tautologous. 

135 If A .  is a tautology, then I- A o .  

The proof is by induction on the number of wff-variables which have 
free occurrences in Ao.  (Of course all such variables must be of type 0 
since A. is a propositional wff.) 

We easily see by induction on the length of Bo that if Bo is any pro- 
positional wff in which no variables are free, I- Bo = To or I- Bo g Fo. 
We simply use Rule R and Theorems 100, 130, 131, 132, 133 and 134. 

Now suppose A .  is a tautology without free variables. If I- A.  = F,, 

then by Theorem 7 we see that W,[Ao 2 FO] = t for every assignment x, 
so WnAo = WnFo = f, contradicting our assumption that A. is a tauto- 
logy. Hence we must have I- [Ao = To],  so by Rule T (116), t- Ao.  

Next suppose that A.  does contain free variables; let xo be one of the 
variables which occur free in A .  . Clearly S z A O  and S z A o  are tautologies, 
so by inductive hypothesis, I- S z A O  and I- S z A o .  Hence I- A.  by the 
Rule of Cases (126). (Since A .  is a propositional M, it cannot contain 
free occurrences of x-variables other than xo .) 

It should be noted that the process of constructing a proof for any 
tautology is effective. 

0 

0 

0 



44 BASIC LOGIC IN Q [I1 

136 Rule P: If S k A:, ..., 2 t- A:y and if [A: 3. ... 3 . A :  3 Bo] is 
tautologous, then &' I- Bo. (n = 0, 1,2,3, ... ; if n = 0, Rule P is to 
be interpreted as follows : if Bo is tautologous, then .@ I- Bo .) 

Proofi 

.1 I- A: 3. 

.2 2 I- A: 3. .-- =.A:  3 Bo 

.3 &' I- Bo 

= . A t  3 Bo Rule Sub (119): 135 

Theorem 136.1 

Rule MP (128) (applied n times): .2, hypotheses. 

137 Rule of Generalization for Type Variables (Rule Gent): If &' k A. 
then .% I- VaAo , provided this is a wff and Q is not free in any member 
of 2. 

Proofi 

.I .%? I- To = A .  

.2 2 I- VaTO 

.3 2 !- VaAo 

Rule T (116), E-Rules (101): hypothesis 

Axiom 6 

R': .2, .l. 

138 Rule of Specialization for Type Variables (Rule St): If X' I- VQA, 
then .% !- SYA, , provided that 2 > y and a11 free occurrences of u in 
A.  are free for all type variables in y. 

Proofi 

.1 2 I- VaAo by hypothesis 

.2 X I- [VQAO] 3 [S@o] Axiom 7 (It is clear 
that this is a wff, since VaAo is derivable from .% and so must be a 
wff, and by Lemma 14, S"$, must be a wff of type 0.) 

.3 2 I- s"do Rule MP (128): -1, .2. 

139 If 2 I- A .  then 2 I- Sd0, provided that 
(1) 2 > y and all free occurrences of a in A. are free for all type 

variables in y; 
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(2) u is not free in X ;  
(3) for each wff-variable xp such that xp occurs free in A. and u oc- 

curs in p, no x-variable occurs free in a member of H and no x- 
variable other than xp occurs free in A o .  

Proof: Let xi, , . .., xi, be a list of all wff-variables such that xLi oc- 
curs free in A.  and a occurs in pi.  

.1 S' I- A0 by hypothesis 

.2 2 t V X ~ ,  - a *  VxinAo Gen (117): .I 

.3 2 t VaVxp', VxinAo Gent (137): .2 

.4 2 I- S;Vx;, - - -  VxinAo Rule S, (138): .3. 

Let 6, be (S&), where i = 1, --, n. Then we have 
2 I- V X ~ ,  V X ~ ~ [ $ ~ A O ]  

.5 2 t $:Ao Rule S (106): .4. 

It is easy to check that the applications of rules of inference in this 
proof are legitimate under the restrictions (I), (2) and (3) of our 
theorem. 

140 Rule of Simultaneous Substitution for Type Variables (Rule Sub,) : If 
.%' l- A .  then 2 I- S;: : : : ;:Ao (where n = 1 , 2 , 3 .  ...), provided that 
for each i (n 2 i 2 l), the following conditions are satisfied: 
(1) 2 > y, arid all free occurrences of a' in A.  are free fur all type 

(2) u' is not free in any member of 32'; 
(3) for each wff-variable xp such that xp occurs free in A .  and u' oc- 
' curs in p, no x-variable occurs free in a member of 2 and no x- 

variable other than x, occurs free in A o .  

Proof: Let bl,  . . ., 6" be distinct type variables which are distinct fron 
d, ..., an and from all type variables occurring in A o ,  yl, ..., yn, or 
in members of 2. 

variables in y, ; 
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140.1 .% t- A .  by hypothesis 

139 (applied n times) : .l 

139 (applied n times): .2. 

.2 ye t s$ : : : 

.3 2 I- s;; : : : ;I [s;: : : : $Ao] 

This is the desired theorem. 
One must of course check that the conditions attached to rule 139 

are satisfied each time the rule is applied in the above proof. A little 
reflection will convince the reader that this is so. 

141 t- Vx,[Ao 3 Bo] = .Ao 3 VxaBo, provided that no x-variable oc- 
curs free in A .  and no x-variable other than x, occurs free in B,. 

Proof: Letp be a primitive variable not occurring in Bo and distinct 
from x. 

.1 t Vx,Bo = .To 3 VxaBo Rule P (136) 

-2 t Bo = .To 3 Bo Rule P 

.3 t VxaTo 100, def. of V 

.4 t VX,TO = .Fo 3 VX,BO Rule P: .3 

.5 t To = .Fo 3 Bo Rule P 

.6 i- Vx,[Fo 2 Bo] = .Fo 3 VX,BO R :  .4, S 

.7 t Vxa[To 3 Bo] = .To 2 VX,BO R: . l ,  .2 

.8 t VX,[P~ 2 Bo] = .PO 2 Vx,Bo Rule of Cases (126): .7, .6 

.9 I- Vxa[A0 3 Bo] = .Ao 3 VxaB0 Sub (119): .8. 

142 !- Va[Ao 3 B,] = .Ao 3 VaB,, provided that this is a wff and a is 
not free in A o .  

The proof is similar to the proof of 141. In place of 141.3 one of 
course uses Axiom 6, which is VaT, . 
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143 If & I- A .  2 Bo then 2 I- A.  3 VxaBo, provided that: 
(1) no x-variable occurs free in A .  or in a member of 2; 

(2) no x-variable other than xu occurs free in B,, . 
Proof: By Gen (117), RR (102), and 141. 

144 If A? t. A .  3 Bo then 2 I- A.  3 VuBo, provided that: 
(1) u does not occur free in A.  or in a member of if; 
(2) VuBo is a wff. 

Proofi By Gent (137), RR, and 142. 

145 I- V x J ,  3 [$%Ao], provided that u 2 y and VxaAo is a wff and all 
free occurrences of xu in A .  are free for all free variables of C,. 

Proof: Let p be a primitive variable not occurring in C,. 

-1 I- [AxaAol = [JxJ'oI 3 * [@pool . P ~ a c y I  [AxaAoI 

= [@oa * ~ 0 a C y 1  [lxaT01 

.2 I- VxaAo 3 . [$$;A,,] = To 

.3 I- VxaAo 2 [ S q A , ]  

Sub: Axiom 2 

R: 145.1, 103; def. of V 

Rule P: .2 

146 I- VxaAo 3 A o ,  provided this is a wff. 

Proof: By 145, with xu as C,. 

147 I- VaAo 2 A o ,  provided this is a wff. 

This is an instance of Axiom 7, with a as y. 

148 I- Vxa[Ao 3 Bo] 3 .VxaAo 2 Bo, provided this is a wff. 

Proof: 

.1 I- Vxa[Ao 2 Bo] 2 . A0 3 BO 

.2 I- Vxa[Ao 3 Bo] 2 .Vxac,Ao 2 Bo 

146 

RuleP: 148.1, 146. 
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149 I- Va[A, 3 B,] 3 .VuAo 3 B,, provided this is a wff. 

The proof is similar to the proof of 148, with 147 used in place of 
146. 

150 I- Vxa[Ao 3 B,] 1 .VxaA, 3 VxaBo, provided this is a wff. 

Proofi 

.1 I- Vxa[Ao 3 Bo] 3 Vxa .VxaAo 3 Bo 

.2 I- V X ~ [ V ~ X ~ A ~  3 Bo] = .Vx,Ao 3 Vx,B, 

Theorem 150 is then obtained by Rule R. 

143: 148 

141. 

151 I- Va[Ao 3 B,] 3 .VuAo 3 VuB,, provided this is a wff. 

Theproof is similar to the proof of 150, with 144, 149 and 142 used 
in place of 143, 148 and 141. 

152 If X' I- A, 3 B, then i%? I- VxaA, 3 VxaB,, provided that this is a 
wff and no x-variable occurs free in #. 

Proofi Use Rule Gen (117), 150, and Rule MP (128). 

153 If i%? I- A ,  3 Bo then A@ I- VuA, 3 VuB,, provided that this is a 
wff and u is not free in &'. 

Proof: Use Rule Gen, (139, 151, and Rule MP. 

154 I- [VxaVyDAo] = ~ypVxaA,],  provided this is a wff. 

Proofi 

.1 I- VxaVypA0 3 VxaA, 

.2 I- VxaVypA, 3 VyDVxaA0 

.3 I- VypVxaA, 3 Vx,VypAo 

The desired theorem is obtained by Rule P from .2 and .3. 

152: 146 

143: .2 

by Theorem Schema 154.2. 
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155 I- VaVbA, = VbVaAo , provided this is a wff. 

The proof, using 153, 147 and 144, is similar to the proof of 154. 

156 tVaVx,A, = Vx,VaAo, provided this is a wff, and a does not occur 
in p. (Note that if this is a wff, either a does not occur in or xa does 
not occur free in Ao. This is clear since VaAo must be a wff.) 

Proof: 

.1 I- VaVx,A, =, VaAo 153: 146 

.2 t VaVx,Ao 3 VxpVaAo 

.3 t- Vx,VaAo 3 VaVxpAo 

143: .2 

152, 144: 147. (Note 

that in applying 144 we make use of the fact that a does not occur 
in p.) 

The desired theorem is obtained by Rule P from .2 and .3. 

157 t-VaAo = Vb[StAol, provided that 

(1) VaA, is a wff; 

(2) 6 does not occur free in A,,; 

(3) all free occurrences of a in A. are free for 6. 

ditions Vb[S;A,] must also be a wff.) 
(With the aid of Lemma 14 it is easy to see that under these con- 

Proofi 

.1 I- VaA, 3 [S:AO] Axiom 7 

144: .1 

Axiom 7 (Note that Sf[S',A,] is A, .) 

144: .3. 

.2 I- VaAo 13 V b [ & i o ]  

.4 t Vb[S;A,] 13 VaAo 

.3 t Vb[S;Ao] 3 A ,  

The desired theorem follows from .2 and .4 by Rule P. 
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158 I- Va[Ao = BO] 3 .%Ao = VaBo, provided this is a wff. 

Proofi 

.I I- [ A ,  = Bo] 3 .A0 3 Bo Rule P 

Rule P 

153: .1 

153: .2 

151 

151. 

The desired theorem follows from .3, .4, .5 and .6 by Rule P. 

160 I- [ l ~ &  Itr&A,] = [ J X ~ ~  l ~ i ~ B , ]  = Vxpl 1 * * *  V X ~ ~  .A, = B,, 

provided that n 2 1 and 
(1) xl, a s . ,  xn are distinct primitive variables; 
(2) for each i (n 2 i 2 l), no xi-variable other than xi, occurs free in 

The proof is by induction on n. For n = 1, the theorem has already 

A, or B,. 

been proved as Theorem 159. So suppose n 1. 
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R: 160.1, 159. 

161 k V d  * - -  V U Y X ; ,  VXF'JA, = B,] 3 .Co = Do 

(where n 2 0 and m 2 0), provided that: 
(I)  A,, B,, Coy and Do are wffs such that Co contains at least one oc- 

currence of A, and Do is the result of replacing one occurrence of 
A,  in Co by an occurrence of B,; 

(2) ul ,  .--, a", xpl, . . m y  nrm is a complete list of distinct type variables 
and wff-variables which are free in A,  or B, but for which the oc- 
currence of A,  in Co is not free in Co. 

1 

Proof: 

We first note that under our hypotheses the primitive variables 
xl, ..-, xm must be distinct. For suppose not; then for some indices i 
and j and primitive variable x we have xi = 9 = x but p, 9 pj. Now 
the occurrence of A,  in Co is free for neither xpi nor rp,, and hence 
either (i) Co contains a wf part of the form [Ax$,], where A, is con- 
tained in E, and is free in Es for xpI and xP,, or (ii) Co contains a wf 
part of the form V'bE,] (where of course 6 is 0), where A ,  is contained 
in E, and is free in E, for xpi and xpJ, and b occurs in pi or PI. 

Hence Do must contain a corresponding wf part of the form 
[;lx&] or [VbEiI, where Ei is obtained from E, by replacing the oc- 
currence of A,  by an occurrence of B,. Since xpi and xpj are each free 
in A, or B,, in each case xpi and xpJ must each be free in E, or Ei .  
Hence in case (ii) above either [VbE,] or [VbEi] cannot be well- 
formed (as we see from formation rule (7')), so either Co or Do can- 
not be a wff. This, however, violates hypothesis (1) of our theorem. 
On the other hand in case (i), pi and cannot both be the same as y, 
so [Ax,.E,] and [Ax$;] cannot both be wffs (as we see from formation 
rule (C)),  so again hypothesis (1) is violated. 

Thus the primitive variables xl, ..., xm must indeed be distinct. 
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We next observe that Val -.. Vu"Vxi, - - -  Vxrm[A, = B,] must be 
a wff under our hypotheses. To see this, note that for each j (m 2 j 
2: l), Co must contain a wf part [Ax&E8], where A,  is contained in E, 
and is free in E8 for XJpJ. Hence neither A, nor B, can have free occur- 
rences of any .&variable other than xiJ. Also for each i (n > i 2 l), 
if y, is any free wff-variable of A, or B, such that a' occurs in y, then 
y, is contained in the list xi,, .--, x;'; this is clear since A,  is not free 
in Co for u', and so A,  is not free in Co for y,. 

It is thus clear that 161 must be a wff under the given hypotheses. 
We now prove 161 for all wffs A,, B,, Co, and Do satisfying our 

hypotheses by induction on the number p of wf parts of C, of the 
form WbE,], where the occurrence of A,  in question is in Eo . 

CASE 1: p = 0. 

Clearly n = 0. Let t be a primitive variable not occurring in Co or 
Do and let Go be the result of replacing the given occurrence of A,  in 
Co by an occurrence of the wff [tDLB,. . . Blxil x;']. Clearly Go is a wff. 

161.1 k [AX;, kt$"A,] = [AX;, ..* Ax;'B,] 3 

= [Atabm ... p,Go] [Ax;, * - *  AX;~B,] Sub (119): Axiom 2 

.2 I- [AX;, a * *  AxFmA,] = [AX:, Ax;'B,] 3 .Co = Do 
R: 161.1, 103, 104 

R: 161.2, 160. .3 I- V X ~ ,  - * .  VxPm,[Alr = B,] .Co = Do 

CASE2: p > 0. 

In this case Co must contain a wf part [VbE,] which is contained 
in no other such part, with the occurrence of A,  in Eo. Hence Do 
contains a corresponding wf part [VbEh], where Eh is the result of 
replacing the occurrence of A,  in Eo by an occurrence of B,. 

a', 1.. , u", x ~ , ,  -.-, x;' is acomplete list of those variables which are 
free in A,  or B, but for which the occurrence of A, in Co is not free 

1 
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in Co . For some of these variables the occurrence of A, is not free in 
E,; let these be al, - . a ,  a ,  xD,, em-, xir, where n 2 s 2 n - 1 and 
m r 2 0. If s = n then either b is not free in A, or B,, or else b is 
already included among a', ---, a', so that any free occurrences of b 
in A, or B, are not free in Eo or Eb. If s = n - 1 then a" is b. Note 
that in either case b is not free in Val 

s 1  

VaWxp', ..- Vxir[Aa = B,]. 

161.4 I- Val Va'Vx;, ... Vxir[A, = B,] 3 . Eo = EA 

by inductive hypothesis 

3 Val Van-lVx;, -.. v x & i a  = B,] 153: 147 

.5 I- Val ... Van-'VanVxp', ... Vx;,[A, = B,] 

.6 I- Val ... Va"Vxp', --. Vxir[A, = B,] I> . Eo = EA 

RuleP: .4, .5 
(Recall that s = n or s = n - 1.) 

144: .6 .7 I-Val VaWx;, ... Vxir[Aa = B,] =I Vb .Eo = EA 

(Vb .Eo = EL must be a wff since VbE, and VbE; are wffs.) 

.8 I- Vb[Eo = Eb] 3 .PbE,] = [\dbEb] 

.9 I- Val ... Va"Vx;, 0 . .  Vxi,[A, = B,] =I . [VbE,] = PbEb] 

158 

Rule P: .7, .8. 

-.. ,.I$'' is free in [VbE,] or [VbEb] but 
that the occurrence of [VbE,] in C, is not free in C, for any of these 

list of those distinct variables which occur free in [VbE,] or PbEbJ 
but for which the occurrence of [WE,] is not free in Co . (The occur- 
rence of [VbE,] is free in C, for all type variables.) 

.10 I- V X ~ ; ; ~  Vx&Val ..- VanVxp', ... VX~,[A, = B,] 

Note that each of 

variables. Let y;,, -.., yyk, k xi,=', , xp", (where k 2 0) be a complete 

3 VX,,, r + l  -.. VX;' . [VbEo] = [\dbEb] 

(We easily see that this is a wff.) 

152: .9 



54 BASIC LOGIC IN Q [I1 

161.11 I- VU' V U " V X ~ ~  -.. VX~~VX~:+'~ VX;'[A, = B,] 

2 v$;' - * -  VXFm . pibE,] = WbEb] RR: 161.10, 156, 154 

(Since .9 is a wff and each of xi::', e- ,  xpm occur free in [A, = B,], 

none of u', an can occur in Pr+l ,  -.., or Pm.) 

.12 FVU' VU"VXp" vxym[Aa = B,] 

I> vyy, 1 --. vy;kvx;;;l *.. VXF' . [VbEOl = W'bEbl 
(Clearly no yl- ,  ..-, or yk-variable can occur free in Vul 

143: .ll 

VunVxi, 
- * .  VX;fm[A, = B,].) 

.13 I- Vyt, - 0 .  Vy;,Vxi:,', VX;'[[V~EO] = [VbEbll 2 .Co = DO 

by inductive hypothesis, since Do is obtained from Co by replacing 
the occurrence of [VbE,] by an occurrence of [VbEb], and this 
occurrence of pibEO] is free in Co for all type variables. 

.14 I- Val -.- Vu"Vx~, -.- V x Q 4 ,  = B,] =) .Co = Do Rule P: .12, .13. 

This completes the proof of 161. Note that no difficulties arise in 
carrying out the proof if r = m or n = 0 or m = 0. 

162 Deduction Theorem: If HA, 
I- H i  3 Do (k = 1,2, 3, .**). 

Hkg-', H,k I- Do then HA, --. Hk-' 0 

The proof is by induction on the length of the proof of Do from the 
hypotheses H i ,  ..., H,". (By this we mean the length of the second 
sequence of wffs referred to in the definition of a proof from hypo- 
theses at the beginning of this Chapter.) 

CASE 1 : Do is a theorem. 

.1 I- Do 

.2 I- H t  I> Do 

.3 HA, **., Hk,-l I- I> Do 

by hypothesis 

RuleP: .1 

Theorem -2. 
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CASE 2: Do is one of HA, -.-, Hk-'. 

162.4 HA, - * * ,  Hi-' t- Do Premiss 

Rule P (1 36) : .4. .5 HA, em., Ht-' t- H," 3 Do 

CASE 3: Do is H,". 

.6 HA, **., Ht-' t- H," 3 Do Rule P (136). 

CASE 4: HA, H," t- Co and HA, --, H," I- [A,  = B,] and Do is in- 
ferred from C,, and [A,  = B,] by Rule R' in the given proof of Do 
from the hypotheses HA, -.., Hk. Thus Do is the result of replacing 
one occurrence of A,  in Co by an occurrence of B,, and for each 
primitive or type variable Xsuch that an X-variable occurs free in one 
of the hypotheses HA, a n - ,  H," and an X-variable occurs free in A,  or 
B,, the occurrence of A,  in Co is free for all X-variables. 

.7 HA, Ht-' t- H," 3 Co by inductive hypothesis 

.8 HA, * - - ,  Hk-' t- HE 3 .A, = B, by inductive hypothesis. 
xrm be a complete list of all type variables 

and wff-variables which are free in A, or B, but for which the occur- 
rence of A,  in Co is not free in C,, . Then none of ul ,  .--, u" occurs free 
in HA, ..-, or H,", and for each j (m 2 j 2 l), no 2-variable occurs 
free in HA, or H,k. 

1 Let u', e m - ,  un, xBI, 

.9 HA, . - a ,  HE-' t- H," ~ V U ' . . . V U " V X ~ , . . . V X ~ ~ . A , = B ,  143,144~3 

(The comments at the beginning of the proof of 161 can be applied 
to see that this is a wff, and hence that the restrictions on 143 and 
144 are satisfied.) 

.10 HA, * a * ,  HE-' t- H," 3 Do Rule P: 161, 162.7, 162.9. 
This completes the proof of the Deduction Theorem. 

163 If HA, I.., H," I- Do and every wff in the list HA, ---, H: is contained 
at least once in the list GA, ---, GL, then GA, -, GL k Do. 



by hypothesis 

Deduction Theorem : .I 

Rule P: .2 

Premiss 

Rule P: .3, .4. 

164 I- [ S z A O ]  3 3xaAo, provided that 

(1) a 2 y and all free occurrences of x, in A.  are free for all free 

(2) x, is the only x-variable free in Ao.  

variables of C,; 

Proof: 

.1 I- vxa - A0 3 +:;A,] 145 

.2 I- [s:;AO] 3 3xJo Rule P: . I ;  def. of 3. 

165 I- [y40] 3 3aA0, provided that 2 > y and all free occurrences of a 

The proof is similar to the proof of 164, with Axiom 7 used in 
in A .  are free for all variables in y and this is a wff. 

place of 145. 

166 Rule of Existential Generalization (Rule Exist): If 2 t [ S q A O ]  then 
2 I- 3xaAo, provided that 
(1) a z y and all free occurrences of xu in A, are free for all free 

(2) x, is the only x-variable free in A,. 

Proof.- by Rule MP (128) and 164. 

variables of C,; 
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167 Rule of Existential Generalization for Type Variables (Rule Exist,): 
If S' I- [Sd,] then a? I- 3 d 0 ,  provided that 2 > y and all free oc- 
currences of u in A ,  are free for all variables in y and 3uAo is a wff. 

Proof.. by Rule MP (128) and 165. 

168 I- Vx,[Ao B,] I> .3x,A0 3 B,, provided that 

(1) no x-variable occurs free in B,; 
(2) x, is the only x-variable free in A ,  . 

Proofi 

.1 I- Vx,[A, 3 B,] 3 ,A ,  3 Bo 146 

.2 Vx,[A, 3 B,] I- Vx,[A, 3 B,] Premiss 

.3 VX,[A, 3 B,] I- -,B, 3 -A, Rule P: .l, .2 

.4 Vx,[A, 3 B,] I- -B, 2 vx, - A ,  143: .3 

.5 VX,[A, 3 B,] I- 3X,A, 3 B, Rule P: .4; def. of 3.  

The desired theorem follows by an application of the Deduction 
Theorem (1 62). 

169 I- Vu[A, 3 B,] 3 .3uAo 3 B,, provided that 

(1) u does not occur free in B,; 

(2) 3aA, is a wff. 

The proof is similar to the proof of 168. Use 147 in place of 146 
and 144 in place of 143. 

170 If a? I- A,  3 Bo then a? I- 3x,A, 3 B,, provided that 

(1) no x-variable occurs free in B, or in a?; 

(2) no x-variable other than x, occurs free in A,.  

Proofi by Rule Gen (113, 168, and Rule MP (128). 
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171 If 2 t- A .  =I B, then 2 I- 3aAo 2 B,, provided that 
(1) a does not occur free in Bo or X ;  

(2) 3aAo is a wff. 

Proofi by Rule Gent (137), 169, and Rule MP (128). 

172 If 2, HA, --, H," t- Do then &', 3x,[HA A ... A H:] I- Do (where 
n 2 l), provided that 
(1) no x-variable occurs free in Do or in 3"; 
(2) no x-variable other than x, occurs free in HA, ---, or e. 

Proof: 

.1 2, HA, a * - ,  H," t- Do 

.2 2 I- [HA A 

.3 &' I- 3x.J": A - 7 .  A H,"] 2 Do 

.4 i%', 3xa[HA A 

.5 2, 3X,[Hk A *.- A H:] 

.6 &',3x,[H; A +.- A H:] t- Do 

by hypothesis 

Deduction Theorem, Rule P: .1 

170: .2 

163: .3 

Premiss 

MP (128): .4, .5. 

A H,"] 2 Do 

A H,"] t- 3x,[HA A - - -  A H,"] 1 Do 

3 X a i H k  A - - *  A H:] 

173 If 2, H k ,  - - a ,  H: t- Do then 2, 3a[HA A -.. A H:] I- Do (where n 
2 I), provided that 
(1) a does not occur free in Do or in 2; 

(2) % [ H A  A -.- A H:] is a wff. 

The proof is similar to the proof of 172; use 171 in place of 170. 

174 If 2 I- A ,  3 Bo then 2' I- A .  2 3xaBo, provided that 3xaB0 is a wff. 

Proof: 2 t B, 3 3x,Bo by 164; then use Rule P. 

175 If 2 I- A .  3 B, then 2 I- A .  I> 3aBo, provided that 3uBo is a wff, 

Proofi 2 !- B, 1 3aB, by 165; then use Rule P. 
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176 If a? I- A ,  3 B, then &' I- 3x,Ao =I 3x,Bo, provided that this is a 
wff and no x-variable is free in 2'. 

Proof: by 174 and 170. 

177 If &? t A ,  3 B, then &' I- 3aA0 3 3aBo, provided that this is a wff 
and a is not free in 2'. 

Proof: by 175 and 171. 

2 
178 t- VXJY~ .yZ = x,. 

Proof: 

.1 t x, x, 1 00 
2 

.2 t 3y, .y, = x, 

.3 I- VxJy2 .y2 = x, 
2 

Exist (166): .1 

Gen (117): .2. 

200 If&' t- A, 2 BP or2' l-  BP A,andif% I- Si;Co, then%' t SgjC,, 
provided that 
(1) y 2 o( and y 2 and all free occurrences of xy in C, are free for 

(2) no x-variable other than xu occurs free in C,. 

(Note that under our hypotheses S$;Co must be a wff by 
Lemma 11 .) 

Proof: 

all free variables of A, and B,; 

.I I- [A,  .[~zx,c,~A, = [axycolBa Sub (1 19): Axiom 2 

Sub (119): Axiom 2 

103 

103 

Rule P : hypotheses, . 1 , .2, .3, .4. 

Y 
.2 I- [BP = A,] 3 . [~x,Co]B,  = [ilx,C,]A, 

0 
.3 I- [ ~ x , C ~ ] A ,  = Si:Co 

.4 I- [Rx,C,]Bp = q c o  

.5 2 I- S;;;C, 

0 
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Y 
201 I- [A,  2 B,] = [A ,  = B,], provided that y 2 a. 

Pro08 

.1 [A ,  2 B,] I- A,  2 B, Premiss 

100 

.3 [ A ,  B,] I- A ,  2 B, R': . l ,  .2 

.4 t [ A ,  2 B,] 3 [A ,  2 B,] Deduction Theorem : .3 

.5 I- [ A ,  = B,] r> .[Ax, .A,  = x,]A, = [Ax, .A,  = xa]Ba, where x is 

Sub (119): Axiom 2 

R: 201.5, 103 

100 

Rule P: .4, .6, .7 

.2 [A,  2 B,] I- A, L A,  

Y 

a primitive variable not occurring in A,. 

.6 I- [A,  B,] 2 . [ A ,  2 A,] = [A,  2 B,] 

.7 I- A, 4 A, 
Y .8 I- [A ,  2 B,] = [A,  = B,] 

Y 
202 t [A ,  2 BPI = [BP = A,], provided that y 2 a and y 2 8. 

Proof: 

.1 [A ,  L BPI I- [A,  2 BPI Premiss 

200: 202.1, 100 .2 [A ,  2 BPI I- [BP 2 A,] 

.4 t- [B, 2 A,] I3 [A,  = BPI 

.3 t- [A ,  2 BB] 3 [BP 2 A,] Deduction Theorem : .2 

Theorem Schema 202.3 

Rule P: .3, .4. 

Y 

.5 1 [A ,  r BPI = [BP L A,] 

8 S S 
203 I- [A ,  = BPI = . [ A ,  = C,] = [B, = C,], provided that 6 2 a and 

6 r p a n d 6  r y .  

Proof: 
8 6 

.1 [A,  = BPI I- [A,  = BPI Premiss 
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100 203.2 [ A ,  = BPI I- [ A ,  = C,] = [A ,  = Cy] 

200: . l ,  .2. 

8 8 8 

8 8 8 
.3 [ A ,  = BPI I- [ A ,  = c,] = [BP = c,] 
The desired theorem follows from .3 by the Deduction Theorem. 

8 8 
204 1 [BP 9 A,] =I . [Cy = A,] = [BP = C y ] ,  provided that 6 2 a and 

8 r p a n d 8 2 y .  

Proof.. by Rule P: 202,203. 

205 Extended Equivalence Rules (EE-Rules): Suppose 6 2 a and 6 2 p 
and 6 r y. 

aE" I- [ A ,  2 B,] if and only if .%' I- [A ,  = B,]. 

&' t- [ A ,  = BB] if and only if &' I- [BP 9 A,]. 

If 2 k [ A ,  = BPI and 2 I- [BP 2 Cy] ,  then 2 I- [Aa = Cy].  

8 

8 

8 8 

Proof.. by Rule P, 201,202,203. 

P 206 I- [x, = y,] 3 .hyax, h,y, provided that (3 2 a. 

Proof: 
D Y 

.1 I- [x ,  = y,] 3 . [At, . h,,x, = h, t , ]~ ,  = [A t ,  .hyaXa 2 hyJa]Ya 
Sub: Axiom 2 

.2 I- [x, = y,] 3 . [h,,x, = h,~, ]  = [ h , , ~ ,  2 hVya] R: 206.1, 103 

Rule P: 100, 206.2. .3 I- [x ,  = y,] 3 .hUaxa = h,y, 

B Y 

P Y 
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207.2 k VxP . [ lxB .faPxP]xp 2 faPxP Gen (117): 104. 

The theorem follows from .1 and .2 by Rule P. 

O a  
208 I- [It.. 2 .a] = QOa0,Ya Sub : 207; def. of =. 

e a  210 k ~ , ( ~ , ) [ l x ,  .A, = x,] = A,, provided p 2 a no x-variable occurs free 
in A,. 

Proofi 

Let y be a primitive variable distinct from x and x. 

- 1  I- La(oa)[lxa *ya 2 2 Ya Sub (119): 209 

*2 k Lafoa)[lxa .ya 2 xa] ' ya R: 122, 210.1 

.3 I- ~ , ( ~ , , [ l x ,  .A, 2 x,] 2 A, Sub: .2 

R: 210.3, 201. .4 k L,~~,J,Ax, .A,  = x,] A, 
B 

D e 21 1 k po 3 . [q, . [Po A y ,  = q,] v .-PO A z, = q,] 2 y,, provided 
that p 2 a. 

Proof: 

-1  Po I- Po Premiss 
P B B 

- 2 ~ 0  [ya = qo;] = .[PO A ya = qa] v .-PO A za = qa 
Rule P: .1 

210 

R': -2, -3. 

P 
*3 PO I- [Lqa -ya = qa] 2 .Ya 

D P 
.4po I- [tq, .[PO A y, = q,] V . -PO A Z, = q,] 2 y, 

Then use the Deduction Theorem. 
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Proof: 

The desired theorem follows by Rule R from .1 and .2. 

Then use the Deduction Theorem. 



300 If A? I- a = @ or HI- p = a and if 2 I- SzAo, then 2 t- SiAo, pro- 
vided that 2 > a and 2 > p and all free occurrences of c in A .  are 
free for all variables in a and p. 

Proofi by Rule P and Axiom 8. 

2 
301 I- [a = @] 3 .wa = wp, provided that 2 > a and 2 > p. 

Proof: 
2 2 .I I- [a = PI 3 . [wa = wa] = [wa = wp] 

.2 t- [a = p ]  3 .wa = wD 

Axiom 8 

Rule P: 301.1, 100. 2 

3 0 2 I - a = a .  

Proof: 
2 .I I- [x. = y.] 3 a = a Sub, (140): Axiom 10 
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2 

302.2 t- [x, = x,] =) a = a 

. 3 t a = a  

0 
303 I- [a = b] = [b = a].  

Proofi 
0 .1 I- b = a 3 . [a = b] = [a = a] 

.2 I- b = a 3 a = b 

.3 t a  = b  I> b = a  

. 4 t a  = b  = b = a  
0 

304 t a = c 3 . [b  = c] = [a = b ] .  

Proof: 
0 .1 t a = c 3 . [a  = b] = [c = b] 

0 
.2 t c = b = b = c 

.3 t a = c 3 . [b  = c] = [a = b] 

65 

Sub (119): .I 

Rule P: 302.2, 100. 

Axiom 8 

Rule P: 302, 303.1 

Sub, (140): .2 

Rule P: .2, .3. 

Axiom 8 

Sub: 303 

Rule P: .l, .2. 

305 I- - [(Ou) = u] .  

The proof of this theorem is motivated by the Russell paradox. 
We first introduce two abbreviations : 

Ro, stands for [Ax, .3z0, .x, = zo, A -zo,,xa]; 
2 

2 
Ro(oo)  stands for [AX,, -3zo(oa) .Xoa = zo(o,q A N Z ~ ( ~ 4 ~ a 1 *  

103 
0 2 

-1 t- Ro(oa)Roo = 3z0coa) * R o o  = zo(oa) A - ZO(O&a 

2 
.2 [(W = 01 =) . [3z0(Oa) .RO(O,) = zo(ocr) A - 

0 2 
= [3ZO(O,)  .Ro. = ZO(0a) A -ZO(O.)ROal Axiom 8 

(Of course to verify that this is an instance of Axiom Schema 8 one 
must refer to the definitions of Roo and Ro(o., .) 
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2 
-7 I-RO(0.) = ZO(O0) = .WO(O.) * “ ~ o ( o . ) ~ o . l ~ o ( o a )  

.8 t- RO(0.) = ZO(0.) = . “ R O ( O U ) R O *  = -Zo(O.)Roa 

0 
= W o ( o o )  - “~o(o~)~oal~o(o.) Sub: Axiom 2 

2 0 

Rule R: 305.7, 103 
Rule P: .8 

170: .9 

2 
-9 I- [ R O ( O . )  = ZO(0.) A -Zo(OU)RO.I = -RO(O.)RO. 

2 
.lo I- 3zo(o.)[Ro(o.) = ZO(0.) A -~0(0.)RoaI = -Ro(o.)Roa 

2 0 
. I 1  I- ~ ~ o ( o ~ ) r ~ o ( o a )  = ZO(0.) A -ZO(O.)ROol = -RO(Oo)RO. 

Rule P: .6, .10 

Rule R: .3, .11 

Rule P: .12 

0 
.12 I- t(04 = 4 = . R O ( O . ) R O .  = ‘VRO(O.)RO. 

.13 I- -[(OU) = U] 



CHAPTER111 

THE THEOREM OF INFINITY AND 

RELATED RESULTS 

III.1. The Theorem of Infinity 

We are now ready to prove the Theorem of Infinity, and to demonstrate 
the applications of the rules of inference derived in Chapter11 in the 
process. We begin by introducing some further definitions : 

02 stands for ~ . q o z ~ Q o z z [ l ~ i f ' o I  

2 2 
S,, stands for [Am, .cz2 .3a3uu .u, = m, A [Qoaau,] = z,] 

N o ,  stands for [An, *VPOZ - E P O Z ~ Z  A Vx2 ~ P O Z X Z  3 POZ[~ZZXZII 2 POZ~ZI .  
In the following pages 0, will play the role of the number zero, and S,, 
will play the role of the successor function. For the purpose of under- 
standing the proof of the Theorem of Infinity in an intuitive sense it will 
be helpful to note that in our intended interpretations 0, denotes the 
empty set of individuals, and S,, denotes that function which takes any 
member of 5Da, where a is in K', onto the set (in 5DoJ which contains 
that member of 5Da and nothing else. No, will play the role of the set of 
natural numbers. 

It should be noted that the wffs defined above contain no free variables. 
In accordance with the conventions introduced on page 7, we shall feel 
free to write No2 as N, SzZ as S, and 0, as 0. We could have defined 0 
simply as [ ly lFO],  of course (see Theorem 1004 below), but it is con- 
venient to have 0 be a wff of type 2. 

67 
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1000 I- N0202. 

Proof: 

. I  I- VP02 - [Po20 A Vxz . P O Z X Z  = P O Z [ S ~ Z l l  = Po20 
Rule P (136), Gen (117) 

RR (102): 1000.1, 103; def. of NO2. .2 I- No202 

Proof: 

-1 N X Z  I- VPOZ - [ P o 2 0  A Vx2 .P02X2 = P O Z [ ~ ~ Z l l  = Pozx ,  
RR: Premiss, 103; def. of NC2 

.2 NXZ I- [ P o 2 0  A Vxz -Po2x2 = P O Z [ ~ X Z l l  = P O Z X Z  S (106): .I 

.3 I- ~ ~ 2 r P O Z ~ Z  = POz[sx2ll = .P02X2 = Poz[Sx21 146 

.4 Nx2 I- bozo A Vx2 .po2x2 = po2[Sx2]]  = pO2[Sx2] Rule P: .2, .3 

.5 NXZ I- N[Sx,] Gen: .4; RR: 103; def. of NO2.  

Then use the Deduction Theorem. 

1002 I- VXZ .No,x, =3 No,[S,,x,] Gen: 1001 

2 2 2 
Proof: Let 2 be [ u, = x, ] ,  [ w b  = x2 . QobbWb = Z2] . 

2 
-1  2 t Q,)bbwb = z2 Rule P: Premiss 

-2 2 w b  = x2 Rule P: Premiss 

.3 2 I- u, = x2 Premiss 

.4 2 ua = w b  EE-Rules (205) : .2, .3 

.5 I- u, = wb 3 a = b Sub (119): Axiom 10 

. 6 2 t a = b  MP(128): .4, .5 

.7 2 I- u, w, 300: .6, .4; EE-Rules 

2 

2 

2 

2 
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01 

1006.8 &’ I- [ ~ . Y ~ F O ]  = Qoliui 300: .7, .3; EE-Rules 

100 

-10 I- [A~iFolui = Qoiiuiui R :  .8, .9 

.ll 2 I- Fo 3 [ul = ul ]  RR: .lo, 103; def. of = 

.12 fl I- Fo Rule P: .11, 100 

.13 I- u, = x2 =3 - .02 = S2,x2 Deduction Theorem, Rule P: .12. 

0 
.9 &’ I- [2YlFolul = i~YlF0lUl 

0 

1 

2 2 

2 
I007 I- V X ~  . N 0 2 ~ 2  3 - .02 = S 2 2 ~ 2 .  

Proof: 

170, 171: 1006 

Rule P: 1005, 1007.1. 

2 2 .I I- 3a3ua[uu = x2]  3 - .02 = s,,xa 
2 

-2 I- NO~XZ 3 N .02 == S ~ ~ X Z  

Then use Rule Gen. 

2 2 
I008 I- Vx2Vy2 .NO2x2 A NO2y2 3 .SZ2x2 = SZ2y2 3 .x2 = y2.  

Proofi Let &‘be [u, = x,], [wb = y 2 ] ,  [Szzxz = S Z ~ Y Z ] .  
2 2 2 

Premiss 

Premiss 

Premiss 

MP (128): 1003, 1008.1 

Sub, (140), Sub (119): 1003 

MP: .2, .5 

EE-Rules (205): .3, .4, .6 

Sub,: Axiom 10 

Sub: .8 
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1008.10 I- [(Ou) = (Ob)] = .O = 0 A a = b Sub,: Axiom 9 

Rule P: .7, .9, .10 .llXI-a=b 

300: .11: .7 

100 

EE-Rules (205): .12 

R': .13, .14 

EE-Rules : .15 
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Theorem 1009 then follows by three applications of Rule Exist (166). 
Before closing this section we shall prove one more theorem, which will 

be useful to us in the following pages. 

= PozX2.  

Pro08 Let 2 be pO2O2, ~ x 2 ~ N o 2 x z  = .pO2x2 = pol .SZ2x2I, 
N02n2 

.I 2 I- No2n2 Premiss 

-2 &' k VP02 . [Po202 A V X z  .PozX2 3 Po2 .s22X21 =) P o A  
RR: 103, .l; def. of No, 

.3 2 I- [ [ I t2  . Nt2 A po2t2]02 A Vx2 . [If, .Nt2 A po2tz]x2 

= r2t2 . ~ t ~  A P ~ ~ ~ ~ I  . s ~ ~ X , J  = r2f2 m2 A ~ ~ ~ t ~ i n ~  
Rule S (106): .2 

.4 X k [NO, A pO2O2 A Vx, .[Nx2 A po2xL] 3 .N[S22x2] 

A pO2 .S22x21 3 .Nn2 A po2n2 

.5 2 I- N x ~  2 . p 0 2 ~ 2  3 p02 .S22~2 

RR: 103, .3 

Rule S(106): Premiss 

.6 2 I- [ N x ~  A P O Z X Z I  2 .NCSZZXZI A Po2 -SZZXZ 
Rule P: .5, 1001 

.7 2 Vx2 . [Nx2 A po2x2] =I . N[SZ2x2] A pO2 . s22x2 
Gen: .6 

-8 Po202 Premiss 

-9 fl I- po2nz Rule P: .4, .7, .8, 1000 

.lo ~0202 3 VX~"XZ 3 - P O Z X Z  3 POZ *SZZXSI N02x2 2 ~02x2 

Deduction Theorem: .9; Sub (119) 
.I1 kP"202 3 .VX2"02XZ = . P O Z X Z  = Po2 .&2X,l 

3 Vx2 .Nozxz 3 ~ 0 2 x 2  Gen: .lo; Deduction Theorem. 
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III.2. Numbers and primitive recursive functions 

The reader has now seen the system Q in action. In the light of the theo- 
rems and metatheorems derived in Chapter 11, it is clear that all the usual 
theorems of simple type theory (without the Axiom of Choice) can be 
proved in Q by the usual methods without difficulty. (As long as one is 
concerned only with wffs in which type variables do not occur, one can of 
course restrict one’s choice of wff-variables so that distinct wff-variables 
always have distinct primitive variables in all wffs occurring in a proof. 
Then many of the restrictions on the rules of inference in Chapter I1 will 
be satisfied automatically.) 

It is not our present purpose to carry out a full development of type- 
theoretic logic in Q, but to investigate the consequences of those aspects 
of Q which distinguish it from the usual systems of type theory with 1- 
conversion, namely, the presence of type variables and transfinite types. 
Therefore from now on we shall feel free to leave to the reader the proofs 
of those theorems of Q which are in no way special to Q, but might be 
proved in any of the standard logical systems adequate for the formaliza- 
tion of mathematics. Many of these theorems will indeed require rather 
lengthy proofs, but in each particular case the reader who is familiar with 
the relevant mathematics and with type-theoretic reasoning will have no 
doubt that the theorem can be established in Q. In this way we will shorten 
our work considerably, and facilitate concentration on the novel features 
of Q. 

In general we favor using the finite cardinals for natural numbers. 
However, to avoid the detour which would be required to develop car- 
dinal number theory in Q, we shall use the wffs 02, SZZO~, S22S2202, 
S22S22S2202, etc., as notations for natural numbers in Q. Actually we 
need the natural numbers at this time only to serve as Godel numbers in 
the formalization of the metamathematics of the system Q o ;  for this 
purpose any set of objects satisfying Peano’s postulates will suffice. The 
reader will note that Theorems 1000, 1002, 1007, 1008, and 1010 are 
Peano’s postulates. 
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DEFINITION: For each natural number n we define a wff n2 of Q, called 
the representative of n in Q, as follows by induction on n: 
If n is zero, then n2 is 0,. 
If n is m + 1, then n2 is [SL2rn2]. 

Thus 1, is SZ2O2, 2, is SZ2Sz2Oi, 32 is S2,S2,S2,0,, and in general n2 
is [S,,S,, - - -  SZ2Sz2O2] (where S,, occurs n times). [I + 312 is SSSSO, 
[2  x 312 is SSSSSSO, [3"], is SSSSSSSSSO, etc. 

DEFINITION: The wff A2 represenfs the natural number n in Q if 1 A2 
= n2. 

We shaIl also need wffs to represent certain primitive recursive func- 
tions. It is convenient to let these wffs be of type(22) (for the case of 
functions of one argument, of course; the type will be (222) for functions 
of two arguments, (2222) for functions of three arguments, etc.). This 
requires that the functions be defined not only on natural numbers, but 
on all members of B,; however for our purposes it will not matter what 
the values of these functions are for arguments in 'B, which are not 
natural numbers. We shall simply define the wffs representing primitive 
recursive functions so that the values of the functions will be correct 
when the arguments are natural numbers, and let the values on other 
arguments come out as they may. If we are ever forced to make a decision 
more explicitly on this matter (for example to assure that a function is 
1-l) ,  we shall let the function be the identity function on elements of 3, 
which are not natural numbers. Note that the wff No, denotes the set of 
natural numbers, and the wff Szz denotes the successor function. 

In order to facilitate the definition of functions by primitive recursion 
we define the following recursion operator : 

DEFINITION: R22~222,2 stands for the wff 

2 

[+zJhz22h -LYZ .'fg022 - P~Z["OZXZ 2 ~ o ~ ~ x z x ~ I  A ~ O Z Z ~ Z P Z  

A VXz[~ozx2 V ~ Z  . ~ o z z X Z ~ ~  = ~ o z z [ S ~ Z X ~ ~  [h~z2x2rzlll 

= go, ,~ ,Yzl .  
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1101 t- Nozxz = . rRPz~zZz1 [szzxzl = hzzzxz"~Pzhzzz1x21. 

1103 I- Nozpz A VYZVZZ~NOZYZ A NoG'z 2 NOZ -~ZZZYZZZI 

= . Nozxz = Noz"RPzhzizIxz1. 
The proofs of these theorems are left to the reader. 

recursive functions. 
We now illustrate the use of the wff R by defining several primitive 

DEFINITION: + 222 stands for [Ax, .Rxz[lyzlzz . SZZZ~II. Az + B2 
stands for + 222AZB2. 
1200 t- xz 4- 02 = x, Sub: 1100; RR: 103. 

1202 I- "ozy2 = .xz + yz  = y2 Sub: 1102; RR: 103. 

1203 I- Nozxz A NOZYZ = Noz[xz + Yzl. 
Proof.. 

.1 I- Nozzz = No, * [ Y z l z z  * S22Z21YZZZ Sub: 1001; RR: 103 

.2 I- vyzvzzz .NO,YZ A Nozzz = No2 * [IZyzh . ~ Z Z Z ~ 1 Y 2 ~ 2  

.3 t- N o z x z  A NOZYZ = NOZ[XZ + rzl 
Rule P: . l ;  Gen 

Sub: 1103; Rule P: .2; RR: 103. 
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DEFINITION: x ,,, stands for [Axz .RO~[lu&2 .XZ + 0211. A Z  x Bz 
stands for x zzzAzB,.  

1210 I- x, x 02 = 02. 

1211 I- Nozyz = * [x2 x ~2,rzl = [xz + rxz x Y l l l .  
The proofs, which are based on Theorems 1100 and 1101 respectively, are 
Ieft to the reader. 

DEFINITION: [exp],,, stands for [Ax, .R2z[Au2A~2 .xz x u2]]. A? 
stands for [exp],,,A2Bz. 

1220 I- x? = 1,. 

1221 I- NO,y, 3 .xrs'2y'21 2 - - x2 x [$I. 
We again leave the proofs to the reader. 

It should be clear that +222 represents the addition function, x 222 re- 
presents the multiplication function, and [exp],,, represents the exponen- 
tiation function. 

We shall use pI as a notation in our meta-language for the i-th prime. 
Thus p1 = 2, p2 = 3, ps = 5 ,  etc. We define the number theoretic func- 
tion *, which takes two arguments, as follows. If n and m are natural 
numbers greater than 1, let their prime factorizations be p:'p? .. . pi' and 
pyp? . .. p;' respectively. (r, , r2 , . . . , rl , s1 , s2 , .. . , sj are of course natu- 
ral numbers; some of these may be zero, but rl and s, must be positive.) 
Then we define n * m to be pyp;' . . . pi*p;: Ip"l: , . . . pi$ If either n or m 
is 0 or 1, we (arbitrarily) define n * m to be 0. It is well known that the 
function * is primitive recursive. We shall let *222 stand for a wff of Q 
which represents this function. (We leave the details of the definition of 
this wff to the reader.) In addition A ,  * B2 shall stand for *222A2Bz. 

For technical reasons it is customary to represent primitive recursive 
properties by functions which take as values numbers rather than truth 
values and then to identify these numbers with truth values. For example 
one might identify zero with truth and one with falsehood. However in 
the system Q (as in systems of type theory with descriptions generally), it 
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is possible to represent such properties by propositional functions (i.e., 
functions which take truth values as values). For it is easy to prove that 
the function [Qo2202] maps O2 onto To and I2 onto Fo, and that the 
function [lp0 . q, . Epo A O2 = q2] v . -po A I2 = q2] maps To onto O2 
and F, onto I,. (In the case of the latter function apply Theorems 211 
and 212.) Hence we can always get from numbers representing truth 
values to the actual truth values and back again. 

We shall let [Prime > 22Io2 stand for a wff of Q of type (02) which re- 
presents the following primitive recursive property of the number n: “n 
is prime and is greater than twenty-two”. We again leave the details of 
the definition of this wff to the reader. 



CHAPTER IV 

THE FORMALIZATION OFTHE 

SEMANTICS OF THE SYSTEM Q o  

IV.l. Definitions 

We are now ready to show that the semantics of the system Qo of finite 
type theory introduced in Chapter I can be formalized in Q. (Of course 
our methods could be applied to other formulations of finite type theory 
also. The system Qo has been chosen for convenience.) 

We begin by assigning Godel numbers to the type symbols, primitive 
symbols, and wffs of Qo. 

To each type symbol a in K1 we assign a number “a” as follows: “0” 
= 3, “1” = 5 “(@)” = 3“”” x 5 “ r .  Thus “(0,)” = 33 x 5 5 ,  “(1(01))’7 
= 35 5c33x551 ‘ 6  3c33 x 5-a’~l 5w’, etc. 

To each primitive symbol Z of Qo we assign a number ‘Z’ as follows: 
‘[, is 7, ‘1’ is 11, ‘2’ is 13, ‘ L ~ ( ~ , ) )  is 17, ‘Qou: is 19“”’, ‘x: is 23““”, ‘xi’  is 
29““”, and in general ‘x: is p;;“;. 

To each wff W of Qo we assign a number “ W” as follows : if Wconsists 
of the sequence Z,Zz -.. Z, of primitive symbols (where n 2 l), then 
“W” is pp” x piz’’ x . . . x ppn’. 

We remind the reader that each of the above numbers has a represen- 
tative in Q. We shall let r‘a”]z stand for the wff of Q which is the re- 
presentative of the number ‘‘a”, r‘W)’l2 stand for the representative of 
the number “W7, etc. Thus [“0”12 is SSSO, and ~‘(OO)”],isthewff 3375,. 

We next state the fundamental definitions involved in our formaliza- 
tion of the semantics of Qo. To assist the reader in comprehending the 
significance of these definitions, after each definition we shall informally 
explain the meaning (with respect to our Godel numbering) of the wff 
introduced by the definition. For convenience and brevity, we shall per- 

, ((0a)or)” = 

79 
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mit ourselves to speak rather loosely in making these explanations. 
Theorems involving the wffs introduced below are stated in the next sec- 
tion of this chapter. 

DEFINITIONS: [TS],, stands for [Ax, .Vpoz . [Po23 A Po25 A Vy2Vz, 
[PozYz A Pozzz 
(Of course 3 and 5 in the above wff stand for 3, (or SSSO) and 5z (or 
SSSSSO) respectively. As explained in Chapter I, we often leave the sub- 
scripts off abbreviations of wffs when this will cause no confusion.) 

[TSIo2A2 means that A ,  represents the number of a type symbol. 

DEFINITION: [ V ~ r i a b Z e ] ~ , ~  stands for 

PoL[3” X 5”’111 =I P 0 2 X z l -  

[AxzAfZ .VpozZ .Vy2Vzz[[Prime > 22102~2 A W 1 0 2 z 2  

[ V ~ r i a b l e ] ~ ~ ~ A ~ B ~  means that there is a type symbol a and a variable x i  
such that A2 represents ‘x: and B2 represents “a”. 

= Poz2bf’lzzl = Pozzxztzl. 

DEFINITION: [VarIor stands for 
[nu, . [ V a r i ~ b Z e ] ~ ~ ~ u ~ [ t ~ ~ ~ ~ ~ [  V~riabZe]~~,u , ] ] .  
[Var]02Az means that there is a variable x: such that A,  represents ‘x:. 

DEFINITION: [W’022 stands for 

I1 17 5 x j [ 3 3 X 5 q  [Ax&, .VPO,Z .“Po222 I3  

A VY2“TSIo2Yz = Pozz[2[ 19’21 I[ 3[33 x 5’21 x 5’211 

A VwzVti[[ V a r i ~ b Z e ] ~ , ~ w ~ t ~  = ~ 0 2 2 [ 2 W 2 ] t Z ]  

A ~ ~ Z ~ ~ Z V ~ 2 ~ ~ Z [ [ P 0 2 2 Y Z [ 3 r 2  x 5”’l A Poz2Zzu2 A [TSIodz] 

= ~ ~ ~ ~ [ 2 ~  * y2 * z2 * 2”IfzI 

= p0z2[27 * 223 * 2”’ * y 2  * 2111 13’2 x 5tz~1] 

= PO22~zr21. 

A VwzVtzVYzV% ~ ~ [ ~ ~ ~ ~ ~ ~ ~ ~ I o z z ~ z ~ z  A P 0 2 2 Y z ~ z I  

[ Wf10ZZA2B2 means that there is a type symbol u and a wff C, of type a 
such that A2 represents ‘‘Cay’ and B, represents “a”. 
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DEFINITION: [ Wfloz stands for [ Iu ,  . [ W ~ o z p u ~ [ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ l l .  
[Wflo2A2 means that there is a wff C, such that A2 represents “C;’. 

DEFINITION: QoZz stands for 

[A tZAwZ . v P O Z Z  * ~zOPO2232z~l A ~zlP02252zl 

A vrZvsZvavb * [3udOZZrZua 3 u b P O Z Z ~ Z v b l  

3BfzabpOZ2[3rZ 5”]Zab] P O Z Z t Z W Z 1 .  

@ozzA2Bp (where 2 2 p) means there is a type symbol a in K’ such that 
A ,  represents “a” and the denotation of Bp is in B,. (Evidently if 
t- @ozzA,Bp, then p will be either 2 or a.) 

With the definition of 45022 we have moved from wffs concerned with 
syntactic notions to wffs concerned with semantic notions. Note the use 
of type variables in @ozz. 

DEFINITION: [.ds~ign]~~,,~ stands for 

[ k z z  .Vx,Vt, - [ ~ ~ r ~ ~ b ~ e l o z z x z t z  = @ozztz[gzzxrll. 

[Assign]o~2z,Gz, means that GZ2 is an assignment of values in the domains 
B, to the variables x: of Qo; i.e., G,, is (more precisely, denotes) a func- 
tion such that for each variable x i  of Qo, G,, [ (X:’ ]~  is in 9,. 

DEFINITION: [Maps]ozz stands for 

[ I f z R W 2  -vPozz - bozz32To A P02252[~1(01) -nxlTO1 

A VUvbVUavUbvr2vSz . [poL2rzUa A P o ~ ~ S Z U ~ ]  

3 POZZ[3r’ X 5”’l [AZ&aI] 3 P O Z Z ~ Z W Z I .  

DEFINITION: [Map],, stands for 

[Iu, .L,(~,) . [ ~ ~ ~ ~ l ~ ~ ~ [ ~ , ( ~ , ,  . [Vari~b~elozzuzl l .  

[Maps]ozz is a particular set of ordered pairs such that [ M U ~ S ] ~ ~ ~ A , B ~  
implies that @ozzA2Bp. Moreover for each type symbol u in K’ there is a 
unique B, such that [ M ~ ~ S ] ~ ~ ~ ~ ‘ ~ ’ ’ ] ~ B ~ .  [Map],, is a function such that 
for each variable x: of Qo, if [ M a p ~ ] ~ ~ ~ ~ ‘ a ” ] , B ~ ,  then [ M ~ p ] ~ ~ [ ( x ~ * ] ~  is 
B,. Thus [Map],, satisfies 
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DEFINITION: [TrueIo2 stands for 
2 

[An, .vgzz ' [ ~ ~ ~ ~ g n l o ( 2 z ) g z z  3 - [wzr(22)g22n2 = 7-01. 

of Qo- 
[True],2["Co"]2 means that Co is true according to the semantical rules 

IV.2. Theorems 

In order to satisfy ourselves that the system Q is sufficiently strong to 
serve as a meta-language for Qo, and that the wffs defined in the preceding 
section adequately express the intuitive concepts they are intended to ex- 
press, we next establish certain theorems involving these wffs. The reader 
should note that Theorems 2705-2709 below express the semantical rules 
of Qo . These theorems will then be used to prove a general metatheorem 
(Theorem 2710) which guarantees that for every assignment G22 and for 
every wff A, of Q,, [ V U ~ ] , ~ ~ ~ ~ ~ G ~ , [ ( ' A ~ ' ' ] ,  is what it ought to be. As a 
corollary (Theorem 271 1) we shall see that the wff [True],, satisfies 
Tarski's criterion for an adequate definition of truth12). 

The proofs of some of these theorems are very long, and it may help the 
reader to have a general view of what is going on before getting involved 
in the proofs. Therefore in this section we shall simply list the theorems. 
Proofs will be found in the next section of this chapter. 

2000 Let x, y, and z be distinct primitive variables, and let Po be a wff in 
which no y-variables and no z-variables occur free, no x-variables 
other than x2 occur free, and all free occurrences of x, are free for 
y2 and z2. If Y? t- S;'Po, &' k S;'Po, and .V t Vy2Vz2 . [[SG;Po] 
A [$:;pol1 = s;;y2y5z2] Po, then 2 k [TS],, x2 3 Po.  

2001 I- [TS],ZXZ 3 No2xz. 

2003 I- [TS]o25. 

12) See [17], pp.187-188. 
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2004 I- [TS],,), A [TSJO2z 3 [TS]02[3y' x 5"']. 

2005 If a is any type symbol in K', then t- [TS],,["a"],. 

BV.2 

2006 I- -[TS],,O A -[TSIo2I. 

2100 Let y and z be distinct primitive variables and let Po be a wff in 
which no y-variables other than yz, and no z-variables other than 
z2, occur free, and in which all free occurrences of y z  are free for zz . 
If H I- Vy2Vzz .[Prime > 22]02yz A [TS],,z, I> $;''z2Po, then 2 
t- [V~riubZe],~~y~z~ 3 Po. 

2101 I- [Prime > 22]02yz A [TS],,z2 3 [Vari~ble]~~~~;2]z~. 

2102 If x i  is any variable of Qo, then t- [ V~riabZe]~~~~x~']~ r'a0I2. 

2103 I- [Prime > 22]0zy2 3 NO2y2.  

2104 1 [ V~riabZe]~~~x~t~ =) . Nozxz A [TSIo2t2. 

2105 I- [Vari~bZe]~~~x~t~ 3 .[Vuri~bZe]~~~x~s~ 3) tz = s2. 

2106 I- [Vari~bZe]~~~x~t~ 1 [ c ~ ( ~ , ) [  Vuri~bZe],~~~,] = t z .  

2107 I- [ Vuri~bZe]~~~x~t~ 3 [ Var]Ozxz. 

2200 Let Po be a wff and let i, j ,  k, q, r, s, t, u, t), w, x, y, z be primitive 
variables such that: 
1) no r-variable except r2, and no x-variable except x2, occurs free 

2) no i-,j-, k-, q-, s-, i-, u-, II-, w-, y-, or z-variable occurs free in Po; 
3) r and x are distinct;j and I I  are distinct; k, s, y,  and z are distinct; 

4) all free occurrences of r, in Po are free for i,, j2, k,  , s2 , t,, and 

in P o ;  

t, u, q, and w are distinct; 

UZ ; 
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all free occurrences of x2 in Po are free for iz , uz , yz , z2 , wz , and 
42. 

For notational convenience we shall temporarily use P(A2; B,) as 
an abbreviation for [Sz&PO].  If 

(1) x I- P( 217; 35 x 5[33 5 q )  , 
(2) s I- v i, . [Tqi, 3 P( 

(3) S I- Vu,Vjz . [VuriubZe]u,j, 3 P(2”2;j ,) ,  

; 3[33~5i21 x 5 ’2 )  

(4) S k \dyzVZzVkzVSz . [P(yz; j k2  X 5”’) A P(Zz ;Sz) A [TS]k,] 
=I P(27 * yz  * z, * 2”; k,), and 

( 5 )  JP I- VwzVtzVq2Vuz . [[VuriabZe]w2f2 A P(q,; uJ]  

then .%? I- [ W ~ o z 2 x z r 2  3 P o .  

~ ( 2 7  * 213 * 2w2 * 42 * 211; 3~2 5 9 ,  

2204 I- [ V a r i ~ b Z e ] , ~ ~ w ~ t ~  3 [ W’022 [2Wz]tz.  

2207 If A ,  is any wff of Qo,  k [W’]022[(‘Aa)7]2 [(‘CC’’]~. 
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2300 Let POz2 be a wff, let (I and b be type variables, and let r, s, t, u, v, 
w, x, y ,  z be primitive variables such that: 
1) neither u nor b occurs free in PazZ;  

2) a and b are distinct; 

no r-, s-, i-, u-, u-, w-, x-, y-, or z-variable occurs free in Poz2; 

r is distinct from s, u, and z ;  

s is distinct from r, u, and z. 

If X' t- VxoPo2232xo, 2 t- Vy1P02252h and 

2 1 Vr2VszVuVb. [3UaPoz2r2Ua A 3ubPo22S2Vb] 

= vzabpU22 [yz x 5s2]zab , 
then 2 !- @022t2wz 3 POz2t2w2. 

2308 t- [TS]02fz 2 3c3xc@022t2xc. 
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2312 I- @02252qa 3 a = 1. 

87 

2316 I- 3maQio22tzma 3 @022t2v,,. 

2317 I- 3m,@022t2ma 3 Vvo@022tzv,. 

2400 Let POzi be a wff, let u and b be distinct type variables, and let r, s 
r, u, v, w, z be primitive variables such that: 

I) neither u nor b occurs free in P Q Z 2 ;  
no r-, s-, f - ,  u-, u-, w-, or z-variable occurs free in POz2;  
u, v,  r, and s are distinct; u and z are distinct. 



2600 Let Po22(22) be a wff in which no type variables or wff-variables 
occur free, and let 2 be a set of hypotheses (possibly the empty set) 
in which no h-variables occur free. If 

(1) 2, Vssignlhz2 ~ o z z ( z z ~ h 2 2 [ 2 ~ ~ I ~ l ( o 1 ) ;  

(2)  2, [Assign]hzz I- VuVr, . [[TSJt, A 3ua@,,,tzual 

P 0 z z ( 3 z ~ ~ z z [ 2 1 9 f 2 ]  Qoaa;  

(3) 2, [Assignlhzz I- vu2 - [Vurlvz = Po22(22)~2z[291 [hzzvzl; 
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2709 t- [ [ A ~ ~ ~ ~ ~ I o ( z z ) ~ z z  A [VariaW022W2 A [JW~OZ~YA 
A 3mb@02Zt2mb A 3na@O2Zu2nal 

= . [k‘allz2(22)g22[2 7 * 213 * 2% * y z  * 2111 
2 2 
= tRzb srxa - ~ ~ ~ ~ ~ 2 Z ( 2 ~ ) ~ ~ ~ ~ 6 l Z ~ 2 Z ~ 2 Z ) ~ 2 Z ~ Z z b ~ ~ 2  = %a] 

We are now ready for the main theorem of this section. We begin by 
defining a map ‘3’ from wffs of Qo to wffs of Q. 

DEFINITION: If A, is any wff of Qo , WA,] shall be the result of replacing 
each occurrence of a variable of Qo in A, by an occurrence of a wff of Q 
in the following manner: 
(1) If xk occurs bound in A,, it shall be replaced at each of its bound 

occurrences by the variable & of Q , where n is the number ‘xtj). 

(2) If x i  occurs free in A,, it shall be replaced at each of its free occur- 

rences by the wff [ryp .g22[‘x:]2 = yB].  
2 
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These replacements are to be carried out for all variables x i  occurring in 
A,. Note that distinct variables of Qo are replaced by distinct variables 
and wffs of Q. 

We readily verify that if A, is any wff of Q o ,  W A , ]  is a wff of Q of the 
same type with no free variables other than g,, . W A , ]  will be called the 
interpretation of A, in Q with respect to gZ2. 

2 
2710 t- [Assign],~,,,gZ, 2 . [va1]22(22)g22[(‘Aa1’]2 = WA,]  for each wff 

We shall give the proof of this metatheorem immediately. In this proof, 
the notation [SZC] stands for the result of substituting the formula W for 
the variable X at all occurrences of X in the formula C. 

The proof is by induction on the construction of A,. 

CASE I : A ,  is a variable x: . 
Then [YPA,] is [ ~ y =  .g22[(xL’]2 = y,], and “A;’ is 2 a . 

A,  of Qo. 

2 ‘X 1. 

P 2 1 2  2 - [“A,”]2. 2710.01 I- 2, 

The proof by recursive arithmetic is left to the reader. Use theorems 
1200-1221, etc. 

.02 t- [variable] ~ x ~ ~ 2 [ ( ~ c c ’ ’ ] 2 .  2102 

.03 I- [Var] [Lx$12 

.04 t- [Assign]g,, z) . [Var] [‘x;], =J . [Val]gZ2[2! 

Let .@ be [Assign]gz2, gz2c(x$]2 = u,. 

.05 2 I- [Assigrr]gZ2 Premiss 

.06 I- [ v a l J g 2 j ? ~ A ~ ’ J 2  = g2zrXzIz Rule P: .03, .04, .05 
Rule R‘: .01 

.07 X‘ I- gZz[(x$]2 = U, Premiss 

EE-Rules (205): 210 

Sub: 2107; MP: .02 

] = g 2 2 r x z ] 2  
Sub : 2707. 

‘X;J2 2 

2 

2 

2 

2 2 
.08 I- [ty, . u, = y,] = u, 
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2 

200: .07, .08 
2 

2710.09 2 I- [ty, .gz2[ (~: ’ ]2  = y,] = g,,[(x;’]z 
2 2 

.I0 2 t- [Val]gzJ-Ae)’]2 = [cy, .g22[(xi’]2 = y,] 

.11  [ ~ s s i g n l g , ~ ,  3 u a [ g z 2 ~ x ~ ’ ] 2  = u,] I- [ V U Z I ~ ~ ~ ~ ~ A ~ ’ ] ~  2 PYA,] 

.12 I- 3 ~ ~ @ ~ ~ ~ [ ( ‘ a ’ ’ ] ~ x ,  

EE-Rules (205) : .06, .09 
2 

172: .I0 
Exist (166): 2305 

.I3 t- 3 ~ ” ~ ~ ~ [ “ ‘ a ’ ’ ] ~ x ,  3 .@02z[“‘a”]i~gzz[‘x~’]2] 3 324, . g z 2 [ ( x t ] 2  

R: 123,2320; Sub,, Sub 

@02“(‘a’’]2 [ g 2 Z [ ‘ ~ $ ] 2 ]  

2 
= u, 

.I4 [Assign]gz2 I- [Variable] [‘xi’], [(“’’I2 
R’: 103, premiss; Rule S (106); (Definition of [Assign]) 

2 
.I5 I- [ A s ~ i g n ] g ~ ,  3 . [ V ~ l ] g ~ ~ [ ( ‘ & ’ ’ ] ~  = W A , ]  

Deduction Theorem: .11, .14; Rule P: .02, .12, .I3. 

CASE 2: A ,  iS ti(01). 

Then W A , ]  is L ~ ( ~ ~ )  and “A,” is 217. 

.20 I- 2:’~ Z [21712 

.21 I- [Assign]g2, = . [ ~ a Z ] g ~ , [ 2 ’ ~ ] ~  = rl(ol)  

The proof by recursive arithmetic is left 
to the reader. 

R: .20, 2705. 
2 

CASE 3: A,  is Qopo. 

Then [YA,] is Qopp and “A:’ is 2[19“p”! 

.30 I- [TS] [(“”I2 2005 

.31 1 324”022[(‘B’’]2~p Exist: 2305 

.32 t [Assignlg,, I> . [[TS] [“p”Iz A ~ U ~ @ ~ ~ ~ [ ( ‘ P ) ’ ] ~ U ~ ]  

= - [Vallg,, [ 22 [19:“p“1’]] 2 Qupb Sub,, Sub : 2706 

The proof is left to the reader. 
[ 1 9 ~ ‘ p ” 1 2 ]  

.33 I- 2, = yA,”]z  
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2710.34 t [Assign]g,, 3 .[Vul]g,J‘Ak’] z QogD 

Rule P: .30, .31, .32; R: .33. 
CASE 4: A, has the form [BaeC,]. 

Then W A , ]  is [WB,,] W C , ] ]  and “A,” is the number 2’ * “Bag” 
* “C;’ * 211. Also “(ap)” is 3“”” x 5“p”. 

2 -40 I- [23 * [“B,;’], * [(‘Cpt’IL * 2:12] = [“A:’],. 

The proof is left to the reader. 
-41 I- [W’l r‘Ba<’12 W~P)”IZ 2207 

.42 t [3:‘a’”2 x 5y‘8”12] 2 [“(016)”3~. The proof is left to the reader. 

RR: .41, .42 

.44 t [Wfl] [(‘Cpt’I2 [“F’],  2207 

.45 l- [TS] r‘a’’Iz 2005 

.46 I- [Assign]gZ2 3 . [ V U & ~ ~ [ “ B , ~ ’ ] ~  = E\rB,,] 

C“a”1z 5C“P..lz -43 I- [Wfl L“Bap)’l~ V 2  2 1  

2 

by inductive hypothesis 
2 

.47 I- [Assignlg,, 3 . [Vul]g22[(‘Cp)’Iz = p?Cg] 

-48 [[ASS@Z]g,, A [W’] c(‘Bap)’]2 [3, 2 1  

by inductive hypothesis 
C“a”1z 5C“B”I2 

A [W’] r‘Cp)’IL p‘p”] ,  A [TS] [“a”]2 

A [[Vd]g~z[“B,p”]n 2 WB,p]] A . [Vul]gzz[“Cp”lr ’ wcpll 
3 . [VuZ]gz2[2~ * [L‘Bae)’], * [“Cpt’lz * 2:121 2 [[\TB,,I WC,ll  

Sub,, Sub: 2708 

Rule P: .43-.48; R: .40. 
.49 I- [Assign]gz2 3 . [VuZ]gzJ””~’12 2 [[YB,,] [IrC,ll 

CASE 5 :  A, has the form [Ax&]. 

Then “A:’ is the number 2’ * 213 * iXb. * “B;’ * 211. 
Let Cy be that formula (incidentally, not a wf€ of Qo or of Q, in general) 

obtained from B, by replacing each occurrence of each variable of By 
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other than free occurrences of x; by a wff of Q as though one were form- 

‘x:. Then WA,] is Rz, S,@C, . [ [ :: I1 
2 2710.50 I- [22 * 2i32 * 2i4’” * r‘By)’], * 2:”] = [“A,”],. 

The proof is left to the reader. 
2102 

.52 I- [W’] r‘BY)’], [(“”I2 2207 

.53 I- 3m~@032[(‘p’’]2mp Exist: 2305 

.54 I- 3n~@022[(‘y’’]2ny Exist: 2305 

.55 I- [ [ ~ s s i g n l g , ~  A [ ~ u r i a b ~ e ]  [(x:Iz [“p”12 A [ ~ f l  ~ ‘ B < ” J ~  [L‘y’’12 

.51 I- [Variable] rx[Iz  [“v’], 

A 3m~@022[L‘p’’lzmp A 3ny@02A“(~”l~nyl 

3 , [ Vul]g2,[2:’ * 2:’z * 2,  [ % I 2  * r‘BY)’], * 2;121 

2 2 
= [Rz, .ay. [Val] [[Mod]g,,[‘x&z,] [(‘BY)’]2 = xy]  

Sub,, Sub: 2709 
.56 I- [ A s ~ i g n l g , ~  3 . [ V U Z ] ~ ~ ~ [ “ A ~ ’ ] ~  

2 2 
= [Rzp .ay. [Val] [[Mod]g2,“x[],z,] [(‘By)’], = x,] 

Rule P: S1-55; R: .50 
2 

.57 I- [Assign]g,, 2 . [ V U ~ ] ~ ~ ~ [ L ‘ B Y ) ’ ] ~  = YrrB,] 

.58 I- [Assign] [ [ M ~ d ] g ~ ~ [ ( x ~ ’ ] ~ z ~ ]  
by inductive hypothesis 

2 s 9 2 2  = .[Val1 ~ [ ~ ~ d l g , 2 “ x ; ’ I 2 ~ p l  r‘By)’12 = [. [ ~ M . d * 2 . C ” ~ ] , . , ] P ~ y l ]  

Sub (119): .57 (Note that the restrictions on Rule Sub are satis- 
fied, since no g-variable occurs bound in v B y ]  and no z-vari- 
able occurs in [‘€‘By].) 
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2710.59 i- [ [~uriuble]  rx;lr [“p”12 A @,22[“p”]zz,] 3 . [ ~ s s i g n l g , ~  

= [AssZ-gnl ~ [ ~ ~ ~ l g z z r ~ ; l z z p l  Sub: 2503 

.60 [Assign]gz2 i- [Val] [ [ M O ~ ] ~ ~ ~ [ ~ X ~ ’ ] ~ Z ~ ]  r‘Br)’I2 
2 9 2 2  

= [ S ~ ~ M O d , ~ ~ ~ [ ‘ x ~ ] 2 = ~ , ~ B y ] ]  Rule P: .59, 3 ,2305 ,  Remiss, 3. 

Let x i  be any free variable of By distinct from 4. (If there are no such 
variables, lines .61-.63 of the proof may be disregarded.) Note that ‘x: 

The proof is left to the reader. 

* ‘ X I .  

2 
.61 i- -.[‘x;Iz = ~ X J P ’ ] ~ .  

-62 I- -[[‘x;I2 = rxJp’Iz] 3 . [ [ M ~ d ] g z z [ ‘ ~ ~ ] ~ z ~ ]  [(x;]z 
2 

2 
= g22rx;lz Sub: 2502 

M P :  .61, .62 
2 

.63 I- ~ [ ~ ~ d ] g z z r ~ ; l 2 z , l  rx;12 = g22rx:1.)]1 

.64 [Assignlg,, I- [Val] [ [Mod]g, , [ ‘x~] ,zp]  [r‘By)’l2 

R’: .63, .60. 

To see that .64 does indeed follow from .63 and .60 by applica- 
tions of RuleR‘, we must consider the structure of the wff 
[ ~ ~ M . d ~ g ~ 2 [ ‘ ~ ) p . 1 2 z p ] ~ ~ y ] ]  occurring in .60. Note first that g,, 

occurs in ”rB,] only in wf parts of the form [ ~ y ~  .g2z[(x;]2 = ys] , 
where x i  $: x; ,  or of the form [cy, . g ; , [ ‘ ~ ~ ] ~  = ye] ,  and that 
these wf parts occur only where they have replaced free occur- 
rences of variables x: or x i ,  respectively, in forming v B y ]  from 
B,. Hence [ S ~ M ~ d ] g z 2 [ . x ) p .  I , ~ ~ - ~ B , I ]  contains in these places 

respectively wf parts of the form ftys. [ [ M ~ d J g ~ ~ [ ‘ x ~ ] ~ z ~ ]  [(x;l2 

= ys] and [typ. [ [ M ~ d ] g ~ ~ ~ x ~ ] ~ z ~ ]  [ ‘ x i ] ,  = yp] , since all occur- 
rences of g2 ,  in [YB,] are free. 

Now by Rule R‘ and theorem schema .63 we may replace each 

2 

2 

2 2 
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210 

RR: 5 5 ,  .66 

2 P .66 I- [“yp . ze = yP] = zb 

B 
-67 I- [ V p  * “M~dlg22“~’12Z,l “$12 2 Ye] = ze 

.68 [Assign1g2, I- [Val] [ [ M ~ d l g , ~ [ ‘ x ~ ] ~ z , ]  [C‘By)’I2 2 [S$,] 
R‘: .64, .67 

210 

(Note that [$icy] is a wff of Q of type y in which no x-vari- 
able occurs free.) 

.70 [ A ~ s i g n l g ~ ~  I- [uc, . [Val] [ [ M o ~ g , , f ‘ x ~ ’ ] , z P ]  r‘BY)’l2 2 x,] 

2 [s$cy] 200: .68, .69 

.71 [Assign]gZ2 I- [ VaZ]gZ2 rAk’I2 [ Rz, [S$C,]] 

MP: Premiss, 36; R’: .70 

122 (Note that the restrictions on 122 are satisfied.) 

Deduction Theorem: .71; Rule R: .72. 
This completes Case 5, and hence the proof of 2710. 
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As mentioned earlier, the following theorem, which is simply a corollary 
of 2710, shows that the wff [TrueIoz satisfies Tarski’s criterion for an 
adequate definition of truth”). 

2711 Let A.  be any wff of Qo of type 0 with no free variables. Then 

I- [ ~ r ~ e ] ~ ~ ~ ‘ ~ ~ ’ ’ ] ~  9 [\TA,]. 

Note that [\TA,] is a wff of Q of type 0 with no free variables. 
Indeed, v A O ]  is simply the result of translating A,, into Q by re- 
placing the variables in A .  by wff-variables of Q in an appropriate 
manner. 

Proof of 271 1 : 

Let &‘l be [Assign]gzz, [True] [(‘A0’’]2. 

.01 XI I- [Val]gzz[“A,”]z 2 [\rA,] MP: Premiss, 2710 
2 

.02 X 1  I- Vg22 . [Assignlgzz 3 . [V~l]g22[((AO”]z = To 

RR: 103, premiss, (definition of [True]) 
.03 H1 I- [Val]g22[“Ao”]2 To Rule S :  .02; MP: Premiss 

.04 X1 I- [YPA,] = To EE-Rules (205) : .01, .03 

.05 X1  I- [\TAO] Rule T (116): .04 

.06 I- [Assign]gr2 =I .[True] [“Ao’’]a =I [\TAO] 
Deduction Theorem : .05 

.07 I- 3gz2[Assign]g2, =) . [True] [(‘”’’]2 3 WA,] 170: .06 

(Here we have used the fact that A .  contains no free variables, 
and hence that no g-variable is free in ”A,] . )  

MP: .07, 2410. 

0 

.08 t- [True] [(‘A0’’]2 3 [YPA,] 

.09 8 2  I- [\rA,] 2 To 

Let 2’ be [YPA,,], [Assign’Jg,, . 
Rule T: Premiss 

12) See [17], pp. 187-188. 
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2711.10 Sz I- [ V ~ l l ] g ~ ~ [ ( ‘ A ~ ” ] ~  2 [\TAO] MP: Premiss, 2710 

. l l  Sz I- [ V ~ l ] g z z [ “ A ~ ” ] z  = To R‘: .09, .10 
2 

Z 
.12 WAO] I- vgzz . [AAssign]g,, 3 . [Vu”g2:[(‘A0”]2 = To 

Deduction Theorem, Gen: . I  1 

RR: 103, .12, (definition of [True]) 

Deduction Theorem : .13 ; 
Rule P: .08. 

-13 FA0] I- [True] [(‘A0’’]2 

.14 k [True] r A o ” ] 2  2 c\rAO] 

Iv.3. Proofs 

We must now indicate how the theorems stated in the preceding section 
may be proved. Since Theorems 2000-2209 involve nothing which is 
special to transfinite type theory, and follow rather directly from the de- 
finitions of the wffs involved in them, we shall leave the proofs of these 
theorems to the reader. It may be helpful to note that since most of the 
definitions introduced in section 1 are of the same general character, the 
proofs of certain basic theorems involving the wffs defined in section 1 
will be similar in character. Thus, for example, the proofs of 2000, 2100, 
2200,2300, etc., are similar; the proofs of 2002,2003,2101,2202, 2203, 
2204,2301, and 2302 are similar; the proofs of 2004,2205,2206, and 2303 
are similar; and the proofs of 2005, 2102, 2207, and 2305 are similar. 

Proof of 2300: 
Let a and b be type variables, and r, s, f, u, u, w,  x,  y, z be primitive 
variables satisfying the hypotheses of Theorem 2300. Also let p ,  rn, and n 
be primitive variables which are distinct from one another, from the 
primitive variables mentioned above, and from all primitive variables 
occurring in Pozz or in @oz2. 

2300.1 @ozzfzwz I- I l m z h  .V~ozz  .IYxo~oz23z~o A V ~ 1 ~ o n 5 z ~ i  

A Vr,Vs,VaVb . [3uapo22r2ua A 3vbpO2Zs2v~] 

3vzabP0ZZ[3r2 5‘*]Z~b1 P02ZmZnLlf2W2 

RR (102): Premiss, 122, 123, 157; def. of Q)ozz 
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3 vZabP022[3r2 x 552]zab] 3 PO22tZW2 
RR: 103, . 1 ;  Rule S (106). 

Theorem 2300 then follows by applying the Deduction Theorem to 
2300.2, and using Rule P with the hypotheses of Theorem 2300. 

Proof of 2303: 

For the sake of brevity let 2 be [@02zrzuc A @022S2ud]  and let Bo be that 
wff such that GOz2 is [rlt,lw2 .VpOf2 .Bo =I p 0 2 2 f 2 ~ Z ] .  Note that p022 is 
the only variable free in Bu . 
2303.1 2 I- @022rzuc Rule P: Premiss 

Rule P : Premiss 

RR: 103, .l; Rule S 



2304 follows from 2303 by 170 and Rule P. 

Proof of 2305: 

The proof is by induction on the construction of a. 

CASE 1 : a is 0. Then “a” is 3. 

2305.1 1 @0223,Xo Sub: 2301. 

CASE 2: a is 1. Then “1” is 5. 

.2 I- @0225231 Sub: 2302. 

CASE 3: a has the form (py). Then “a” is 3‘Ip” x 5“”’. 

.3 I- [3r“a”12 x 5[‘‘y”12] 2 r‘a’’Iz. The proof by recursive arithmetic is 

.4 I- @ 0 2 2 ~ ‘ ~ ” 1 2 ~ a  by inductive hypothesis 

-5 I- @o”r‘Y’~12~y by inductive hypothesis 

.6 I- [@0221(‘P,,]2~p A @oz2[(‘y”]2uy] 3 @022[3yp.112 x 5~“y”1’]w,y 
Sub (119), Sub, (140): 2303 

.7 I- @022[(‘a’7]zwa Rule P: .4, .5, .6; R: .3 

left to the reader. 

.8 I- @ 0 2 2 ~ a ” ] 2 x a  

This completes the proof of 2305. 

Sub: .7. 

The method of proof to be used for theorem 2306 is similar to that used 
in 2305. We leave the simple details to the reader. 

Proof of 2307: 
2 Let POz2 be [;ls22w2 .[Tat2 A 3c3xc , w2 = xc].  



IV. 31 
2 

2307.1 I- zo = zo 

.2 I- 3x0 .zo f xo 
2 

.3 I- 3c3xc .zo = x,  

PROOFS 103 

100 

Exist (166): .1 

Exist, (167): .2 

.14 I- @ 0 2 2 t 2 ~ 2  3 Poz2t2w2 2300: .5, .6, .13. 

Theorem 2307 then follows by Rule R and 103. 

proof of 2308 : 

Let Po be 3c3xc@022t2xc. Note that t2 is the only variable free in Po. 

2308.1 I- 3c3xc@0223x, 

.2 I- 3c3xc@,,,5xc 

Exist (166), Exist, (167): 2301 

Exist, Exist,: 2302 
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2308.3 3uc@o22r2u,, 3ud@O22sZud k 3C3Xc.@~22[3‘2 x jS2]xc 

Rule P: Premiss, 2304; Exist, Exist, 

.4 ~ C ~ U c @ o ~ ~ r ~ U c ,  3d3Ud@o22s2vd k %3X,@022[3~~ x 5s2]xc 
173, 163: .3 

.5 F Vr2Vs2 . [3c3xc@022r2xc A 3c3xc@022s2x,] 

2 3c3~,@022[3~’ X 5 s 2 ] ~ c  

Deduction Theorem: .4; R ule R: 123, 157; Gen, Rule P 

2000: .I, .2, .5. .6 F [TSJt, 3 3~3~ ,@o22 t zx~  

Proof of 2309: 

Let POz2 be 

[h2hZ .@022t2w2 A Vk2Vjz . [f2 = [ j k 2  x 5j2] A [TS]k2 
2 

2 
A [TSljz] 3 vCvdtlqc,j .W2 = qcd 3 .3mc@022k2mc 

A 3nd@ozZj2ndl * 

2309.1 t- N .3 4 [3” x 5j2] A [TS]k, A [TS]j2.  

The proof is left to the reader. Use 2001,2006, and some number 
theory. 

.2 F @022 3x0 Sub: 2301 

.3 F @,,, 3x0 A Vk2Vj2 . [3 2 [jk’ x 5”I A [TSIkz 
2 

h [TSli,] =) VCVdvq,, .XO = qcd 3 .3mc@022k2m, 

Rule P, Gen: . l ;  Rule P: .2 

RR: 103, .3; Gen 

The proof is similar to the proof of .4. 

A 3nd@022j2nd 

.4 I- VX,Po223Xo 

.5 I- VqP0225x1 

Let .X?I be ~ ~ ~ ~ r ~ u ~ ,  PO2282vb; let xz be [3” x 5”] 2 [jk’ x 5”l 
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RR: 103, Premiss; Rule P 

RR: 103, Premiss; Rule P 

Sub, Sub,: 2303; RuIe P: .6, .7 

Sub: 2307; Rule P: .6 

Sub: 2307; Rule P: .7 

The proofs of .I1 and .12 are left 

to the reader. Use .9, .lo, S2, 2001, 
and some number theory. 

R', 163: .6, . l l  

R', 163: .7, .12 

Sub, Sub,: Axiom 10 

Rule P: Premiss, .15, Axiom 9 

Rule P : Premiss, .15, Axiom 9 

300: .16, .13 

300: .17, .14 

2 
-15 t- [zab = qcd] =) [(ab) = (cd)l 

.16 XI,  2'' I- u = c 

.17 HI, 8' I- b = d 

.18 %", SZ I- @oPzk2uc 

.19 .#I, X2 I- @022j2Vd 

.20 &', k 3mc@022kZmc h 3nd@o,zi2nd 
Exist (166), Rule P: .18, .19 

.21 2' I- Vk2Vjz .[[3'2 x Y2] [3k' x 5j2] A [TS]k2 A [TS]iz] 
2 

I> vcvdvqcd .zab = qEd 2 .3mc@oz2k2mc h 3nd@oz&d 

Deduction Theorem, Gen (117), Gent (137): .20 

Rule P: .8, .21; RR: 103 .22 &?I p o 2 2 [ 3 r 2  x f ' ] z &  

-23 3u,,POZZr2uay ~ u b p O 2 2 s 2 t ) b  1 v z a 2 0 2 2 [ 3 r *  x 5 " ] Z ~ b  

Gen: .22; 172, 163 



Proof of 2310: 

Let P022 be 

[2t22w2 .VmzVn2 . [[TS]m2 A [TS]n2 A t2 = [ j M 2  x 5”’]] 
2 

2 
2 k3b3Zab .w2 = Zab]. 

2310.1 b - . 3  2 [3“’ X 5”’] A [TS]mz A [TS]?I, Sub: 2309.1 

Rule P, Gen, Rule RR: . l ,  103 

Proof similar to the proof of .2 

Exist (166), Exist, (167): 100 

-5 vx~dPO22[3~~ x 5”]Xcd Rule P, Gen, RR: .4, 103 

.2 I- vxoPo223xo 

.3 I- VX,P,z25X1 
2 

-4 t- 3a3b3Zab .xed = zab 

.6 k Vr2Vs2VcVd. [3UcPo2zr2Uc A 3UdPo22S2Vd] 

3 Vx~dP022[3~’ x 5s2]xcd Rule P, Gen: .5 

2300: .2, .3, 6 -7 I- @o22t2w2 = Po22tzw2 
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2310.8 I- @022[3yz x 5z2]w2 2 Vm2Vn2 . [[Tam2 A [Tqn2 
2 2 

h [3” x JZ2] = [3“’ x J”’]] 2 3a3b3zab .w2 = zab 
Sub: .7; R: 103 

.9 @022[3’~ X 5z2]W2 I3 . [[TS]JJ2 A [TS]Z2 A [3” X Y2]  
2 2 
= [JY’ x 5’*]] 3 3db3zab .w2 = z& Rule P: .8, 145. 

Theorem 2310 then follows from .9 and 100 by Rule P. 

Proof o f  23 1 1 : 
2 Let POz2 be [ilt21wz .[TS]t2 A . t z  = 3 3 32, .w2 = zO]. 

2311.1 b 320 . x O  = 20 
2 Exist (166): 100 

Rule P: .1, 2002 

RR: 103, .2; Gen 

Proof left to the reader. 
Use 1000, 1001, 1007, 1008. 

Rule P: .4, 2003 

RR: 103, .5; Gen 

Sub: 2004 

2 .2 I- [TS]3 A .3 = 3 3 32, .xo = zo 

.3 I- vxoPo~~3xo 

.4 I- - . 5  = 3. 

.5 f- fTSI.5 A .5 = 3 3 320 .XI = ZO 

.6 I- V~,Poz25~1 

.7 I- [TS]r2 A [TS]s2 3 [TS] [3” x ‘ * I  

.8 I- [TS]r2 A [TSIs, 3 -. [3‘2 x 5”] = 3 

2 

Sub: 2309.1; R: 202; Rule P 
.9 1 [TS]r, h [Ts]s2 3 P022[3“ X 5”2]&,b 

.lo k Pozzr2Ua A Po22SZVb 2 P022[3‘~ X 5”’]Xab 

Rule P: .7 .8; RR: 103 

R, Rule P: 103, .9 

-11 [324!=POzzr224!a A 3~bPOzzs2~b] 3 VX=bP022[3” x 5’’]~ab 
143, Rule P, 170: .10 

.12 k Vr2Vs2VaVb . [~24!,,Po22r~Uu A 3@022S2Vb] 

3 v(xabpO22[3‘* x 5”2]X,b Gen, Gen,: .I1 
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2 

2311.14 k @0223qu 3 . [Ts]3 A .3  = 3 3 320 -4. = Zo 

Sub: .13; R:103 

Sub, Sub,: Axiom 10 

170: .15 

Rule P: .I4 .16, 100. 

2 
.I5 t. q4 = zo 3 a = 0 

.16 I- 3zo[q, = 2 zO] 3 a = 0 

.I7 I- @0223q4 I> a = 0 

The proof of 2312 closely parallels the proof of 231 1. 

Proof of 2313: 

2313.1 !- @o323U4 =3 a = 0 Sub: 2311 
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2313.9 t- [[TSIy, A [TS]z2 A @022[3*' x 5"]t(;~)] 3 3m;@022yzm, 

A 3n$4,22zzna Sub; Sub,: 2309 
- .lo 2' k [Tsbz A .[@022y2mc A @ o Z z J 5 f i ; ]  3 C = C 

Rule S ,  (138), Rule S (106): Premiss 

Rule S,, Rule S : Premiss 

RuleP, 170: .lo; 163 

RR: 123, .12 

Rule P: 170, .11; RR: 123; 163 
Sub,: Axiom 9 

Rule P: .7-.11, .13--15 

Sub, Sub,: Axiom 10 

Sub, Sub,: Axiom 10 

MP : Premiss, .I7 

MP: Premiss, .18 

300: .16, .19, .20 

.ll 2' t [TSIz, A .[@022z2n, A @022z2112] 3 d = 2 

.12 Z1, 2f" t [3mc@022y2m, A 3t?@Do2zyz&] 3 c = c 

.13 .#', S2, 2' t [3mc@022yzme A 3m$4,22yzm~] 13 c = C 

.I4 2', X2, X3 t [3nd@022z2nd A 3n$Doz2z2na] 3 d = d 

.15 t- [(cd) = (;a] = [c = c A d = a] 

.16 X", S2, 2" I- (~d) = (:d) 

.17 t [ua = ~ ( , d ) ]  3 .U = (~d) 

.I8 t- [ub = t(;z)[ 5> .b = (la) 

.19 2', X2, .P I- u = (cd) 

.20 X1, X2, 2' I- b = (;a 

.21 . f l y  Z2, 2' t u = b 

- 

- 

- 0 

2 

2 

2 
.22 X1, Z2, 3C3d3S,cd,[Ua = s(~d)]  

172, 173, 163: .21 2 
3;3d3f(Z)[ob = t(z)] k a = b 

2 
-23 k [[TsPz h [Ts]z, h @022[3" x 5'2]ua] 3 3c3d3s(c,) .ua = s(cd) 

R: 2310, 123, 157; Sub 

.24 k [[TslYz A [Ts]Z, A @022[3" X 5"]Ub] 

2 
3 %%Ziqa) .t)b = qq R: 2310, 123, 157; Sub 
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2313.25 XI,  S2 k u = b 

Deduction Theorem: .22; Rule P: .23, .24, .lo, .11, Premiss 

Rule P: .lo, .11,  2004 .26 XI I- [TS] [3y2 x 5”] 

.27 vUvbVUavUb . [TS] [3” X 5”] A . [@022[3~’ X 5z2]Ua 

A @022[3” X 5”]Ub] 3 U = b 

Deduction Theorem: .25; Rule P: .26; Gen, Gent 

-28 t- vy2vz2 * ~~vbVuaVub[[TSl~Z A * [@O22YZuu A @022yZVbl 

3 a = b] A VUvbVUaVUb[[TS]Z2 A .[@ozzZ2Ua A @oL2Z2Vb] 

=3 u = b]] 3 ~uvbvUavUb . [TS] [3” X 5”’] A . [@022[3” X 5 ” ] ~ ,  

A @022[3” X 522]ub] 3 a = b 

Deduction Theorem, Rule P, Gen: .27 

-29 k [TS]t, 3 vUvbVU,vUb .[TS]t2 h .[@022f2Ua h @022f2Ub] 

D U = ~  2000: .5, .6, .28 

.30 b [TS]t, 3 . [TS]tz A . [ @ o ~ L ~ z U ~  A @ozztzUb] 3 U = b 

Rule P: .29, 146, 147 
Rule P, Sub: 2307 

Rule P: .30, .31. 

.31 I- @P022tZua 3 [TS]t2 

.32 I- [@022t2~a A @ozzt2ub] 3 u = b 

Theorem 2314 is obtained from 2313 by the use of 170 and Rule P. 

Proof of 2315: 

Let P022 be [At2Aw2 .@022t2~2 A VcVxcVqc .@02zt2x, =I @ozzt2qc]. 

2315.1 k @0223Xc 3 C = 0 Sub, Sub, : 231 1 

MP: Premiss, .I 

300: .2,2301 

-2 @0223Xc 1 C = 0 

-3 @0223xc I- @ozz3qc 

-4 k vcv&vqc .@0223xc 3 @o223qC 
Deduction Theorem, Gen, Gen,: .3 
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2315.5 I- VqoPozz3qo Rule P: 2301, .4; RR: 103, Gen 

-6 I- vq1P0225~11. The proof of .6 is similar to the proof of .5. 

Use 2312 and 2302 in place of 2311 and 2301. 

Let 2' be Po22r2u4, Po22szvb; let S2 be @ 0 2 2 [ 3 ~ '  x 5s2]xc. 

23 15.7 2 l  I- @0,,r2ua RR: Premiss, 103; Rule P 

-8 2' @022sZvb RR: Premiss, 103; Rule P 

-9 s1 @ 0 2 2 [ 3 ~ '  x 5"]q& Sub, Sub,: 2303; Rule P: .7, .8 

-10 1 @022[3" x 5s2]z& Sub: .9 

. l l  2 1 , @  F (ab) = c Sub, Sub,: 2313; Rule P: .9, Premiss 

.12 2 1 ,  2 2  I- @ 0 2 2 [ 3 r 2  x SS']qc 300: .9, .ll 

. i3 2 1  E vcvxcvqc . @ 0 2 2 p r 2  x 5 s q ~ c  3 @022[3'' x 5s2~qc 

Deduction Theorem, Gen, Gen,: -12 

Rule P: .lo, .13; RR: 103; Gen 
-14 3' k vz&PO22[3" x 5"']z& 

.15 I- Vr2VszVaVb . [3uaPoz2rzu4 A 3vbPo22s2vb] 

3 vz&P022[3r2 x 5s2]z& 

172, Deduction Theorem, Rule P, Gen,, Gen: .14 

2300: -5, .6, .15 .16 I- @ 0 2 2 t l W 2  = P O 2 2 t 2 W 2  

.17 I- @ 0 2 2 f Z ~ 4  3 .@0r2t2ua A VcVxcVqc . @ 0 2 2 t 2 ~ c  3 @022t2qc 

Sub: .16; R: 103 

Rule P: Axiom 7, 145 

Rule P: .17, .18. 

Theorems 2316 and 2317 follow easily from 2315 by the use of 170,123, 

.18 VcvxcVqc[@022t2xc = @02Zt2qel  = * @ O Z Z ~ Z U u  @022fZva 

-19 I- @022t2U4 =) @O2ZtZvu 

and 143. 



112 THE SEMANTICS OF THE SYSTEM Qo [IV. 3 

Proof of 2318: 

2318.1 t 3 ~ ~ @ 0 2 2 t 2 ~ ~  3 Sub,: 2317; R: 123 

175: . l .  .2 t- 3C3XCdi"22t2X, 3 3cVx,@cJ22t2xc 

Theorem 2318 then follows by Rule P from .2 and 2308. 

Proof of 2320: 

R: 123,2307. 2 
2320.1 I- @ 0 2 2 f 2 ~ 2  =I . [Tqt ,  A 3c3ye. w2 = ye 

2 
Let .# be @022t2x, ,  @022fZW2, w2 = Yc. 

-2 a? t- @ 0 2 2 t Z Y C  

.3 a? 1 @ 0 2 2 t 2 ~ o  A @022t2ye 3 a = c 

.4&'ka=c 

200: Premiss 

Sub, Sub,: 2313 

Rule P: Premiss, .2, .3 
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2 

2320.5 2 t ~2 = ya 

PROOFS 113 

300: Premiss, .4 

2 
.6 2 t 3ya. ~2 = ya Exist (166): .5 

Theorem 2320 then follows from .1 and .7 by the Deduction Theorem 
and Rule P. 

Proof of 2321 : 

Let A"' be @022[3~ '  x 5"]m2 A @022u2n2 A [TS]f2 .  

Let 2 2  be [m, y,,], [n2 zb]. 

2321.1 t @022[3t2 x Y"']m2 A @022u2n2 Rule P: Premiss 

2 
.2 X 2  I- m2 = yac Premiss 

.8 k [3nc@022uznc A 3Vb@,,2U2Ub] 3 C = b 
R: 123,2314; Sub, Sub, 

Rule P : Premiss .4, .5, .6, .7, .8 .9 X'l, A"2 I- c = b 

300: .2, .9 
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2 2 

2321.12 sl, k3C3yac[mz = Yac] 3b3zb[nz = z b ]  

2 
I- 3U3b3yab3Zb .mz = yab A nz ' z b  172, 173: . l l  

2 
.13 I- [[TSItZ A [TSIU~ A @ 0 2 2 [ 3 ~ '  X 5"2]m2] I> ~ u ~ C ~ Y , C  .mz = YaE 

Sub: 2310; R: 123, 157. 

Theorem 2321 now follows from .5, .12, and .13 by the Deduction Theo- 
rem and Rule P. 

The proofs of 2400,2401,2402, and 2403 are very similar in style to the 
proofs of 2300,2301,2302, and 2303, respectively. We therefore leave the 
details of these proofs to the reader. 

Pro0 f of 2404 : 

-1 I-@ozz32To Sub: 2301 

-2 I- @02252[11(01) . h T 0 1  Sub: 2302 

.3 I- ~UvbvUa~Vbvrz~S2 . [fPoz2rzUa A @oz~SzUb] 

I> @0,?2[3" x 5'*] [h@#] 

.4 1 [Maps]tzw2 r> @022t2w2 

Sub,, Sub, Gen, Gen,: 2303 

2400: .1, .2, .3. 

Theorem 2405 follows from 2404 and 2307 by Rule P. 

Proof of 2406: 

Let PoZz be 

[Atzrlwz . [Maps]t2w2 A Vk2Vjz . [ t z  = [3k2 x 5j2] A [TSIk, A [Tsl i , ]  
2 

2 
3 3C3d3qc3Vd. [ M C Z P S ] ~ ~ ~ ~  A [MUpS]jzUd A Wz [lZdqc]]. 

2406.1 P02~3To Rule P, Gen: 2309.1,2401; RR: 103 

-2 I- Poz25[~1(01) -2xiToI- 
The proof is similar to the proof of 2406.1. 

Let if1 be POz2r2ua, Po22s2vb. 
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Let X 2  be [3" x 5"*] = [3" x 5"] I\ [TS]kz h [TS]j2. 

2406.3 S1 I- [Maps]r2ua 

2 

RR: Premiss, 103; Rule P 

-4 S1 [Maps]sZub RR: Premiss, 103; Rule P 

.5 2' Rule P: 2403, .3, .4 

.6 Z1 !- [TSjr, A [TS]s2 Sub, Rule P: 2405, .3, -4 

.7 Z1, S2 t r2 = kz .  The proofs of .7 and. 8 are left to the reader. 

.8 Z1, X 2  I- s2 = j z .  

[Maps] [3" x 5"] [hbua] 

2 

2 

Use the hypothesis S2 and .6. Note that the proofs of 2309.11 
and 2309.12 can be used here with virtually no changes. 

.9 S l y  X 2  t [Maps]k,u, 

.10 Z1, s2 t [Maps]j,ub 

R': .3, .7 

R': .4, .8 
2 

-12 2' [hfapslkzua I\ [hfapsuzub I\ [hbua] = [RZ&a] 

RuleP: .9, .lo, 100 
.13 S2 1 3dd3qC%d . [ M ~ p ~ I k z q ,  h [hfapsuzud h [izbu,] 

2 
= [fzdq~l Exist (166), Exist, (167): .12 

.14 .#I p ~ z z [ . ? ~ ~  X 5s'] [ l Z & , ]  

Deduction Theorem, Gen: .13; Rule P: .5; RR: 103 
.15 VUvbVU,VVbvr'r,vSz . [Po22rzUa A PozzszVb] 

3 P02z[3r2 x 5s2] [hbua] 

Deduction Theorem, Rule P, Gen, Gen,: .14 
2400: .1, .2, .15 .16 I- [ M ~ p ~ l t z ~ ,  2 PozztzWz 

.17 t [Maps] [3" x 5s2]w2 I> .[Maps] [3'2 x 5s2]w2 

A Vk2Vjz . [[3'z x 5"] = [3k2 x 5'2] A [TS]k, A [TS]j2] 
2 

3 3c3d3qc3Vd. [MUPSIkzqc A [MaPS]j2Ud A W 2  = [AZ&c] 

Sub: .16; RR: 103 
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2406.18 I- [Maps] [3” x 5”]w2 3 .[[3’2 x 5”] = [3” x f V 2 ]  A [TSIr, 

A [TSIs,] 3 3u3b3uQ30b . [Mups]r2uQ A [ikftzps]Szt+, 
2 

wz = [k?bu~] Rule P: .17, 145; R: 123, 157. 

Theorem 2406 follows from .18 and 100 by Rule P. 

Proof of 2407: 
2 2 

Let Bozz be [l i& . [TSIi, A .iz = 3 13 .To = j , ] .  

2407.1 I- [TS].? A . 3  = 3 13 .To = To 
2 2 

Rule P: 2002, 100 

.2 F Boz23To RR: .l, 103 

.3 I- [TS]5 A .5 = 3 13 .To = [ L ~ ( ~ ~ )  .Rx,TO] Rule P: 2003, 2311.4 

-4 I- B O 2 2 5 [ l l ( 0 1 )  *RxlTO1 RR: .3, 103 

2 2 

.5 I- BoZ2r2u, A BO22SzUb 13 . [TS]r2 A [TS]S~ Rule P, RR: 103 

.6 I- [TS]r2 A [TS]s2 3 [TS] [3‘2 x 5”] 

.7 I- - .3  = [3‘2 x 

Sub: 2004 

Sub: 2309.1 A [TS]r2 A [TS]s2 

.8 Bo22r2u, A B022SzUb 3 B022[3~’ X 5”’] [hbu,] 
Rule P: .5, .6, .7; RR: 202, 103 

Gen, Gen,: .8; 2400: .2, .4 .9 I- [Maps]izj2 3 BoZ2i,j2 

.I0 I- [Maps]3w2 3 .[TS]3 A .3  = 3 3 .To = w2 
2 2 

Sub: .9; R: 103 

.14 I- 3g2 . [Maps]5g, A Vw, . [Maps]5w, 3 .g, f w,. 

The proof of .14 closely parallels the proof of .13. Simply inter- 
change the roles of 3 and 5, and To and [tl(O1) .Rx,ToI. 
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Let S1 be [ [ M a p ~ l y ~ g ~  A VWZ . [ M ~ ~ S I Y Z W Z  3 .gz = W Z ]  , 

[[Maps]z2h2 A Vw, . [Maps]z2w2 3 .h2 = w 2 ] ;  let X 2  be [g2 = m,], 

2 

2 a 

2 
[hz 2 n d ] ;  k t  s3 be [MapS]Y2Ua A [MUpS]Z2Ub A W 2  = [IZbU,]. 

2407.15 3 1 ,  2 2  I- [ ~ a p s ] y , m ,  A VW,  . [ ~ a p s ] y , w ~  3 .m, 2 w2 
200: Premiss 

200: Premiss 
Rule P, Rule S : .15 

Rule P, Rule S: .16 

Rule P: Premiss, .17 

Rule P: Premiss, .18 

Sub, Sub,: Axiom 10; MP: .19 

Sub, Sub,: Axiom 10; MP: .20 

Rule P, EE-Rules (205): Premiss 

300: .21, .22, .23 

300: .19; EE-Rules (205) 

R :  .24, .25 

2 
-16 X ' y  8' I- [Maps]z2nd A vwz . [Maps]z2w2 3 end = w2 

2 
.17 XI, X 2  I- [Maps]y,u, 3 m, = u, 

-18 

.19 XI, X2, X 3  t m, f u, 

-20 X's X 2 y  z3 k nd ' vb 

.21 %Iy X Z ,  X3 I- c = a 

.22 X', X2,  X 3  I- d = b 

.23 X1, X2,  z3 I- [Izzbu,] = w2 

-24 z l y  X 2 y  Z3 k [hdu,] = w2 

.25 XI,  Z2, P3 I- u, 9 m, 

.26 XI, X2,  X 3  t [iIz,m,] = w2 

2 
Z2 I- [MapS]z2vb 3 n d  = ub 

2 

2 

2 

.27 sl, 2' 3 a 3 b 3 u a 3 ~ b [ [ M ~ ~ ~ ] y 2 ~ ,  A [MUpS]Z2Ub A W 2  

2 2 
= [hbu,]] 3 .[?lzdmc] = Wz 

Deduction Theorem, 170, 171 : .26 

.28 t- [[TSIy, A [TS]z2 A [Maps] [3" x 5z2]w2] 
2 =J 3a3b3u,3ub. [MapS]y,u, A [itfUpS]Z22Jb A W2 = [hbu,] 

Sub: 2406 

Sub: 2405; Rule P: Premiss 

Sub: 2405; Rule P: Premiss 

2 
.29 2' t [ T o z  A 3c3xC .g2 = x, 

.30 S1 I- [TS]z2 A 3c3xC. h2 = x, 
2 
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2408.3 [ VariabZe]u2tz I- [Mapluz = [ L Z ( O Z ) [ M ~ ~ ~ I ~ Z I  R’: .l, .2 

Sub: 2104; Rule P: Premiss 

Z 

.4 [VariabZe]u2t2 I- [TSIt, 

.5 k 3gz[[MapS]tzgz A VWz .[MUpS]tzWz 3 .g2 = W 2 ]  
Z 

= [MapsItz [L2( 0 2 )  [Maps1 t 2 1 Sub: 216; Rule P: 123; 170 

Rule P: .4, .5, 2407 

EE-Rules, R’: .3, .6. 

.6 [VariabZe]uzt2 I- [ M ~ p ~ ] t ~ [ c ~ ~ ~ ~ , [ M a p s ] ~ ~ ]  

.7 [VariabZe]uztz I- [Mups]t2[[Map]u2’J 

Theorem 2408 then follows by the Deduction Theorem. 

Proofof 2409: 

2409- 1 I- [M~sltz~[MapIuzI 3 @ozzfz~[MaPIuzI 

.2 I- [Variable]u2tz 3 @ozzt2[[M~p]uz] 

.3 I- VxzVtz . [Variable]x2t2 3 @,,,t,[[Map]x,] 

.4 I- [Assign] [Map] 

Sub: 2404 

Rule P: .l, 2408 

Sub, Gen: .2 

RR: .3, 103; def. of [Assign]. 

Theorem 2410 follows from 2409 by Rule Exist (166). 

Proof of 2500: 

.1 I- [xz = i z l  = .[% .“xz = i z l  A Y z  = q21 v . - b z  =XI 

.2 I- [ X Z  = i z l  = * ~ ~ ~ 4 ~ 2 z j z Y 2 x z  = Y z  

Sub: 211 A htzxz = q21 = Y2 

RR: 103, .l; def. of [Mod]. 
Theorem 2501 follows from 2500 by Rule Sub, 100, and Rule MP. 
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Proof of 2503: 
Let &' be [ Vuriuble]j2s2 , @022s2yz , [Assignlh,, , [ Vuriuble]x2t2. 

2503.1 X, [x2 = j , ]  t- [ Vuriuble]j2t2 

.2 X, [x2 = j , ]  t- s2 = t 2  

-3 2, rxz = j2l t- @ 0 2 2 t Z Y 2  

.4 2, [xz = jzl  I- [Mod]h22j2y,xz = Y z  

.5 2, 1x2 = j,I !- ~022tz"Mo~Ih22j2Yzx21 

.6 I- [ A ~ s i g n ] h ~ ~  3 . [Vuriuble]x2t2 3 @02Zt2[h22x2] 

.7 A", - [x, = j,] !- [M04h2zjzy2x2 = hzzx2 

.8 X, "xz = i z l  I- @022t,[h22X21 

.9 2, -[xz = j , ]  I- @02ztz[[M~d]h22j2y2x2]  

.10 [ Vuriuble]j,s, , @022s2y2 , [Assign]h2, I- [ Vuriuble]x2tz 

R': Premiss 

Sub: 2105; Rule P: .1, Premiss 

R': .2, Premiss 

MP: Premiss, 2500 

E-Rules, R :  .3, .4 

Rule P: 146; RR: 103; def. of [Assign] 

MP: Premiss, 2502 

Rule P: Premiss, .6 

E-Rules, R': .7, .8 

3 @ 0 2 2 t 2 [ [ M ~ d ] h 2 2 j Z y Z ~ 2 ]  Deduction Theorem, Rule P: 5, .9 

.I 1 [ Vuriuble]j,s2, @022s2y2, [ A s ~ i g n I h ~ ~  k [Assign] [[Mod]h2,j2yZ] 
Gen: .lo; RR: 103; def. of [Assign]. 

Theorem 2503 now follows by the Deduction Theorem and Rule P. 
Theorem 2600 follows directly from the definition of [Value]. The proof 

is similar in style to the proof of 2300. We leave the details to the reader. 
Since the reader who has come this far must by now be quite familiar 

with the workings of the system Q, we shall henceforth abbreviate our 
proofs even more than has been our custom so far. In particular, after a 
line in a proof we shall often merely indicate the principal lines of the 
proof or theorems from which it is inferred, and leave it to the reader to 
supply the particular rules of inference or theorems from Chapter I1 
required for the intermediate steps. In this way we shall avoid dwelling 
on details which by now have become routine, yet we shall supply out- 
lines from which complete proofs can easily be constructed, if desired. 
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Proof of 2601 : 

The proof is based on Theorem 2600. Let be 

121 



.13 

2206 

2303 

.15, .16. 

Proof of 2603: 

2603.1 [Wj$]n2s2, @022szxz, [W'n2t2 I- s2 = t2 2208 

R': Premiss, . l  

172: .2. 

Theorem 2603 follows from .3 and 2601 by the Deduction Theorem and 
Rule P. 

.2 [JYj$Jn,s,, Qjoi2szxz1 [W-flnztz I- @022f2X2 

.3 W[Wfln2s2  A @ o z ~ ~ z ~ ~ 3 y  [Wflnz tz  /- @ozzt2x2 

Proof of 2604: 

To avoid excessive writing we temporarily define A,, , Bo , C,, Do, and Eo 
to be those wffs such that [Value] is 

[ k z z h A x z  - ~ P J Z Z ( Z Z )  .Vhzz[[Assignlhzz 3 .& A BO A Co A Do A Eol 

= Po22(2;,gzznzxsI - 
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Note that p022(22) and hz2 are the only variables free in the wffs A,,  B,, 
co, Do, Eo. 

2604.1 I- Vh22[[Assign]h22 2 .Ao A Bo A Co A DO A Eo] 

3 .[Assign]hZ2 3 .Ao A Bo A Co A Do A Eo 146 

.2 I- ~0 ~o2L(2z~h22[2~~Iil(olt Rule P; def. of A ,  

.3 k [A~s~sign]h22 2 .Vh22[[ASSign]h22 3 .A0 A Bo A Co A Do A Eo] 

= ~022(22,h22[2”Ii,(ol) Rule P: .1, .2 

143, RR: 103, .3. 

The proofs of 2605 and 2606 are similar in style to the proof of 2604. 

.4 I- [ ~ s s i g n l h ~ ~  3 [ ~ a ~ u e ] h ~ ~ [ 2 ~ ~ ] i ~ ( ~ ~ )  

We leave the simple details to the reader. 

Proof of 2607: 

Let A .  , Bo, C,, Do and Eo be defined as in the proof of 2604. 

.1 I- [ V a l ~ e ] h ~ ~ j ~ y , ~  3 .VhZZ[[A~~ign]h22 2 .Ao A Bo A Co 

A Do A Eo] 2 P022(22)h22j2YOb 146; RR: 103; def. Of [Value] 

.2 I- [VUZUe]h22m2Zb 3 .Vh22[[ASSign]h22 2 .A0 A Bo A Co 

D O  A EC1 = P022(22)h22m2zb 146; RR: 103 

.3 k Do 3 .[[W’jZ[3‘’ x 5”’] A [Wflm2u2 A [TS]t2 

A @022[3” x f ” ’ I ~ a b  A @022~2zb 

A P022(22)h22m2ZbI PoZ2(22jh22[27 *i2 * m2 * 2”1 [Yabzbl 

Rule P: 146, 147; definition of Do 
.4 I- [[Assign]hz2 A [Wfl]j2[3” x 5”2] A [ ~ f l r n , u ~  A [ T S ] ~ ,  

A @ozz[3‘* x f ’21~a, j  A @022u2zb f\ [ValueIh22j2~, 

A [ V ~ l u e ] h ~ ~ m ~ z ~ ]  2 .Vh22[[Assign]h22 3 .Ao A Bo A Co 

A D O  A EO1 I> P022(22)h22[27 *j2 * * 2”1 [YabZbl 

Rule P: .1, .2, .3, 2604.1. 
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Theorem 2607 now follows from .4 by 143, RR, 103, Rule P, and the de- 
finition of [Value]. 

The proof of 2608 is similar in style to the proof of 2607. We leave the 
details to the reader. 

The proofs of theorems 2609,2610,2611,2612 and 2613 are similar in 
style, and are straightforward though somewhat lengthy. We shall prove 
2613 as an example, but leave the others to the reader. In each case the 
proof is based upon 2600. For the proof of 2609 let P022c22) be 

2 17 [lgzzln2Rx2 .nz = 2 3 x2 = t l ( O 1 ) ] .  

For the proof of 2610 let POz2(22) be 

[ ~ g , , ~ n , i l x ~  .vs2 . [ [ T S ] ~ ,  A n2 = [2[1g"l]] 3 MU, . ~ j ~ ~ ~ s ~ ~ ~  
2 

A x2 = Qocc].  

For the proof of 2611 let P 0 2 2 ( 2 2 )  be 
2 

[Rg2,ln2lx2 .VwzVs2 .nz = 2"l 3 .[Variable]w2s2 I> x 2  = g22w2] .  

For the proof of 2612 let POz2(22) be 

[ilg,2hz24x2 . [Vahe]gZ2n2x2 A Vk2Vz2Vi2Vi2 . [[ Wff1E2[3" x 5"'] 
- 

A [~ff1;5i~U~ A [ T S I ~ ,  A n, = [2' * k, * G2 * 2"]1 

3 3Zb3i63~6 .@022[3" x 5"*]j;1; A QjOz2U2Z1; A [Val~e]g~~7&?;;6 

A [ ~ a Z u e ] g ~ , Z , ~ ~  A x 2  = [y;;bz~]] .  

- - -  

2 - -  
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2613.1 [Assign ]hz2 t- [ VuIuelh22[2'71~l(o,) 

.2 I- -.[VuriabIe]k,& A [WmZ2Z2 A 217 

= 127 * 213 * 2E2 * mz * 2111. 

The proof is left to the reader. 

125 

2604 



126 THE SEMANTICS OF THE SYSTEM Qo 

Let 2’ be [Assign]hzz, 

[IV. 3 







IV. 31 PROOFS 129 

2614.14 2 t- @022uZ[lXa.  [Vulue] [[MOd]h22W2Zb]y2Xa] 
Sub: 2603; Rule P: .13, Premiss 

.15 2 t- [ V ~ Z u e ] h ~ , [ 2 ~  * 2'3 * 2"' * y2 * 2"] 

IAZb -ma * ~[ModIhZZwZzblyZxal 
RuleP, Gen: .lo, .14, .13, .2. 

Theorem 2614 follows from .15 by the Deduction Theorem and Rule P. 

Proof of  2615: 

The proof is based on 2200. The wff Po referred to in the statement of 
2200 will be the wff 

[ [ w m x 2 r z  A 3 u ~ g , ~  . [ ~ s s i g n ~ g ~ ~  I> 3ia . [ ~ u ~ u e ~ g ~ ~ x ~ i ~  
2 

A vjz . [ ~ u ~ u e l g ~ ~ x ~  j 2  r> .jz = ia] . 
Note that x2 and rz are the only variables free in P o .  For convenience we 
shall write P(A,; B,) as an abbreviation for [Szg2PO]. 

2615.1 t- [Assign]g,, =) . A Vj2 . [ V a Z ~ e ] g ~ ~ [ 2 ' ~ ] j ~  

2604,2609 

Rule P, 164, 165, Gen: . l ,  2202 

2314 

2 = .j2 = L ~ ( ~ ~ )  

.2 t ~ ( 2 ' 7 ;  3 5  x 5[33x551) 

-3 ~ ~ ~ @ ' o z z Y z U ~ ,  3Ub@ozzYz%,jz = Qobb 
z 

a = b 
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2615.9 [TSIy,, 3u,@ozzy,u,, I- P(2"9y'1; 3b3x 5y'1 x 5y2) 3, 2203 

-10 [TSIY~ I- 3a3ua@o,,y,uo I> p(2[19Y'l. 3 b 3 x 5 Y 2 1  

.ll I- [TSIy, =I 3u3uu@,,,y,u, 

5~2) 
Deduction Theorem, 171 : .9 

2308 

.lo, .11. -12 I- vy2 . [TS]y, =, ~ ( 2 [ ' 9 ~ ' ] ;  $j3x5Y21 5Y2) 

Let S1 be [ Variable]w,t,, 3x,@02,tzx,, [Assign]g,,. 

.13 2" I- [Vurlw, 

.14 if1 I- [V~ lue]g , , [2~~]  [g,,w2] 

.15 &'I t- Vj, . [V~ lue]g , , [2~~] j ,  3 j2  = g,,wz 

.16 &'I, g,,wz = i, I- [Vulue]gzz[2"']i0 A Vj3 . [ V ~ l u e ] g , , [ 2 ~ ~ ] j ~  

Premiss, 2107 

Premiss, .13, 2606 

261 1 
2 

2 

3 j2 2 io Rule P, 200: .14, .15, Premiss 
2 

.17 &'I I- 3i,[g,zw, = i,] 3 3,. [ V ~ Z u e ] g ~ ~ [ 2 ~ ~ ] i ,  

A Vj2 . [ V ~ l u e ] g ~ ~ [ 2 ~ ~ ] j ~  3 jz = i, 

.I8 2' I- [VuriabZe]w2tz 2 @02ztz[gzzwz] 

.19 2 ' 1  t- 3i,[gzzwz = iO] 

.20 [Vuriuble]wzt2, 3x,@ozzt2x, I- P(2w2; tz )  

Deduction Theorem, 176: .I6 

Rule S: Premiss; Def. of [Assign] 

2320, Premiss, .18 2 

Deduction Theorem, Rule P, Gen, Exist, (1 67): .17, .19,2204 

.21 I- [Vuriuble]wLtz 3 3 P(2w2; t z )  173: .20 

-22 t- [ Vuriuble]w2t, 3 3u3xa@022tzx, 2104,2308 

.21, .22. .23 I- Vw3Vtz . [Variable]w,t, 3 P(2w'; t z )  

Let X 3  be 

[ w f l l ~ ~ [ 3 ' ~  x 5 u 2 ~ ,  [ ~ ~ f l i ~ ~ ,  [TSI~,,  v g , , ~ ~ ~ s s i g ~ ~ i g ~ ~  

3 3ic . [ ~ u ~ u e ] g ~ ~ y ~ i ~  A vj3 . [ ~ u ~ u e ] g ~ , y , j ~  3 j ,  J i,], 
3 

vgZz[  [~ssignlg,, 3 3kd.  [T.'al#e]&,z,kd A vj3 . [ ~ u ~ u e l g ~ ~ z ~ j ~  3 j z  = kd]. 
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2615.24 I- [ ~ a Z u e ] g ~ ~ y ~ i ~  A [Wfl~ly~[3'~ x 5"'] 3 djod3'' x 5"2]ic 
2603 

Premiss, .24, 2410 

Premiss, 2603, 2410 

Premiss, 2201 

.25 X 2  I- 3ic@022[3r2 x 5"']iC 

.26 X 2  I- 3k@oz2#2kd 

.27 X 2  I- [TSIU~ 

.28 i- [[TS]t,  A [TS]u2 A 3ic~022[3'2  x 5u2]ic] 3 3a3b3xab .ic = xab 
2 

2310,2316 
Axiom 10 

% -29 

Premiss, .25, .27, .28, .30 

300: .25; 2316 

Premiss, .27, .32, 2309 

.26, .33, 2314. 

2 
-29 k ic = Xab 3 .c = (ab) 

.30 I- 3a3b3xab[i, 2 xab] I> 3a3b .C  = (ab) 

.31 X2 I- 3u3b . c = (ab) 

.32 X2,  c = (ab) I- @022[3'2 x SU2]iab 

a 3 3  X2,  c = (ab) 13nb@022u2nb 

.34 A?', c = (ab) I- d = b 

Let Go be the wff 
2 

vg22[ [Assign]g22 3iab * [v'lu&22y2iab A vj2 .[Va~uek22y2j2 j 2  = jab] 

300, Premiss, .34 

177, .35 

.31, .36 

173: .37 



2 
-45 I- 

.46 I- [(ii) = (ab)] = .a = a A b = b 

= iab 3 .(a&) = (ab) 
- 

Axiom 10 

Axiom 9 

.47 Z3, Jo I- a = a 

.48 2’. Jo I- b = b 

.49 2 ’ s  Jo I- f a b  = iab 

Premiss, .43, .45, .46 

Premiss, .43, .45, .46 

Premiss, .43, 300, .47, .48 
2 

Premiss, .44, 300, .48 

205: .49 
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2615.64 Z4 I- [Assign] [[Mod]h22wzzb] 2614.12 

(Note that our present Z4 is the same as the .8 used in the proof 
of 2614.) 

.65 S4 I- [Value] [[Mod]hz2w2zblyz[w,, . [Value] [ [Mod]hZ2w~zbly~x,]  
2614.13. 

Let Ho be the wff 

[ j Z  ' f c d  A vzd * @ 0 2 Z t Z z d  A @ O 2 Z u 2 [ f c d z d l  

A [Value] f[Mo~h21W2zdly2[fcd~~l]. 

.66 S4 I- [ Value]hz2[2' * 213 * 2"' * y2 * 2"li, 3 3c3d3fcdH, 
Premiss: 2613 

.67 Ho I- @022f2% A @ozzuzrfcd~dl Rule P, Rule S: Premiss 

.68 S4 t @ozztzzb 2614.10 

.69 Z4 t @022u2[w~ .[Value] [ [Mod]hz2wzzb~2x,]  2614.14 

.70 .84, Ho t. d = b .67, .68, 2313 

.71 S4, Ho t c = a .67, .69, 2313 

.72 Z4, Ho t i 2  2 Lb A [Value] ~ [ ~ ~ 4 ~ 2 2 ~ 2 ~ * l u 2 v b b % l  

Rule P, Rule S: Premiss; 300: .70, .71 

.73 I- ~ j ~ [ [ ~ a ~ u e ] g ~ ~ y ~ j ~  3 j2 = iO] 3 . [ [ ~ a ~ u e ] g ~ ~ y ~ m ~  3 m2 = i,] 

RuleP: 145 

204 

2 2 

2 
A . [Value]gzty2k2 3 kL = i,, 

2 2 2 
.74 t. m2 = i, 3 .[k, = i,] = [m, = k,] 

.75 t- 3i,[[~a~ue]g~~y~i, A vj2 . [ ~ u ~ u e ~ g ~ ~ y ~ j ~  3 j2  = iu] 
2 

2 
.~[Valuelgz2~2m2 A [Val~elgzz~2k21 = m2 = k~ 

Rule P, 170: .73, .74 

.76 S4 I- [Assignlg,, 3 . [[Value]g2,y2m2 A [VaZue]gzzy2k2l 

3 m2 A k2 Rule S : Premiss; Rule P: .75 
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Let Go be 

vg2,  [ [ ~ s s i g n ~ g , ,  3 3i,. [ ~ a l u e ] g ~ , y , i ,  A vj2 . [~alue]g, ,y , j ,  13 j ,  = i cJ .  

2616.1 S, Go I- 3ic[Value]h2,yzi, Premiss 

2603 

-1, .2 

2314, Premiss, .3 

2 

.2 I- [[Vulue]h2,y2iC A [Wfflv2u2] 3 @u22u2ic 

.3 2, Go I- 3ic@ozruzic 

.4 2, Go I- c = u 

.5 2, Go I- Vgzr . [Assignlg,, 3 3, . [VaZ~e]g~~y,i , ,  
2 

A Vj2 . [ V a ~ 4 g 2 ~ y 2 j 2  = i~ = i. 300: .4, Premiss 

.6 2, 3cGo I- Vg,, . [Assign]g,, 3 3, . [ VuZue]gzzyzi, 

173: .5 

.7 2 I- 3cGo Premiss, 2615. 

Theorem2616 now follows from -6, .7, and 2614 by the Deduction 
Theorem and Rule P. 

2 
A Vj2 . [VaZue]g2,y,j, 3 j 2  = i. 

Proof of 2617: 
2 

2617.1 [ ~ a ~ u e ] g ~ ~ x , i ,  A ~ j , [ [ ~ a ~ u e ] g ~ ~ x ~ j ~  3 j ,  = i,] 
2 

I- [Value]g,,x,i, A Vjr . [Value]gzzx2j2 3 i, = j 2  
RR: 202, Premiss 

2 
.2 [ ~ a l u e ] g ~ ~ x , i ,  A ~ j ~ [ [ ~ a ~ u e ] g , ~ x , j ,  3 j z  = ia] 

2 
I- 3i2 . [Value]g,,x& A Vj2 . [VaZue]g2,x,j2 3 i2 = j z  

Exist (166): .I 
.3 3avgZ2[ [ ~ s s i g n l g , ~  3 gia . [ ~ a ~ u e ~ g ~ ~ x ~ i ,  

2 
A Vj, . [VatUe]g,,x2 j 2  3 j ,  = i.] I- [Assignlg,, 

3 3i, . [VaIuelg22x2i2 A Vj, . [Value]g,,xzj2 13 i2 = j z  
2 

172: .2; Deduction Theorem, Rule P, Rule S, 173. 

Theorem 2617 now follows from .3 and 2615 by Rule P. 
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Proof of 2618: 

216 
2 

2618.1 t- ~ ~ z b o z ~ z  A V j Z  .Pozjz = iz =jzl = P02[~z(02)P021 
.2 t- 3iz[[~a~ue~g2zxziz A vjz . [~a~ue]g~~x,j~ z, iz 2 j z ]  

= - [Va~~~Igz2x2[L2(02) * [Va~uelgzzx2l 

Theorem 2618 follows from .2 and 2617 by Rule P. 

Sub: . l .  

Proof of 26 19 : 
2 2 

2619.1 t Vjz [  [Vulue]g2,xzj2 =J iz = j2] 3 .[[Value]gzzxzyz 3 iz = y2]  

A . [ValueIg~~x~[~~(o~) . [Va~~ekzzx2l = iz 
2 
= k Z ( 0 2 )  * [~al~~lgz2xzl RuleP: 145 

2 2 
.2 t- i3 = [L2(02) .[~a~ue]g,~x~l = .[iz = yz] 

.3 [ ~ r n x z r z  7 [Assignlgzz 7 [Val~ekz2x2Yz 7 

203 
2 

= [L2(02) * [Va~~elgzzxzl = Y 3  

[ ~ a ~ u e ~ g ~ ~ x ~ i ~  A ~ j ~ [ [ ~ a ~ u e ] g ~ ~ x ~ j ~  3 iz = j z ]  

t [ L ~ ( ~ ~ )  . [ValueIg~~x~l = YZ 

2 

2 
Rule P: Premiss, .1, .2, 2618. 

Now apply 172 and the Deduction Theorem to .3; then use Rule P and 
2617 to obtain 2619. 

Theorem 2620 follows easily from 2618 and 2619. 
Theorems 2700 and 2701 follow easily from 212 and 211, respectively, 

and the definition of [ Val]. 
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2702.4 [A~&?&5z,  [FTlnz  I- [ ~ ~ ~ ~ ~ l g 2 2 ~ 2 " ~ ~ ~ 1 g 2 2 ~ 2 1  . l ,  .2, .3. 

Theorem 2702 follows from .4 by the Deduction Theorem and Rule P. 

Proof of 2703 : 
0 

2703.1 [A&vlgzZ, [ W h  I- [Valu~lg22n2~z  = [ L ~ ( ~ ~ )  . [ V a l u e I g ~ ~ n ~ l  

.2 [AssknIgzz, [JTflnz I- [V~luelg22n2Yz = [Vallg22nz = Y z  

2 
= Yz Sub: 2620; Rule P: Premiss, 2702.1 

0 2 

R :  . l ,  2702.3. 

Theorem 2703 follows from .2 by the Deduction Theorem and Rule P. 
Theorem 2704 follows from 2602 and 2703 by Rule P. 
Theorems 2705, 2706 and 2707 follow from 2604, 2605 and 2606, re- 

spectively, by Rule Sub, Rule P, and 2704. 

Proof of 2708 : 

Let X be [Assign]gzz, [W'Jj2[3" x 5"'], [W'm2u2, [ T a t , ,  

[ v ~ ~ l g z z j z  = yab, [V4lgZ2m2 = zb. 

2708.1 2'? [Wfljz A [Wf]mz Premiss, 2209 

2 2 

s2 2'? [ValueIgZZjZYab A [Vafuek2ZmZzb Premiss, . l ,  2703 

-3 .% @022[3" x 5'']yab @02Zu2zb Premiss, .2, 2603 

.4 2 I- [ ~ u ~ 1 g ~ ~ [ 2 ~  * j z  * m, * 2"l 2 b a b z a ]  

Premiss, .2, .3, 2607, 2704. 
Theorem 2708 follows from .4 by the Deduction Theorem and Rule P. 

Proof of 2709: 

Let X be [Assignlg,, , [ Vuriuble]w2t2, [ Wfly2uz, 3mb@ozzt2mb, 

3na@o22u2na 

2709.1 2 I- [VuZ]gZz[2' * 213 * 2Wf * y ,  * 2"] 
2 
= [ h b  . tx, . [Value] [[i%fod]gzzw~z,,]yz&] Premiss, 2616, 2704 



IV. 41 Q STRENGTHENS Qo 139 

Premiss, 2209 

Premiss, 23 16 

Premiss, .3, 2503 

.2 8 l- [Wfiz 

-3 8 k @)022t2zb 

.4 8 I- [Assigrt] [[hfod]g22w2zb] 
0 2 

-5 [value] [[Modlg22wZzbly2xa = * [Val] “Modlg22w2zbbL = xa 

.4, .2, 2703 
.6 8 l- [ V ~ l ] g , ~ [ 2 ’  * 213 * 2”’ * y 2  * 2”] 

2 2 
= [ l z b  . cxa [Val] [[Mod]gz,w2Zbb3 = xa] 

(Note that the restrictions on R‘ are satisfied here.) 

R’: . I ,  3. 

Theorem 2709 follows from .6 by the Deduction Theorem and Rule P. 

IV.4. Q strengthens Qo 

By making appropriate changes of variables, we can regard each wff of Qo 
as a wff of Q.  It is trivial to see that every theorem of Qo is in this sense a 
theorem of Q. It should be noted, however, that certain wffs of Qo are 
theorems of Q but not theorems of Qo. 

The proof of this fact follows familiar lines, so we content ourselves 
with a brief sketch of it. Let [Infin] be an Axiom of Infinity for type 1 ; i.e., 
[Znfin] asserts that sbl is infinite. If we add [Znfin] to Q as an axiom, we 
obtain a system Q“ in which we can define the finite cardinals in the usual 
way as entities of finite type (i.e. as wffs with a type in K1)’ and prove 
Peano’s postulates. The numerals thus obtained can be used in place of 
the numerals of Chapter I11 for Godel numbers of wffs of Qo, and the 
formalization of the semantics of Qo in Q” using these numerals proceeds 
as before, with only minor changes in type symbols. 

It is then possible to prove in Q“ a statement [Consis] which expresses 
the fact that the system Q: obtained from Qo by adding [Znfin] as an axiom 
is consistent. This is done in the usual way, by showing that the axioms of 
Q: are all true and that the rule of inference preserves truth. It is of 
course trivial to show in Q” that any particular axiom of Q; is true by 
using (the analogues of) Theorems 2710 and 2711; however this is not 
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sufficient since Qo has infinitely many axioms. Nevertheless by using 
Theorems 2705-271 1 one can show in Q" that all axioms of QZ are true, 
and that the rule of inference preserves truth. 

Thus one obtains a proof of [Consis] in Q", and hence a proof of [ [ I f i n ]  
=) [Consis]] in Q. Now [[Infin] 3 [Consis]] is a wff of Qo, but not a 
theorem of Qo. For if it were a theorem of Qo then [Consis] would be a 
theorem of Qg,  contradicting Godel's Second Incompleteness TheoremI3. 

(I3) See [7], p. 196, or [S] p. 70. 
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